
The (3, 4, ∞) modular family of 2-tori, completed at its three special points, is a
complex structure on S6.

The base and the family. Let ∆ = ∆(3, 4, ∞) be the triangle group, acting on the upper half plane h; the
quotient h/∆ is P1 minus a point, and adding the cusp gives P1 with orbifold points of orders 3 and 4 and the
cusp. Let V ∼= Z4 carry automorphisms T1, T2 of orders 3 and 4 with T0 := (T1T2)−1 unipotent, (T0 − I)2 = 0:
this is a representation ∆→ SL(V), and we let it act on the dual lattice Λ = V∗ by Aj = (T−1

j )t (§2). The period
functions τ, µ, β on h are an equivariant period map for it (§3), and the quotient is a family of complex 2-tori
over the punctured orbifold curve: the analogue of a universal family of abelian surfaces over a modular curve,
with this rank-four lattice representation in place of the symplectic one. The very general fibre is not algebraic.
The very general fibre F has NS(F) = Zη with η a single indefinite class, and the algebraic dimension of the
completed threefold is a(X) = 1 (§9).

The three special fibres. The three conjugacy classes of maximal finite and parabolic cyclic subgroups of ∆
single out the three special points, and at these three points we take the three standard completions; each is a
choice, and every ℓ0 and every admissible vj below occurs. At an elliptic point of order m the local monodromy
is a torus automorphism of order m, and the filling is Kodaira’s logarithmic transform: (disc× torus)/(Z/m),
the generator acting by a rotation of the disc and by the automorphism followed by a translation; the reduced
fibre is of bielliptic type (§5). At the cusp the monodromy is unipotent of rank two, and the filling N0 is
Mumford’s toric degeneration; its central fibre W is read off the prescribed A2-triangulation of R2, the deck
action being the one in which the unimodular map B0 : Λ̄→ Λtor induced by M0 − I = (T−1

0 )t − I on Λ enters.
Modulo the lattice the triangulation has one vertex, three edges and two triangles, i.e. W is one toric surface
with hexagonal moment polygon — the degree-six del Pezzo dP6 — glued to itself along opposite sides, with
two triple points (§4). Thus there is a single family, completed in the three standard ways at the three kinds of
special point of an orbifold curve with a cusp.

The gluing and the fundamental group. Each filling is glued to the global family along a collar by a fibre-
preserving map, and we reglue by translations by local sections (§6, Prop. 6.3); among these, π1 and H∗ depend
only on three integers ℓ0 (at the cusp), ℓ1, ℓ2 (at the elliptic points) (§7). Let γ ∈ V be the linear coordinate on Λ
whose kernel ker γ = ⟨û, ŵ, δ̂⟩ is the span of all (Aj − 1)Λ; then the coinvariants Λ/ ker γ ∼= Z are detected by
γ alone, and ℓj = γ(vj) for the translation vectors vj. The result is π1(X) ∼= Z/|12ℓ0 − 4ℓ1 − 3ℓ2| (§7).1 This
formula admits a reading, which the body does not use. It is the formula |a1a2e0 + a2b1 + a1b2| of [Orl72] for
the order of H1 of the Seifert fibred space over S2(a1, a2), evaluated at e0 = ℓ0 and bj = −ℓj — the sign coming
from the convention sj ◦ gj = e−2πi/mj sj for the local sections — so here (a1, a2) = (3, 4) with Seifert invariants
(3,−ℓ1), (4,−ℓ2) and obstruction ℓ0; for (ℓ0, ℓ1, ℓ2) = (0, 1,−1) the value is 1 and the space in question is S3

with the circle action (z, w) 7→ (λ3z, λ4w), whose orbit space is S2(3, 4) [Orl72]. Heuristically the twist condition
says: glue so that the coinvariant circle of the fibres traces out the (3, 4) Seifert fibration of the three-sphere
over the base.

The homology and the Euler number. The remaining torus directions contribute nothing: ŵ and δ̂ are vanishing
cycles at the cusp, collapsed in the hexagonal fibre, and the rest is killed by monodromy, the coinvariants of
Λ having rank one. With the twists above, X has the integral homology of S6 and is diffeomorphic to S6 (§7,
§8). The Euler number localises at the cusp: e(X) = e(W) = 2 (§7), every other fibre being a torus or a free
torus quotient and so of Euler number 0 — one singular fibre carries the whole Euler characteristic of S6, as the
twelve nodal fibres carry the 12 of a rational elliptic surface.

Why the argument of [CDP20] does not apply. That argument requires a line bundle non-torsion on every
fibre and propagates a vanishing statement through each singular fibre by way of its normalisation. Here
H2(X; Z) = 0 and Pic(X) ∼= C, so every line bundle is topologically trivial; at the non-normal toric fibre the
differential of the fibration itself supplies the section which the passage to the normalisation assumes away,
and R2 f∗(TX ⊗ L) ̸= 0 for all L. The count of H1 in [CDP20, Lemma 4.2] (after [CDP98, Lemma 3.2]) assumes
trivial monodromy, whereas the monodromy representation here is non-trivial; §10 shows that this last point is
repairable for X, while the failure of the reduction at the non-normal fibre is decisive.

1§7 proves π1(X) ∼= Z/|p|, p = 12ℓ0 − 4ℓ1 − 3ℓ2, and computes H∗(X; Z) for every admissible pair (v1, v2); the value |p| = 1 is one
point of that family.



Setup. V := Z4, basis (γ, u, w, δ); Λ := V∗, dual (γ̂, û, ŵ, δ̂); T1, T2 ∈ Aut(V), orders 3, 4 (columns: images),
and Π(z) (τ, µ, β below):

T1 =


1 0 −6 2
0 −1 1 1
0 −1 0 1
0 0 0 1

 , T2 =


1 6 0 −3
0 0 −1 1
0 1 0 0
0 0 0 1

 , Π(z) :=
(

6µ τ 1 0
β µ 0 1

)

T0 := (T1T2)−1 = I + N, N2 = 0, Nγ = Nu = 0, Nw = −u, Nδ = γ; on Λ: Aj := (T−1
j )t, M0 := (T−1

0 )t,

Λtor := ⟨ŵ, δ̂⟩, Λ := Λ/Λtor, B0 : Λ ∼−→ Λtor, ¯̂γ 7→ −δ̂, ¯̂u 7→ ŵ; A1, A2 fix ε := γ̂+ 2û− 4ŵ, ε′ := γ̂+ 3û− 3ŵ resp.
B := P1 ∋ t, tc := 1/t, p1, p2, p0 := 0, 1, ∞, B◦ := B \ {p0, p1, p2}, m1, m2 := 3, 4; π : hz → B \ {p0} (hz, h upper
half-pl.) orbifold uniformisation (mj at pj, cusp p0), deck gp. ∆ = ⟨g1, g2 | g3

1 = g4
2 = 1⟩, gjzj = zj ∈ π−1(pj),

g′j(zj) = e−2πi/mj , g0 := (g1g2)−1 parabolic; ρV : ∆→ GL(V), gj 7→ Tj, Mg := ρV(g)t; Ur ⊂ π−1{0 < |tc| < r} (r
small) ⟨g0⟩-inv. cusp comp.; hol. τ : hz → h, µ, β : hz → C (j modular invariant, j(i) = 1728):

(τ1) : j(τ) = 1728 t ◦ π, (τ2) : τ ◦ g1 = τ−1
τ , τ ◦ g2 = − 1

τ ,

(τ3) : τ(z1) = eiπ/3, τ(z2) = i, (µ1) : µ ◦ g1 = 1−µ
τ , µ ◦ g2 = 1 + µ

τ ,

(µ2) : µ bounded on Ur, (β1) : β ◦ g1 = β + 2− 6(1−µ)2

τ , β ◦ g2 = β− 3− 6µ2

τ ,

(β2) : β + τ bounded on Ur, (β3) : Im β− 6(Im µ)2

Im τ < 0 on hz.

Such τ, µ, β exist by Theorem 3.4; on C2 ∋ ζ = (ζ1, ζ2), Π(z) as above with columns Π(z)γ̂, Π(z)û, Π(z)ŵ, Π(z)δ̂:
λ · (z, ζ) := (z, ζ + Π(z)λ), unique Rg(z) ∈ GL2(C): Π(gz) = Rg(z)Π(z)Mg, T := (hz × C2)/Λ, ∆ by
g̃(z, ζ) := (gz, Rg(z)ζ), J := (T |hz\∆{z1,z2})/∆→ B◦, monodromy A1, A2, M0 on H1 = Λ. On Ur, e2πiτ = tcu1(tc),
u1 unit at 0; for s := τ − (2πi)−1 log u1 (any branch; §4) Π = [sB0 + C(tc) | I] in bases ( ¯̂γ, ¯̂u), (ŵ, δ̂), C hol.
at 0. N′ := Z3 ∋ (y, y3), y ∈ Z2 = Λtor (e1 ↔ ŵ, e2 ↔ δ̂), cochar. lattice of (C∗)3 ∋ (x1, x2, tc) ⊂ Y smooth
toric, fan F cone over A2-triangulation of R2 × {1} (vertices Z2 × {1}, edges ±e1,±e2,±(e1 − e2)), xk = e2πiζk ,
tc character of (0, 0, 1) ∈ Hom(N′, Z), hol. on Y. Λ acts freely, prop. disc. on Yϵ := {|tc| < ϵ}, ϵ small (4.5),
by Ψλ̄ := (exp 2πi C(tc)λ̄, 1) · Φλ̄, Φλ̄ from (y, y3) 7→ (y + y3B0λ̄, y3); N0 := Yϵ/Λ (N0), W := {tc = 0}/Λ,
η : dP6 → W normalisation, dP6 del Pezzo of degree 6. For j = 1, 2: ∆j ∋ zj gj-inv. disc, coord. sj,
sj ◦ gj = e−2πi/mj sj, s

mj
j = tj ◦ π, tj coord. at pj, Nj := (T |∆j)/⟨(z, ζ) 7→ (gjz, Rgj(z)ζ + Π(gjz)vj/mj)⟩ (N1),

(N2), v1 := ε, v2 := −ε′ (free; 5.4). Glue to J, any branch: Nj by ζ 7→ ζ + (2πi)−1(log sj)Π(z)vj (§5),
(Yϵ ∩ (C∗)3)/Λ on 0 < |tc| < ϵ by (z, ζ) 7→ (e2πiζ1 , e2πiζ2 , e2πis(z)). ℓj := γ(vj) (γ ∈ V = Hom(Λ, Z)): ℓ1 = 1,
ℓ2 = −1, ℓ0 := 0. X := (J ⊔ N0 ⊔ N1 ⊔ N2)/∼ (both gluings), f : X → B induced.

Theorem. X is a compact connected complex 3-manifold and f : X → B is a surjective holomorphic map with
connected fibres.
(1) Over B◦ the map f is a proper submersion whose fibres are complex 2-tori. The fibre f−1(p0) is the divisor

W ⊂ N0, which is reduced, irreducible and has normal crossings. The normalisation η identifies opposite
sides of the hexagon of (−1)-curves of dP6, the double locus is three rational curves through two triple
points, and e(W) = 2. For j = 1, 2 one has f ∗(pj) = mjSj, where Sj := ( f−1(pj))red is a smooth bielliptic
surface in Nj, and OX(Sj)|Sj has order mj.

(2) The threefold X is simply connected, since π1(X) ∼= Z/|12ℓ0 − 4ℓ1 − 3ℓ2| = 1, and H∗(X; Z) ∼= H∗(S6; Z);
consequently X is diffeomorphic to S6 (§7ff.).

(3) The algebraic dimension of X is a(X) = 1 and M(X) = f ∗C(t): every meromorphic function on X is
constant along the fibres of f .

(4) The canonical bundle is KX ∼= f ∗OB(−1)⊗OX(2S2) and is not torsion; c3(X) = 2; and Aut0(X) ∼= C∗ acts
along the fibres of f with fixed locus a double curve of W (§9).

Remark (on [CDP20]). The Theorem contradicts [CDP20, Cor. 2.3] as published. For L ∈ Pic(X) set A :=
(L∗⊗KX)|W : η∗A is trivial (H2(X; Z) = 0, Pic(dP6) discrete), and for θ trivialising it d(tc ◦ f )|W ⊗ θ vanishes on
the double locus, so descends to 0 ̸= σ ∈ Ω1

X|W ⊗ A dying in Ω̃1
W ⊗ A (Ω̃ := Ω/torsion). By Serre–Grothendieck

duality on W (ωW
∼= KX|W) and base change R2 f∗(TX ⊗ L) ̸= 0 for all L (§10); so hypothesis (1) of [CDP20,

Prop. 2.4, p. 680] holds for no L. The reduction of [CDP20, p. 692] to H0(Ω̃1
S⊗ ·) = 0 on reduced fibres S is stated

there provided L|S is non-torsion, a proviso met at W for general L, where the conclusion H0(Ω̃1
W ⊗ A) = 0

does hold; but it does not suffice. Indeed, for general L, A ̸∼= OW forces H0(W, N∗W ⊗ A) = H0(W, A) = 0, so
the conormal term vanishes identically, while σ gives H0(W, Ω1

X|W ⊗ A) ̸= 0: this is where the reduction fails.



A compact complex threefold fibred by tori over the projective line, and the
six-sphere.

Abstract

We construct a compact connected complex manifold X of dimension three together with a surjective
holomorphic map f : X → P1 whose fibres over the complement of three points p0, p1, p2 are complex
tori of dimension two, whose fibre over p0 is a reduced irreducible rational surface with normal crossings
(a del Pezzo surface of degree six with the opposite sides of its anticanonical hexagon identified), and
whose fibres over p1 and p2 are multiple, of multiplicities 3 and 4, with bielliptic reductions S1, S2. The
family over the thrice punctured sphere is given by explicit period functions on the upper half plane
attached to the (3, 4, ∞) orbifold; the fibre over p0 is filled in by a quotient of an infinite smooth toric
threefold, and the fibres over p1, p2 by logarithmic transforms. We prove that X is simply connected
with the integral homology of S6, hence diffeomorphic to S6, and we compute a(X) = 1 with f the
algebraic reduction — the Néron–Severi group of the very general fibre being infinite cyclic, generated
by a class η whose associated hermitian form Hη has signature (1, 1) and which is therefore represented
by no positive line bundle, so that the very general fibre has algebraic dimension 0 — together with
f∗OX = O, R1 f∗OX ∼= O ⊕ O(−1), R2 f∗OX ∼= O(−1), h0,1 = 1, h0,2 = h0,3 = 0, h1,0 = h2,0 = 0,
KX ∼= f ∗O(−1)⊗OX(2S2), c1c2 = 0, c3 = 2, h0(TX) = 1 and Aut0(X) ∼= C∗. The existence of such an
X is incompatible with [CDP20, Cor. 2.3]; the last section locates the point at which the two accounts
diverge, by showing that R2 f∗(TX ⊗ L) ̸= 0 for every holomorphic line bundle L on X, a consequence of
the non-normality of the normal crossings fibre W.
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1 Introduction.

1.1 The result

Throughout, B := P1 carries the affine coordinate t, and p1, p2, p0 are the points t = 0, t = 1, t = ∞, with
tc := 1/t the coordinate at p0 and B◦ := B \ Σ, Σ := {p0, p1, p2}; further m1 := 3, m2 := 4. We write dP6 for
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the del Pezzo surface of degree 6, the blow up of P2 in three non-collinear points, whose anticanonical
cycle is a hexagon of six (−1)-curves. A bielliptic surface is a smooth compact complex surface (E× F)/G
with E, F elliptic curves and G a finite group of translations of E acting on F with F/G ∼= P1 [BHPV, V.5],
[BdF], [Ser]. We writeM(Y) for the field of meromorphic functions of a compact complex space Y, and
a(Y) = tr. degCM(Y) for its algebraic dimension.

Theorem. There exist a compact connected complex manifold X of dimension 3 and a surjective holomor-
phic map f : X → B = P1 with connected fibres, with the following properties.

(1) f is a proper holomorphic submersion over B◦, and every fibre f−1(p) with p ∈ B◦ is a complex torus
of dimension 2.

(2) The fibre W := f−1(p0) is reduced, irreducible, and a normal crossings divisor in X: at every point of
W the function tc ◦ f is, in suitable local coordinates, z1, z1z2 or z1z2z3. The normalisation of W is
dP6, and W is obtained from dP6 by identifying the three pairs of opposite sides of its hexagon of
(−1)-curves. The double locus D ⊂W consists of three smooth rational curves, each passing through
both triple points of W and otherwise pairwise disjoint; and e(W) = 2.

(3) The fibres over p1 and p2 are multiple: as divisors, f ∗(p1) = 3 S1 and f ∗(p2) = 4 S2, where Sj =

( f−1(pj))red is a smooth bielliptic surface, and the normal bundle OX(Sj)|Sj has order exactly mj in
Pic(Sj).

(4) X is simply connected and H∗(X; Z) ∼= H∗(S6; Z); in particular b2(X) = b3(X) = 0 and e(X) =
c3(X) = 2 = e(W). Consequently X is diffeomorphic to the 6-sphere.

(5) a(X) = 1, and f is the algebraic reduction of X: M(X) = f ∗M(B) = f ∗C(t), that is, every
meromorphic function on X is the pull back under f of a rational function on B; moreover the very
general fibre of f has algebraic dimension 0.

(6) f∗OX = OB, R1 f∗OX ∼= OB ⊕OB(−1) and R2 f∗OX ∼= OB(−1); moreover
h0,1(X) = 1, h0,2(X) = h0,3(X) = 0, h1,0(X) = h2,0(X) = h3,0(X) = 0.

In particular χ(OX) = 0; Pic(X) = Pic0(X) ∼= H1(X,OX) ∼= C, since H1(X; Z) = H2(X; Z) = 0; and
the Frölicher spectral sequence of X does not degenerate at E1, since b1(X) = 0 < h0,1(X).

(7) KX ∼= f ∗OB(−1)⊗OX(2S2); in particular KX is not a torsion element of Pic(X), because OX(4S2) =
f ∗OB(1) gives K⊗4k

X
∼= f ∗OB(−2k), whose space of sections is H0(B,OB(−2k)) = 0 for k ≥ 1 by

f∗OX = OB, while h0(OX) = 1 shows that the trivial bundle does have sections. The Chern classes
satisfy c1(X) = c2(X) = 0 in H∗(X; Z), and the Chern numbers are c1c2 = 0 and c3 = 2, whence
χ(X, TX) = 1 by Hirzebruch–Riemann–Roch.

(8) h0(X, TX) = 1 and Aut0(X) ∼= C∗, acting along the fibres of f ; the generating vector field is the
vertical field ξ determined by the monodromy invariant vector δ̂ of the period lattice, and the fixed
locus of the action is a single double curve of W, a smooth rational curve (cf. [HKP, Prop. 2.5]).

Corollary 1.1. The six-sphere S6 carries an integrable complex structure, namely the one obtained by
transporting the complex structure of X along a diffeomorphism X → S6.

Remark 1.2. Since b2(X) = 0, X is not Kähler, is not Moishezon [CDP98, Lemma 1.4], and does not belong
to Fujiki’s class C. The invariants in items (6)–(8) agree with the known constraints on a compact complex
threefold homeomorphic to S6: h0(TX) = 1 ≤ 2 [HKP, Cor. 1.3]; h0,1 = h0,2 + 1, H3(X,OX) = 0 and
Pic(X) = Pic0(X) ∼= H1(X,OX) [HKP, Cor. 10.2]; KX not torsion, as forced in [HKP, §10]; and the fixed
locus of the C∗-action of item (8), computed in §9, is of one of the two shapes permitted by [HKP, Prop. 2.5].
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Remark 1.3 (Hodge numbers not computed here). All the Hodge numbers of X are determined by item
(6) except h1,1 and h1,2 = h2,1. Since ∑p,q(−1)p+qhp,q = e(X) on any compact complex manifold (the Euler
characteristic is unchanged through the Frölicher spectral sequence), equivalently by the Hirzebruch–
Riemann–Roch identity ∑p(−1)pχ(Ωp

X) = c3(X) (§9.4), the values χ(OX) = 0, e(X) = 2 and the vanishings
of item (6) force h1,1 = h2,2 = h1,2 + 1. Only h1,2 is left undetermined; we expect h1,2 = 1 (whence
h1,1 = h2,2 = 2). A computation would require the direct images Rq f∗Ω1

X and Rq f∗Ω2
X, hence a description

of the sheaves Ωp
X/B along the three singular fibres, where they have torsion, together with an analysis of

the corresponding Leray spectral sequences in the light of the non-degeneration recorded in item (6).

The construction is explicit. Over B◦ one has a family J → B◦ of 2-tori whose period matrix is written
down in closed form in terms of three functions τ, µ, β on the upper half plane hz uniformising the
orbifold (B; 3, 4, ∞): τ is the elliptic modular parameter, j(τ) = 1728 t, while µ and β solve prescribed
inhomogeneous transformation laws. The local monodromies at p1 and p2 have orders 3 and 4, and the
local monodromy at p0 is unipotent with square-zero logarithm. The three fibres over Σ are filled in by three
local models: at p0 by a quotient of an infinite smooth toric threefold built on the A2-triangulation of the
plane, in the spirit of Mumford’s construction of degenerating abelian varieties [Mum72, AMRT, KKMS];
at p1 and p2 by logarithmic transforms in the sense of Kodaira [Kod64], with twist vectors v1 = ε and
v2 = −ε′, explicit vectors of the period lattice fixed by the respective local monodromies. The three twists
are what makes X simply connected: §7 gives π1(X) ∼= Z/|p|Z with p = 12ℓ0− 4ℓ1− 3ℓ2, where (ℓ0, ℓ1, ℓ2)
records the twist data, and the above choice yields (ℓ0, ℓ1, ℓ2) = (0, 1,−1), so p = −1.

1.2 Relation to [CDP20]

The Main Theorem is incompatible with a published result. Campana, Demailly and Peternell proved
in [CDP98] that a compact complex threefold X with b2(X) = 0 and a(X) > 0 has c3(X) = e(X) = 0,
and deduced that a compact complex threefold homeomorphic to S6 has algebraic dimension 0. That
proof rests on [CDP98, Lemma 1.5], which is incorrect as stated; the corrigendum [CDP20] says so and
re-proves the results in two cases. [CDP20, Thm. 2.1] treats the case in which there exists a non-constant
meromorphic map g : X 99K P1 which is not holomorphic (this case is written out in detail in [LRS,
Thm. 3.1, Cor. 3.2], following [CDP98]), while [CDP20, Thm. 2.2] treats the case H1(X, Z) = H2(X, Z) = 0,
a(X) = 1 with holomorphic algebraic reduction f : X → C, concluding (a) Hi(X, TX ⊗M) = 0 for i ̸= 1 and
generic M ∈ Pic0(X), (b) χ(X, TX ⊗M) ≤ 0 and (c) c3(X) ≤ 0; together these give [CDP20, Cor. 2.3]: if X
is homeomorphic to S6 then a(X) = 0. The manifold of the Main Theorem has H1(X, Z) = H2(X, Z) = 0,
a(X) = 1, holomorphic algebraic reduction f : X → P1, and c3(X) = 2 > 0, so that conclusion (c)
fails; so does conclusion (b), since c1(X) = c2(X) = 0 and Pic(X) = Pic0(X) give, by Riemann–Roch,
χ(X, TX ⊗M) = 1

2 c3(X) = 1 > 0 for every M ∈ Pic(X). It therefore contradicts [CDP20, Thm. 2.2] and
[CDP20, Cor. 2.3], as well as [CDP20, Lemma 4.2] (the special case g = 0, b1 = 0 of [CDP98, Lemma
3.2]), [CDP20, Cor. 5.2] and [CDP20, Prop. 5.5] (= [CDP98, Thm. 3.1, Rem. 3.8(1)]), whose conclusions
fail for X (their printed proofs presuppose trivial monodromy); this failure is repairable for the purpose
of the proof of Cor. 2.3 at X (§10), unlike the reduction at the non-normal fibre, which is decisive. It
does not contradict [CDP20, Thm. 2.1] or [LRS], whose hypothesis is the existence of some non-constant
non-holomorphic meromorphic map X 99K P1, and no such map exists on our X: by item (5) of the Main
TheoremM(X) = f ∗C(t), so every non-constant meromorphic map X 99K P1 is of the form h ◦ f with h a
non-constant rational function on B, hence is holomorphic.

Section 10 is devoted to this conflict and locates the step at which the argument of [CDP20] and the
example part company. The key point is the fibre W = f−1(p0): it is a normal crossings divisor which
is not normal, the six sides of its hexagon being glued to each other in three opposite pairs (item (2) of
the Main Theorem). We prove (Theorem 10.5) that for every holomorphic line bundle L on X one has
R2 f∗(TX ⊗ L) ̸= 0, the obstruction being supported at p0 and arising from the section d f ⊗ e of a sheaf
supported on W which exists precisely because W is non-normal. The vanishing of this second direct
image is the hypothesis under which [CDP20, Prop. 2.4] is invoked in the proof of [CDP20, Thm. 2.2]; for
X it fails, for every L, and so the proof of [CDP20, Thm. 2.2] does not cover X. Section 10 also shows, in the
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light of the monodromy group of f computed in §3, that the conclusions of [CDP20, Lemma 4.2], [CDP20,
Cor. 5.2] and [CDP20, Prop. 5.5] fail for X as well. Section 10 discusses the two steps of the printed proofs
that do not apply to X; the two statements cannot both be correct. For this reason the construction is given
with every matrix, chart and identification explicit.

1.3 Plan of the paper

Section 2 fixes the linear algebra: the lattice V ∼= Z4 with basis (γ, u, w, δ), the matrices T1, T2 of orders
3 and 4, the unipotent T0 = (T1T2)−1 = I + N with N2 = 0, and the dual picture on Λ = V∗ with
Aj = A(Tj) and M0. All facts used later are proved there: Λtor = ker(M0 − I) = im(M0 − I), the
unimodularity of B0 : Λ → Λtor, the descriptions ΛA1 = ⟨ε, δ̂⟩, ΛA2 = ⟨ε′, δ̂⟩, and the presentation
∆ = ⟨g1, g2 | g3

1 = g4
2 = 1⟩ ∼= Z/3 ∗Z/4 of the orbifold fundamental group of (B; 3, 4, ∞), the (3, 4, ∞)

triangle group, together with the representation ρV : ∆ → GL(V), ρV(gj) = Tj. The group ∆ is not
isomorphic to PSL2(Z) ∼= Z/2 ∗Z/3; there is a surjection ∆→ PSL2(Z), and the modular parameter τ is
equivariant along it.

Section 3 constructs the period family. Theorem 3.4 establishes existence and uniqueness, up to one
additive constant c0 which is then chosen, of τ, µ, β on hz subject to the equivariance and boundedness
conditions listed there, their behaviour at the two elliptic points and at the cusp, the equivariance
Π(gz) = Rg(z)Π(z)Mg of the period matrix Π = [Z | I], and the nondegeneracy Im τ ·D ̸= 0 which makes
L(z) = Π(z)Λ a lattice in C2 for every z.2 This yields the family T → hz of complex 2-tori, the quotient
J → B◦, its marking by Λ, and its monodromy.

Section 4 constructs the filling at p0. The fan F of cones over the A2-triangulation of R2 × {1} gives a
smooth toric threefold YF, not of finite type, with a global holomorphic function tc; the group Λ ∼= Z2 acts
by the maps Ψλ̄ = (cλ̄(tc), 1) ·Φλ̄. Theorem 4.5 shows that for small radius this action is free and properly
discontinuous, that N0 is a complex threefold with f0 proper, that the fibres over tc ̸= 0 are the tori of J
under the tautological identification E0, and that W = f−1

0 (0) is as described in item (2). For the quotient to
be a complex manifold proper over the disc, only det B0 ̸= 0 and the holomorphy of C(tc) at tc = 0 are used;
it is the unimodularity |det B0| = 1 that makes the central fibre irreducible with normalisation a single dP6.
No positivity or symmetry of B0 enters. Toric generalities are taken from [Ful93, Oda88, KKMS].

Section 5 constructs the fillings at p1, p2 by logarithmic transforms. Theorem 5.4 shows that g̃log
j , which

in flat coordinates reads (z, x) 7→ (gjz, Ajx + vj/mj), generates a free Z/mj-action on T |∆j — freeness holds
because 3 ∤ γ(v1) and γ(v2) is odd — that the quotient Nj is a complex threefold with f ∗j (pj) = mjSj and

Sj bielliptic, and that translation by the logarithmic section σj conjugates g̃log
j to g̃0

j , identifying Nj \ f−1
j (pj)

with J|D∗j .
Section 6 glues J, N0, N1, N2 and proves Theorem 6.2: X is a compact connected complex threefold, f is

holomorphic and surjective, and X is independent, up to biholomorphism over B, of the auxiliary choices
(radii, discs, branches of logarithm).

Section 7 computes the topology. Using the 0-section of J to split π1(J|B◦) ∼= Λ ⋊ π1(B◦), van Kampen
gives π1(X) ∼= Z/|p|Z with p = 12ℓ0 − 4ℓ1 − 3ℓ2, hence π1(X) = 1 here (Theorem 7.17); Mayer–Vietoris,
with the homology of W and of the Sj computed from the cell structures of the appendix, gives H∗(X; Z) ∼=
H∗(S6; Z) and e(X) = 2 (Theorem 7.22). The group H∗(X; Z) is in fact computed twice in that section:
once along the Mayer–Vietoris route just described, which uses the retraction and collapse of §7.2, and once
along the Leray route of §7.7 together with Appendix B, which, in combination with Theorem 7.17 and
Corollary 4.8, makes no use of §7.2; the recognition of X as S6 therefore does not depend on Proposition
7.2. For comparison, the threefold X′ obtained with v2 = +ε′ has π1(X′) ∼= Z/7Z.

Section 8 concludes that X is diffeomorphic to S6 (Theorem 8.1): X is a closed smooth simply connected
6-manifold with the integral homology of S6, hence a homotopy 6-sphere by Hurewicz and Whitehead
[Hat02], hence homeomorphic to S6 by [Sma61], and diffeomorphic to S6 since Θ6 = 0 [KM63], with

2The manifold X depends on the choice of c0; see Remark 6.4.
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[Mil65].
Section 9 computes the invariants of Theorem 9.1. The algebraic dimension is determined by a direct

computation on the fibres: from the explicit period matrix one finds that a class E ∈ Λ2V lies in NS(Fz) if
and only if an explicit linear form PE(z) in the five functions 1, τ, µ, β, 6µ2 − τβ vanishes, and these five
functions are linearly independent over C; hence for z outside a countable set one gets NS(Fz) = Zη with
η = u ∧ w + 6 γ ∧ δ, whose hermitian form Hη has signature (1, 1), so that neither η nor −η is the class of
a positive line bundle, while η2 = 12 · vol ̸= 0 excludes a(Fz) = 1 as well; the very general fibre therefore
has algebraic dimension 0. Every meromorphic function on X is therefore constant on the very general
fibre, whence M(X) = f ∗M(B) = f ∗C(t) and a(X) = 1, with f the algebraic reduction. Section 9 also
gives a second proof, by exclusion: a(X) ≥ 1 because f ∗ embedsM(B) intoM(X); a(X) ̸= 3 because a
Moishezon threefold has b2 > 0 [CDP98, Lemma 1.4] while b2(X) = 0 by §7; and a(X) ̸= 2, since otherwise
X carries a meromorphic map to a curve which is not holomorphic (as in the proof of [CDP20, Cor. 2.3]),
whence c3(X) = 0 by [CDP20, Thm. 2.1] (see also [LRS, Thm. 3.1]), contradicting c3(X) = e(X) = 2. This
route also yields the identification M(X) = f ∗M(B), as explained in Remark 9.9: once a(X) = 1, the
fieldM(X) is algebraic over the subfield f ∗M(B) of transcendence degree 1, and f ∗M(B) is algebraically
closed inM(X) because f has connected fibres [Ue75, §3]; henceM(X) = f ∗M(B) and f is the algebraic
reduction. The section then computes the direct images Rq f∗OX and the numbers h0,q of item (6), the
vanishing of the holomorphic forms h1,0 = h2,0 = h3,0 = 0, the canonical bundle of item (7), the Chern
numbers, and the vertical C∗-action with h0(TX) = 1 and its fixed locus. Section 10 is the discussion of
§1.2; the appendix collects the matrices, the fan F, and the cell structures used in §7.

1.4 Context

The question whether S6 admits a complex structure goes back to Hopf [Hopf48]; for its history and the
state of the art we refer to the surveys [AGr, Ang18]. Among the even-dimensional spheres only S2 and S6

carry almost complex structures; the structure on S6 induced by octonionic multiplication is not integrable,
its Nijenhuis tensor being nowhere zero, and the space of almost complex structures inducing a given
orientation is connected, so that no homotopy-theoretic invariant can separate a hypothetical integrable
structure from the octonionic one. The one general structural theorem in this direction is that of LeBrun
[LeB87], anticipated by Blanchard: no complex structure on S6 is orthogonal with respect to the round
metric; the proof shows that such a structure would make S6 Kähler, contradicting b2 = 0, and the later
refinements also use only H2(S6) = 0. The structure constructed here is not produced from a metric and
carries no a priori relation to the round one, so [LeB87] does not bear on it.

Compact complex threefolds with b2 = 0 are classical: Calabi and Eckmann [CE53] put complex
structures on S3 × S3 and on products of odd-dimensional spheres; these, the Hopf threefolds S1 × S5,
the quotients SL(2, C)/Γ and the principal elliptic bundles of [LRS, §4] furnish many examples, with
a = 0, 1, 2 (see [CDP98, §4]). What distinguishes S6 among these is e = 2 ̸= 0. The complex-analytic
constraints on a hypothetical complex structure on S6 have been studied in detail: Huckleberry, Kebekus
and Peternell [HKP] proved that such an X is not almost homogeneous, that h0(TX) ≤ 2, H3(X,OX) = 0,
h0,1 = h0,2 + 1 and Pic(X) = Pic0(X) ∼= H1(X,OX), and analysed the possible fixed-point sets of a C∗-
action; Lehn, Rollenske and Schinko [LRS] obtained bounds on spaces of sections, and wrote out in detail
the meromorphic-map case of [CDP98, CDP20], following [CDP98]. Constructions of complex structures
on S6 have been claimed by Etesi [Ete15] by entirely different means, from Samelson structures on G2 and
conjugate orbits; nothing here depends on them or bears on their validity.

The two mechanisms combined here are classical. Logarithmic transformations were introduced by
Kodaira for elliptic surfaces [Kod64] (see also [BHPV, V.13]), where they are the standard device for
changing the fundamental group of an elliptic fibration without changing the base; the Dolgachev surface
obtained from a rational elliptic surface by logarithmic transformations of coprime multiplicities is simply
connected [Dol81], and the present construction is an analogue one dimension up, with 2-tori in place
of elliptic curves. Filling in a degenerating family of abelian varieties by a toroidal model over the
nilpotent monodromy cone goes back to Mumford [Mum72], and in the arithmetic setting to [AMRT]; the
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combinatorial input used here is the A2-triangulation of the plane. What is specific to the present situation
is that the two mechanisms are used simultaneously, over a base P1 with exactly three critical points, for a
representation ρV of the (3, 4, ∞) triangle group whose local monodromies have orders 3, 4 and ∞, and
that the resulting central fibre W at the unipotent point is non-normal, with e(W) = 2 accounting for the
whole Euler characteristic of X.

2 Lattice and monodromy data.

2.1 The lattices V and Λ

As on page 1 (Setup), V is free of rank 4 with ordered basis (γ, u, w, δ) and Λ := V∗ carries the dual basis
(γ̂, û, ŵ, δ̂); we write ⟨λ, x⟩ := λ(x), elements are columns, matrices act on columns from the left, and the
columns of a matrix are the images of the basis vectors. Evaluation at γ is the functional

γ : Λ→ Z, γ(aγ̂ + bû + cŵ + dδ̂) = a, ker γ = ⟨û, ŵ, δ̂⟩.
For T ∈ GL(V) put

A(T) := (T−1)t ∈ GL(Λ) (2.1)
(matrix in the dual basis): the unique element of GL(Λ) with ⟨A(T)λ, Tx⟩ = ⟨λ, x⟩ for all λ, x, i.e. the
contragredient (Tt)−1 of T.

2.2 The monodromy matrices

Definition 2.1. In the basis (γ, u, w, δ) set

T1 :=


1 0 −6 2
0 −1 1 1
0 −1 0 1
0 0 0 1

 , T2 :=


1 6 0 −3
0 0 −1 1
0 1 0 0
0 0 0 1

 ,

that is,
T1γ = γ, T1u = −u− w, T1w = −6γ + u, T1δ = 2γ + u + w + δ,
T2γ = γ, T2u = 6γ + w, T2w = −u, T2δ = −3γ + u + δ.

(2.2)

Let G := ⟨T1, T2⟩ ⊂ GL(V).

Lemma 2.2. (i) det T1 = det T2 = 1. (ii) T3
1 = I ̸= T1 and T4

2 = I ̸= T2
2 , so T1, T2 have exact orders 3, 4. (iii)

Put T0 := (T1T2)−1 and N := T0 − I. Then T0 = I + N, N2 = 0, T1T2T0 = I, and
Nγ = Nu = 0, Nw = −u, Nδ = γ, ker N = im N = ⟨γ, u⟩;

explicitly

T0 =


1 0 0 1
0 1 −1 0
0 0 1 0
0 0 0 1

 .

Proof. Direct computation from (2.2):
T2

1 : γ 7→ γ, u 7→ 6γ + w, w 7→ −6γ− u− w, δ 7→ −2γ + u + δ,

T2
2 : γ 7→ γ, u 7→ 6γ− u, w 7→ −6γ− w, δ 7→ u + w + δ,

T1T2 : γ 7→ γ, u 7→ u, w 7→ u + w, δ 7→ −γ + δ,

whence T2
1 ̸= I ̸= T2

2 , T3
1 = I, T4

2 = I, and T1T2 = I − N with N as stated. Both Tj fix γ, preserve ⟨γ, u, w⟩
and act trivially on V/⟨γ, u, w⟩, and on ⟨γ, u, w⟩/⟨γ⟩ by ū 7→ −ū− w̄, w̄ 7→ ū resp. ū 7→ w̄, w̄ 7→ −ū,
of determinant 1; this gives (i). Since N maps w, δ into ker N = ⟨γ, u⟩ = im N we get N2 = 0, hence
(I − N)(I + N) = I and T0 = I + N.
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2.3 The dual matrices and the distinguished sublattices of Λ

Definition 2.3. Put Aj := A(Tj) (j = 1, 2) and M0 := A(T0).

Lemma 2.4. A : GL(V)→ GL(Λ) is a group homomorphism, and in the dual basis

A1 =


1 0 0 0
6 0 1 0
−6 −1 −1 0
−2 1 0 1

 , A2 =


1 0 0 0
0 0 −1 0
−6 1 0 0
3 0 1 1

 , M0 = I − Nt,

that is,
A1γ̂ = γ̂ + 6û− 6ŵ− 2δ̂, A1û = −ŵ + δ̂, A1ŵ = û− ŵ, A1δ̂ = δ̂,

A2γ̂ = γ̂− 6ŵ + 3δ̂, A2û = ŵ, A2ŵ = −û + δ̂, A2δ̂ = δ̂,

M0γ̂ = γ̂− δ̂, M0û = û + ŵ, M0ŵ = ŵ, M0δ̂ = δ̂.

(2.3)

Moreover A1 A2M0 = I and γ ◦ Aj = γ ◦M0 = γ.

Proof. A(ST) = ((ST)−1)t = A(S)A(T). By Lemma 2.2(ii), A1 = (T2
1 )

t and A2 = (T3
2 )

t, and T3
2 : γ 7→

γ, u 7→ −w, w 7→ −6γ + u, δ 7→ 3γ + w + δ; transposing gives the displayed A1, A2. From T−1
0 = I − N

we get M0 = I − Nt, and Ntγ̂ = δ̂, Ntû = −ŵ, Ntŵ = Ntδ̂ = 0 by Lemma 2.2(iii), which is (2.3). Then
A1A2M0 = A(T1T2T0) = I, and γ(Ajλ) = ⟨A(Tj)λ, Tjγ⟩ = γ(λ) since Tjγ = γ; likewise for M0.

Definition 2.5. Put Λtor := ⟨ŵ, δ̂⟩ ⊂ Λ and Λ := Λ/Λtor with basis ( ¯̂γ, ¯̂u); identify Λ ∼= Z2 by a ¯̂γ + b ¯̂u 7→
(a, b)t and Λtor ∼= Z2 by cŵ + dδ̂ 7→ (c, d)t. Set ε := γ̂ + 2û− 4ŵ and ε′ := γ̂ + 3û− 3ŵ.

Lemma 2.6. Λtor = ker(M0 − I) = im(M0 − I), and M0 − I induces
B0 : Λ→ Λtor, B0 ¯̂γ = −δ̂, B0 ¯̂u = ŵ,

with matrix
(

0 1
−1 0

)
in the above identifications; in particular det B0 = 1, so B0 is unimodular. Moreover

ΛA1 := ker(A1 − I) = ⟨ε, δ̂⟩ and ΛA2 := ker(A2 − I) = ⟨ε′, δ̂⟩ are saturated, γ(ε) = γ(ε′) = 1, and with the
twist vectors

v1 := ε ∈ ΛA1 , v2 := −ε′ ∈ ΛA2

one has (ℓ0, ℓ1, ℓ2) := (0, γ(v1), γ(v2)) = (0, 1,−1).

Proof. By (2.3), for λ = aγ̂ + bû + cŵ + dδ̂,
(M0 − I)λ = −Ntλ = −aδ̂ + bŵ.

Hence (M0 − I)λ = 0 if and only if a = b = 0, i.e. λ ∈ Λtor; and the image is exactly ⟨ŵ, δ̂⟩ = Λtor, the pair
(a, b) ranging over all of Z2. Thus M0 − I kills Λtor and the induced map B0 sends ¯̂γ 7→ −δ̂, ¯̂u 7→ ŵ, i.e.
(a, b)t 7→ (b,−a)t in the chosen coordinates, of determinant 1.

For λ as above, (2.3) gives
(A1 − I)λ = a(6û− 6ŵ− 2δ̂) + b(−û− ŵ + δ̂) + c(û− 2ŵ),

(A2 − I)λ = a(−6ŵ + 3δ̂) + b(−û + ŵ) + c(−û− ŵ + δ̂),
so (A1 − I)λ = 0 reads 6a − b + c = −6a − b − 2c = −2a + b = 0, i.e. b = 2a, c = −4a, d free, and
(A2 − I)λ = 0 reads b + c = −6a + b− c = 3a + c = 0, i.e. b = 3a, c = −3a, d free. These kernels are
saturated, being kernels of endomorphisms of the torsion-free group Λ, and γ(ε) = γ(ε′) = 1 by definition
of γ.

Lemma 2.7. Let G act on V tautologically and on Λ through A. Then:

(i) VT1 = ⟨γ, 2u + w + 3δ⟩, VT2 = ⟨γ, u + w + 2δ⟩, VG = Zγ;

(ii) ΛG = ΛA1 ∩ΛA2 = Zδ̂;
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(iii) every g ∈ G preserves ⟨γ, u, w⟩ and acts trivially on V/⟨γ, u, w⟩, and every A(g) satisfies γ ◦A(g) = γ;
with ΣV := ∑g∈G im(g− I) and ΣΛ := ∑g∈G im(A(g)− I),

ΣV = ⟨γ, u, w⟩, ΣΛ = ker γ,
so the coinvariants VG

∼= Z (generated by the class of δ) and ΛG
∼= Z (via γ) are free of rank 1;

equivalently [(T1 − I) | (T2 − I)] and [(A1 − I) | (A2 − I)] have Smith normal form diag(1, 1, 1, 0);

(iv) the smallest ⟨A1, A2⟩-invariant subgroup of Λ containing Λtor is ker γ.

Proof. (i) For x = aγ + bu + cw + dδ, (2.2) gives
T1x = (a− 6c + 2d)γ + (−b + c + d)u + (−b + d)w + dδ,
T2x = (a + 6b− 3d)γ + (−c + d)u + bw + dδ,

so T1x = x iff d = 3c, b = 2c, and T2x = x iff d = 2b, c = b. Comparing aγ + c(2u + w + 3δ) =
a′γ + b(u + w + 2δ) forces b = c = 0, so VG = Zγ.

(ii) By Lemma 2.6 an element of the intersection is aε + dδ̂ = a′ε′ + d′δ̂; the γ̂- and û-coefficients give
a = a′ and 2a = 3a′, so a = 0.

(iii) By (2.2) each generator Tj preserves U := ⟨γ, u, w⟩ and acts trivially on V/U; these two properties
are stable under composition and inversion, hence hold for every g ∈ G, so im(g− I) ⊆ U and ΣV ⊆ U.
Likewise γ ◦ Aj = γ (Lemma 2.4) gives γ ◦A(g) = γ for every g ∈ G, whence im(A(g)− I) ⊆ ker γ and
ΣΛ ⊆ ker γ. For the reverse inclusions it suffices to use the generators: ΣV contains the images of the basis
vectors under Tj − I, namely

− 2u− w, −6γ + u− w, 2γ + u + w,
6γ− u + w, −u− w, −3γ + u,

and (−2u−w)− (−u−w) = −u, then w, then 2γ and 3γ, hence γ, lie in ΣV ; while (A1− I)ŵ+(A2− I)û =
−ŵ, then û, then δ̂ = (A1 − I)û + û + ŵ lie in ΣΛ. Both ΣV and ΣΛ are spanned by parts of the bases,
hence are direct summands with free rank-1 quotients.

(iv) Such a subgroup contains ŵ and A1ŵ = û− ŵ, hence û and δ̂, i.e. ker γ; and ker γ is invariant since
γ ◦ Aj = γ.

2.4 The invariant alternating form

Lemma 2.8. The group of G-invariant alternating forms on V is infinite cyclic, generated by Q0 with
Q0(γ, δ) = 1, Q0(u, w) = 6, Q0(γ, u) = Q0(γ, w) = Q0(u, δ) = Q0(w, δ) = 0;

thus Q0 is, up to sign, the unique primitive invariant alternating form. Moreover b(x, y) := Q0(x, Ny) is
symmetric and descends to V/ ker N ∼= Z2; in the basis given by the classes of w, δ its Gram matrix is

diag(6,−1),
so b is nondegenerate of signature (1, 1) and discriminant −6.

Proof. Write qxy := Q(x, y) for an invariant alternating Q. By (2.2), T1-invariance on the pairs (γ, u) and
(γ, w) reads

−qγu − qγw = qγu, qγu = qγw,
i.e. 2qγu + qγw = 0 and qγu = qγw, whence 3qγu = 0 and

qγu = qγw = 0.
Using these first two equations to drop all terms in qγu, qγw from the remaining expansions, T1-invariance
on the pairs (u, δ) and (w, δ) reads

−quδ − qwδ = quδ, −6qγδ + quw + quδ = qwδ,
and, in the same way (again using the first two equations), T2-invariance on the same four pairs reads

qγw = qγu, −qγu = qγw, −quδ = qwδ, 6qγδ − quw + qwδ = quδ;
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the remaining pairs give no condition. Hence qγu = qγw = quδ = qwδ = 0 and quw = 6qγδ, i.e. Q ∈ ZQ0,
and Q0 is invariant. For b: ker N = im N = ⟨γ, u⟩ and Q0 vanishes on ⟨γ, u⟩ × ⟨γ, u⟩, so b(x, y) = 0
whenever x or y lies in ker N, and b descends; finally

b(w, w) = Q0(w,−u) = 6, b(δ, δ) = Q0(δ, γ) = −1,
b(w, δ) = Q0(w, γ) = 0 = Q0(δ,−u) = b(δ, w).

Remark 2.9. In §4 it is the unimodularity of B0 that is used: the lattice B0Λ of cocharacter translations is all
of Λtor, and this is what makes the toric filling have an irreducible central fibre W containing a single copy
of dP6; for |det B0| = k > 1 the same construction would produce k such pieces. The form Q0 is used again
in Remark 3.23, in §7 through the invariant bivector η = u ∧ w + 6 γ ∧ δ dual to Q0, and in Appendix A. It
is recorded here already in order to place the present data in context: for a one-parameter degeneration of
polarized abelian varieties with unipotent monodromy exp N and polarization Q the form x 7→ Q(x, Nx)
on V/ ker N is definite ([Cle77], [Mum72]), whereas by Lemma 2.8 the pair (Q0, N) has signature (1, 1).

2.5 The base orbifold, the group ∆, and the representation ρV

With the conventions of page 1 (Setup): B = P1 with coordinate t, p1 : t = 0, p2 : t = 1, p0 : t = ∞ with
tc = 1/t, B◦ = B ∖ {p0, p1, p2}, m1 = 3, m2 = 4, ζ j = e−2πi/mj . Let O be the orbifold with underlying space
B, cone points of orders 3 at p1 and 4 at p2, and a puncture at p0, i.e. of signature (0; 3, 4, ∞).

Lemma 2.10. Let g ∈ PSL2(R) be elliptic of order m < ∞ with fixed point z0 ∈ h, and c(z) := (z− z0)/(z−
z̄0). Then c maps h biholomorphically onto the unit disc with c(z0) = 0, and c ◦ g ◦ c−1 is the rotation
s 7→ ζs with ζ = g′(z0) a primitive m-th root of unity; in particular c ◦ g = ζ · c.

Proof. c is a Möbius map carrying R∪ {∞} to the unit circle and z0 to 0; the disc automorphism c ◦ g ◦ c−1

fixes 0, hence is s 7→ ζs with ζ its derivative at 0, equal to g′(z0), of order m.

Proposition 2.11. There exist a copy hz of the upper half-plane, a Fuchsian group ∆ ⊂ PSL2(R) and a
holomorphic surjection π : hz → B ∖ {p0} such that:

(i) ∆ acts properly discontinuously, π induces hz/∆ ∼= B ∖ {p0}, π is a local biholomorphism off
π−1{p1, p2} and has local degree mj at each point of π−1(pj); the stabiliser of such a point is cyclic of
order mj and all other stabilisers are trivial;

(ii) there are zj ∈ π−1(pj) and g1, g2 ∈ ∆ with gj(zj) = zj, gj of order mj and g′j(zj) = ζ j, such that

∆ = ⟨g1, g2 | g3
1 = g4

2 = 1⟩ ∼= Z/3 ∗Z/4,
and such that g0 := (g1g2)−1 is parabolic; by construction g1g2g0 = 1;

(iii) if ∗ ∈ ∂hz is the fixed point of g0, its stabiliser in ∆ is exactly ⟨g0⟩, and for all small r > 0 the
component Ur of π−1({0 < |tc| < r}) whose closure contains ∗ is a ⟨g0⟩-invariant, connected and
simply connected cusp neighbourhood of ∗ squeezed between two horodiscs at ∗, i.e. H′′ ⊆ Ur ⊆ H′

for suitable horodiscs H′′, H′ at ∗; shrinking r so that Ur lies in a strictly smaller horodisc at ∗, the set
Ur is closed in π−1({0 < |tc| < r}) and hence is a connected component of it, every other component
lying in a translate gH′ with g ∈ ∆ ∖ ⟨g0⟩; it satisfies gUr ∩Ur = ∅ for g ∈ ∆ ∖ ⟨g0⟩, and π induces a
biholomorphism Ur/⟨g0⟩ ∼= {0 < |tc| < r}.

Proof. Since 1
3 +

1
4 < 1, O is hyperbolic, hence uniformised by a Fuchsian group of signature (0; 3, 4, ∞)

([Thu97], Ch. 13; [Bea83], Ch. 10); explicitly, ∆ is the orientation-preserving subgroup of the group generated
by the reflections σa, σb, σc in the sides a = BC, b = CA, c = AB of the hyperbolic triangle T with vertices
A, B, C counterclockwise and angles π/3, π/4, 0 (Poincaré’s theorem; [Bea83], Ch. 7, 9–10). The quotient
surface is a once-punctured sphere, i.e. C; composing with the affine automorphism carrying the order-3
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cone point to 0 = p1 and the order-4 one to 1 = p2 yields π, and (i) is the standard description of a
Fuchsian group by its signature ([Bea83], Ch. 10).

(ii) Put x := σbσc, y := σcσa, z := σaσb, so xyz = 1 and ∆ = ⟨x, y, z | x3 = y4 = 1, xyz = 1⟩ ([Bea83],
Ch. 10). The relevant rule is: if two geodesics α, β meet at P and θ denotes the angle from α to β measured
counterclockwise, then the product σβσα (reflect in α first, then in β) is the counterclockwise rotation about
P through 2θ ([Bea83], Ch. 7). Since the vertices A, B, C are counterclockwise, the counterclockwise angle
at A from c = AB to b = CA is the interior angle π/3, and that at B from a = BC to c = AB is π/4; hence
x = σbσc is the counterclockwise rotation about A through 2π/3, y = σcσa the counterclockwise rotation
about B through 2π/4, and z is parabolic, fixing the ideal vertex C; by Lemma 2.10, x′(A) = e2πi/3 and
y′(B) = e2πi/4. With

z1 := A, z2 := B, g1 := x−1, g2 := y−1

the two rotations are reversed simultaneously, so that g′1(z1) = ζ1 and g′2(z2) = ζ2, of orders 3, 4. Inverting
xyz = 1 gives g2g1 = z, so g1g2 = g1zg−1

1 is parabolic, hence so is g0; eliminating z gives the stated
presentation.

(iii) The stabiliser of ∗ is ⟨g0⟩. By the standard description of a cusp ([Bea83], Ch. 10) the stabiliser ∆∗
of the fixed point of a parabolic element of a Fuchsian group is infinite cyclic, generated by a primitive
parabolic h, and there is a horodisc H′ at ∗ with gH′ ∩ H′ = ∅ for g /∈ ∆∗. Write g0 = hn with n ≥ 1;
we claim n = 1, i.e. that g0, equivalently g−1

0 = g1g2, is not a proper power in ∆. Indeed, in the free
product ∆ = ⟨g1⟩ ∗ ⟨g2⟩ the element g1g2 is cyclically reduced of length 2, and cyclically reduced length is
a conjugacy invariant. An element h ∈ ∆ of finite order is conjugate into a free factor, so all its powers have
finite order and cannot be parabolic; hence h has infinite order and is conjugate to a cyclically reduced
word h0 of even length ℓ ≥ 2, so that hn is conjugate to the cyclically reduced word hn

0 of length nℓ. If
n ≥ 2 this length is ≥ 4 > 2, a contradiction. Thus n = 1 and ∆∗ = ⟨g0⟩, and H′/⟨g0⟩ embeds in hz/∆ as a
punctured-disc neighbourhood of the puncture.

The cusp coordinate. Conjugate in PSL2(R) so that ∗ = ∞ and H′ = {Im ζ > C}; then g0(ζ) = ζ + ε0
with ε0 ∈ R×, and after the further conjugation ζ 7→ ζ/|ε0| we may assume ε0 ∈ {+1,−1}. The sign ε0
is intrinsic, the elements of PSL2(R) fixing ∞ being the maps ζ 7→ aζ + c with a > 0, whose conjugation
action preserves it. Its value plays no role in the present proof, since q := e2πiζ is ⟨g0⟩-invariant for either
sign and identifies H′/⟨g0⟩ with a punctured disc D∗; the value is determined once the period map τ
is taken into account, and Remark 2.12 gives ε0 = −1. Thus π induces an injective holomorphic map
ψ : D → B with ψ(0) = p0, where we read B near p0 in the coordinate tc and set ψ(0) = 0. Choose
r0 > 0 with {|tc| < r0} ⊆ ψ(D), and let 0 < r < r0. Then Vr := ψ−1({|tc| < r}) is a simply connected
neighbourhood of 0 in D, biholomorphic to a disc, and

Ur = {ζ ∈ H′ : e2πiζ ∈ Vr ∖ {0}}
is the component of π−1({0 < |tc| < r}) accumulating at ∗: it is the preimage under ζ 7→ e2πiζ of a
punctured simply connected domain around 0, hence connected, simply connected and ⟨g0⟩-invariant, and
π induces Ur/⟨g0⟩ ∼= {0 < |tc| < r}; disjointness of its ∆-translates off ⟨g0⟩ follows from that of H′ ⊇ Ur.
It is moreover the only component accumulating at ∗: since π is the quotient by ∆ and Ur is a component
of π−1({0 < |tc| < r}) with trivial setwise stabiliser outside ⟨g0⟩, every component of π−1({0 < |tc| < r})
is a translate gUr with g ∈ ∆, and every component other than Ur is such a translate with g /∈ ⟨g0⟩, hence
lies in gH′; since Ur ⊆ H′ is contained in a horodisc at ∗, the closure of gUr meets ∂hz only at g∗, and
g∗ ̸= ∗ because the stabiliser of ∗ is exactly ⟨g0⟩. Hence no other component accumulates at ∗. Finally,
choosing 0 < ϱ < ϱ′ with {|q| < ϱ} ⊆ Vr ⊆ {|q| < ϱ′} gives horodiscs H′′ = {Im ζ > log(1/ϱ)/2π} ⊆ Ur
and Ur ⊆ {Im ζ > log(1/ϱ′)/2π} ∩ H′, as claimed.

Remark 2.12 (The translation sign at the cusp). The normalisation g0(ζ) = ζ + ε0, ε0 ∈ {±1}, of the proof
of Proposition 2.11(iii) concerns the uniformising coordinate ζ on hz, whereas the relation τ ◦ g0 = τ − 1 of
§3 concerns the period map τ : hz → h and expresses its equivariance along ρΛ, i.e. ρΛ(g0) = M0. The two
maps are distinct, but the second relation determines the first sign: we show that ε0 = −1.

Indeed, τ is equivariant along the surjection ∆ → PSL2(Z) of Remark 2.13, so j ◦ τ = 1728 t ◦ π on
hz; equivalently, on Ur the function e2πiτ is, through the identifications of Proposition 2.11(iii), the local
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parameter of the cusp of X(1) pulled back along the map ψ, which has a simple zero at 0. Writing q := e2πiζ ,
this means that there are a holomorphic unit u1 near 0 (the ratio of the two local cusp parameters, coming
from the local biholomorphism j-chart versus tc-chart at the cusp) and the expansion ψ(υ) = υ w(υ) with
w(0) ̸= 0, such that

e2πiτ = u1
(
ψ(q)

)
ψ(q), so e2πi(τ−ζ) = V(q), V(υ) := u1

(
ψ(υ)

)
w(υ),

where V is holomorphic and nowhere zero on a neighbourhood of 0 in Vr; in particular e2πi(τ−ζ) extends
across q = 0 as a non-vanishing holomorphic function, of winding number 0 around small loops |q| = const.

Now shrink r so that V is holomorphic and non-vanishing on the simply connected domain Vr, and fix
there a branch of

F0 := 1
2πi log V, e2πiF0 = V;

this is possible because Vr is simply connected and V is non-vanishing, equivalently because the winding
number is 0. Put F := F0(q), a holomorphic function on Ur. Since q = e2πiζ is ⟨g0⟩-invariant, F is g0-
invariant. Moreover e2πi(τ−ζ) = V(q) = e2πiF, so (τ − ζ)− F is a continuous integer-valued function on the
connected set Ur, hence a constant k ∈ Z. Therefore τ − ζ = F + k is single-valued and g0-invariant:

(τ − ζ) ◦ g0 = (τ − ζ).
It is the single-valuedness of the chosen logarithm on the simply connected Vr that yields this; boundedness
of Im(τ − ζ) alone would still allow a non-zero integer period. Consequently

ζ ◦ g0 − ζ = τ ◦ g0 − τ = −1, i.e. ε0 = −1.
The value of ε0 is thus determined by the data rather than chosen. It is in any case not needed elsewhere:
§3 uses only the ⟨g0⟩-invariance of q = e2πiζ together with the quoted equivariance, and an asymptotic
comparison of τ with ζ at the cusp, should one be needed, may be made with ε0 = −1 and τ − ζ bounded.
Remark 2.13. ∆ ∼= Z/3 ∗Z/4 is the (3, 4, ∞) triangle group, not PSL2(Z) ∼= Z/2 ∗Z/3; the modular group
enters only through the orbifold morphism (P1; 3, 4, ∞)→ (P1; 3, 2, ∞) = X(1), t 7→ 1728 t, which induces
the surjection ∆→ PSL2(Z) along which τ is equivariant in §3.

Definition 2.14 (Linearising coordinates). For j = 1, 2 let sj(z) := (z− zj)/(z− z̄j) be the Cayley coordinate
at zj of Lemma 2.10, so sj(zj) = 0 and

sj ◦ gj = ζ j sj. (2.4)
By proper discontinuity and Proposition 2.11(i) we may choose rj > 0 so small that ∆j := s−1

j ({|s| < rj})
satisfies g∆j ∩ ∆j = ∅ for g ∈ ∆ ∖ ⟨gj⟩. By (2.4) ∆j is gj-invariant and π induces a biholomorphism
∆j/⟨gj⟩

∼−→ Dj := π(∆j), an open neighbourhood of pj; since s
mj
j is ⟨gj⟩-invariant and induces ∆j/⟨gj⟩ ∼=

{|s| < r
mj
j }, there is a unique holomorphic tj on Dj with tj ◦ π = s

mj
j on ∆j, and tj is a coordinate centred at

pj. Put D∗j := Dj ∖ {pj}, ∆∗j := ∆j ∖ {zj}.

Definition 2.15 (The representation). Since ∆ = ⟨g1⟩ ∗ ⟨g2⟩ with gj of order mj and T3
1 = T4

2 = I, the
universal property of the free product gives a unique homomorphism

ρV : ∆→ GL(V), ρV(g1) = T1, ρV(g2) = T2,
with image G and ρV(g0) = T0. Put ρΛ := A ◦ ρV , so ρΛ(gj) = Aj, ρΛ(g0) = M0 (consistently with
A1A2M0 = I). For g ∈ ∆ write Mg := ρV(g)t for the matrix acting on Λ-coordinates in §3; thus g 7→ Mg is
an anti-homomorphism and M−1

g = ρΛ(g), so M−1
gj

= Aj and M−1
g0

= M0.

By Lemma 2.4 the functional γ is ∆-invariant for ρΛ, so the integers ℓj = γ(vj) are well-defined
invariants of the twisting data, used in §6 and §7; Λ∆ = Zδ̂ by Lemma 2.7(ii) generates the vertical field ξ
of §9, and Lemma 2.7(iv) is the input to the van Kampen computation of §7.

3 The period family over the thrice-punctured sphere.

Throughout this section we use the data and conventions of §2: ∆ = ⟨g1, g2 | g3
1 = g4

2 = 1⟩ is the
(3, 4, ∞) triangle group, π : hz → B ∖ {p0} its uniformisation, ρV(gj) = Tj and Mg := ρV(g)t; ρ := eiπ/3,
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ζ j := e−2πi/mj with m1 = 3, m2 = 4, and sj is the linearising coordinate at zj, sj ◦ gj = ζ jsj. By Ur we
denote, as in §2, the distinguished connected cusp neighbourhood over {0 < |tc| < r}: for r small, the
connected components of π−1({0 < |tc| < r}

)
correspond to the cusps of ∆, each being stabilised by the

corresponding conjugate of ⟨g0⟩, and Ur is the unique ⟨g0⟩-invariant one, i.e. the component at the fixed
point of g0 on ∂hz. It is simply connected, Ur/⟨g0⟩ ∼= {0 < |tc| < r}, and it is squeezed between two
horodiscs at that cusp, though it is not itself a horodisc. The conditions (µ2) and (β2) below are imposed
on this one component Ur only; see Remark 3.2. The goal of the section is the following statement, proved
in §§3.1–3.6.

Definition 3.1. Let τ : hz → h, µ : hz → C and β : hz → C be holomorphic. We consider the following
conditions, in which the right-hand sides are evaluated at z ∈ hz and the left-hand sides at g · z (so e.g.
(τ2) reads τ(g1z) = (τ(z)− 1)/τ(z)).

(τ1) j
(
τ(z)

)
= 1728 t

(
π(z)

)
;

(τ2) τ ◦ g1 =
τ − 1

τ
and τ ◦ g2 = − 1

τ
(hence τ ◦ g0 = τ − 1);

(τ3) τ(z1) = ρ = eiπ/3 and τ(z2) = i.

(µ1) µ ◦ g1 =
1− µ

τ
and µ ◦ g2 = 1 +

µ

τ
(hence µ ◦ g0 = µ);

(µ2) µ is bounded on the distinguished cusp neighbourhood Ur, for some r > 0.

(β1) β ◦ g1 = β + 2− 6(1− µ)2

τ
and β ◦ g2 = β− 3− 6µ2

τ
(hence β ◦ g0 = β + 1);

(β2) β + τ is bounded on the distinguished cusp neighbourhood Ur;

(β3) D := Im β− 6(Im µ)2

Im τ
< 0 on hz.

Remark 3.2. Conditions (µ2), (β2) are imposed on the single component Ur fixed above rather than on all
components of π−1({0 < |tc| < r}); they are not ∆-equivariant. Indeed (µ1) and (τ2) give

µ ◦ g 2
2 = 1 +

µ ◦ g2

τ ◦ g2
= 1− τ

(
1 +

µ

τ

)
= 1− τ − µ,

which is unbounded on Ur (there Im τ → ∞ by Corollary 3.7) as soon as µ is bounded there; equivalently,
µ is bounded on Ur but not on g−2

2 Ur. The same remark applies to β + τ.

Definition 3.3. Given τ, µ, β as above, set

Π(z) :=
(

6µ(z) τ(z) 1 0
β(z) µ(z) 0 1

)
, Z(z) :=

(
6µ(z) τ(z)
β(z) µ(z)

)
,

so that Π = [ Z | I ], the four columns of Π being indexed by the basis (γ̂, û, ŵ, δ̂) of Λ; thus Π(z) is the
C-linear map Λ⊗C→ C2 sending λ to Π(z)λ. Put

L(z) := Π(z)Λ ⊂ C2, T :=
(
hz ×C2)/Λ, λ · (z, ζ) :=

(
z, ζ + Π(z)λ

)
,

so that the fibre of T → hz over z is C2/L(z). For g ∈ ∆ write the 2× 2 block decomposition
[ Pg(z) | Rg(z) ] := Π(gz)M−1

g ,

and g̃(z, ζ) :=
(

gz, Rg(z)ζ
)
. Finally h◦z := hz ∖ (∆z1 ∪ ∆z2) and J :=

(
T |h◦z

)
/∆→ B◦.

Theorem 3.4.

(i) There is exactly one holomorphic τ : hz → h satisfying (τ1) and (τ2), and it satisfies (τ3): τ(z1) = ρ,
τ(z2) = i. Moreover τ − ρ vanishes to order 1 at z1 and τ − i to order 2 at z2, and on the cusp
neighbourhood Ur one has q = e2πiτ = tc u1(tc) with u1 holomorphic and nowhere zero on {|tc| < r}.
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(ii) There is exactly one holomorphic µ : hz → C satisfying (µ1) and (µ2). It satisfies µ(z1) =
1

1+ρ = 2−ρ
3

and µ(z2) =
1−i

2 , hence

6
(
1− µ(z1)

)2
= 2τ(z1), 6µ(z2)

2 = −3τ(z2).
As a function of tc near p0 (computed on Ur), µ extends holomorphically across tc = 0.

(iii) The set of holomorphic β : hz → C satisfying (β1) and (β2) is non-empty and equals {βpart + c0 : c0 ∈
C} for any one solution βpart. The function b := β + τ is g0-invariant and, as a function of tc on Ur,
extends holomorphically across tc = 0.

(iv) The function D = Im β− 6(Im µ)2/ Im τ is ∆-invariant; the induced function on B ∖ {p0} is continu-
ous (in particular at p1, p2) and tends to −∞ at p0. Consequently there is M ∈ R such that every c0
with Im c0 < −M makes (β3) hold. Let β be such a function. Then L(z) = Π(z)Λ is a lattice in C2

for every z ∈ hz, including z = z1, z2, and T → hz is a holomorphic family of compact complex 2-tori.

(v) For every g ∈ ∆ the matrix Rg(z) (the right block of Π(gz)M−1
g ) is invertible, Π(gz) = Rg(z)Π(z)Mg

and Rgh(z) = Rg(hz)Rh(z); Rg0 ≡ I. Hence g 7→ g̃ is an action of ∆ on T by fibre-preserving
biholomorphisms, free on T |h◦z , and J = (T |h◦z )/∆ → B◦ is a proper holomorphic submersion
with fibres complex 2-tori and a holomorphic zero section. With the marking and the orientation
conventions of §3.6 the monodromy representation on H1 = Λ (in the inverse-transport convention
of §7; see the proof of Proposition 3.19) is g 7→ M−1

g ; the loops lifting to g1, g2, g0 act by A1, A2, M0.

Theorem 3.4 makes no positivity (polarisation) assertion; Remark 3.23 computes the relevant Hermitian
form and finds it of signature (1, 1).

3.1 The uniformising function τ

We use the following classical facts about the modular function j, normalised as in §2, and the forms
E4, E6, ∆mod of weights 4, 6, 12 [Se73]: j induces a biholomorphism h/PSL2(Z)→ C, and over C∖ {0, 1728}
it restricts to a regular (Galois) unramified covering

j : h∖
(

PSL2(Z)ρ ∪ PSL2(Z)i
)
−→ C ∖ {0, 1728}

with deck group

PSL2(Z) = ⟨S⟩ ∗ ⟨S1⟩ ∼= Z/2 ∗Z/3, S =

(
0 −1
1 0

)
, S1 =

(
1 −1
1 0

)
;

under the resulting surjection π1(C ∖ {0, 1728})↠ PSL2(Z) a meridian of 0 maps to an element of order
3, conjugate to S±1

1 , and a meridian of 1728 to an element of order 2, conjugate to S. (Only the orders 3 and
2 of these two elements will be used, and they are unchanged under inversion, so either orientation of the
two meridians serves here; the orientation conventions that matter for the marking are those of Convention
3.17.) Furthermore j has a zero of order 3 on the orbit of ρ, and j− 1728 a zero of order 2 on the orbit of i;
E4 vanishes exactly and simply on the ρ-orbit, E6 exactly and simply on the i-orbit, ∆mod is nowhere zero
and ∆mod = q + O(q2), q = e2πiτ. We write j = J(q), where

J(q) = q−1(1 + O(q)
)

is holomorphic on {0 < |q| < 1} with a simple pole at q = 0.
We also use the following description of the region where |j| is large.

Lemma 3.5. For R > 1728 put ΩR := {τ ∈ h : |j(τ)| > R} and
c1(R) := inf

{
Im τ : τ ∈ F , |j(τ)| > R

}
,

F the standard fundamental domain; then c1(R)→ ∞ as R→ ∞. Fix once and for all R0 > 1728 such that
c1(R) > 1 for all R ≥ R0.

Let R ≥ R0. Then ΩR is PSL2(Z)-invariant and PSL2(Z) permutes its connected components transi-
tively. Let VR be the component containing {Im τ > c} for c≫ 0. There is c2(R) ≥ c1(R) with

{Im τ > c2(R)} ⊂ VR ⊂ {Im τ ≥ c1(R)},
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i.e. VR is squeezed between two horoballs at the cusp ∞ (it need not be a horoball). Consequently the
components of ΩR are the pairwise disjoint translates γVR, γ ∈ PSL2(Z), each squeezed between two
horoballs at the cusp γ∞, and every γ′ ∈ PSL2(Z) with γ′γVR = γVR fixes the cusp γ∞.

Proof. First, c1(R)→ ∞: given A > 0, the set F ∩ {Im τ ≤ A} is compact, so |j| is bounded on it by some
R(A); for R ≥ R(A) no point of F with Im τ ≤ A satisfies |j| > R, i.e. c1(R) ≥ A. In particular R0 exists.

Now let R ≥ R0. ΩR = j−1({|w| > R}) is invariant, and j induces a biholomorphism ΩR/PSL2(Z) ∼=
{|w| > R}, a connected set; hence the components of ΩR form one orbit. Since j = q−1(1 + O(q)) as
Im τ → ∞, we have |j| > R on {Im τ > c2(R)} for suitable c2(R) ≥ c1(R), so VR is well defined.

For the other inclusion: by the definition of c1(R), {|j| > R} ∩ F ⊂ {Im τ ≥ c1(R)}; as every point of h
is PSL2(Z)-equivalent to a point of F and ΩR is invariant, this gives

ΩR ⊂
⋃

γ∈PSL2(Z)

γ
(
{Im τ ≥ c1(R)}

)
,

a union of horoballs indexed by the cusps γ∞. Since R ≥ R0 we have c1 := c1(R) > 1, and then
these horoballs are pairwise disjoint (Shimizu’s lemma for PSL2(Z): if γ =

(
a b
c d

)
has c ̸= 0 then

Im(γτ) = Im τ/|cτ + d|2 ≤ 1/ Im τ, so Im τ ≥ c1 > 1 and Im(γτ) ≥ c1 > 1 would force 1 < c1 ≤
Im(γτ) ≤ 1/ Im τ ≤ 1/c1 < 1; hence no point of height ≥ c1 is carried to a point of height ≥ c1 unless γ
fixes ∞). Fix c′1 with 1 < c′1 < c1; the same displayed bound shows that the open horoballs γ({Im τ > c′1})
are pairwise disjoint as well, and they contain the closed ones above, so ΩR is contained in a disjoint
union of open horoballs, one at each cusp. These open sets induce a partition of ΩR into relatively open
pieces, so each connected subset of ΩR lies in a single one of them, hence in a single closed horoball
γ({Im τ ≥ c1}). Since VR is connected and contains {Im τ > c2(R)}, the horoball in question is the one at
∞, i.e. VR ⊂ {Im τ ≥ c1(R)}.

Finally, γVR lies in a horoball at γ∞, so its closure in h∪P1(Q) meets P1(Q) exactly in γ∞; hence any
γ′ with γ′γVR = γVR fixes γ∞.

Proposition 3.6. Part (i) of Theorem 3.4 holds.

Proof. Existence of a lift. Put F := 1728 (t ◦ π) : hz → C. Since π is unramified outside π−1{p1, p2} and
ramified there of order exactly 3, resp. 4, the map F (resp. F− 1728) vanishes to order exactly 3 (resp. 4) on
π−1(p1) (resp. π−1(p2)), and F has no other critical points. Let Z◦ := hz ∖ F−1{0, 1728}; its fundamental
group is normally generated by small meridians (of either orientation, since only the orders below are
used), whose F-images are cubes (resp. fourth powers) of meridians of 0 (resp. 1728), whose classes in
the deck group PSL2(Z) have order 3 (resp. 2) and hence are trivial. Therefore the image of F∗π1(Z◦) in
the deck group is trivial, i.e. F∗π1(Z◦) ⊂ j∗π1

(
h∖ (PSL2(Z)ρ ∪ PSL2(Z)i)

)
, which is exactly the lifting

criterion for the covering j. So F|Z◦ lifts to a holomorphic τ : Z◦ → h with j ◦ τ = F.
We extend τ across each point z0 ∈ F−1{0, 1728} by the maximum principle in the bounded model.

Let δ : h → D be a biholomorphism onto the unit disc and let D∗ be a small punctured disc around z0
contained in Z◦ (possible, as F−1{0, 1728} is discrete). Then δ ◦ τ is a bounded holomorphic function on
D∗, so it extends holomorphically across z0, with |(δ ◦ τ)(z0)| ≤ 1. It is non-constant, because j ◦ τ = F
is non-constant near z0; hence the maximum principle excludes |(δ ◦ τ)(z0)| = 1, and the extension takes
values in D. Thus τ extends holomorphically across z0 with value in h, and j ◦ τ = F persists by continuity:
this is (τ1).

Equivariance. F ◦ g = F, so τ ◦ g and τ are lifts of the same map through the Galois covering j:
τ ◦ g = φ(g) ◦ τ with φ : ∆→ PSL2(Z) a homomorphism.

Local orders. Near z1, t ◦ π = s3
1 · (unit) while j has a zero of order 3 at ρ, so τ− τ(z1) has a simple zero;

near z2, (t− 1) ◦ π = s4
2 · (unit) and j− 1728 has a zero of order 2, so τ − τ(z2) has a zero of order exactly

2.
Normalisation. Replacing τ by γ ◦ τ replaces φ by γφγ−1; since j(τ(z1)) = 0 we may arrange τ(z1) = ρ.

Then φ(g1) fixes ρ and, τ being a local biholomorphism at z1, φ(g1)
′(ρ) = g′1(z1) = e−2πi/3; as the stabiliser

of ρ is ⟨S1⟩ and S′1(ρ) = ρ−2 = e−2πi/3, φ(g1) = S1.
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Rigidity: the order of φ(g2). Put P := φ(g0) and T =
(

1 1
0 1

)
. We claim φ(g2) ̸= 1. Otherwise τ ◦ g2 = τ,

so the holomorphic function τ − τ(z2) is g2-invariant near z2; in the linearising coordinate s2 (with
s2 ◦ g2 = ζ2s2, ζ2 = −i a primitive 4th root of unity) a g2-invariant holomorphic function has only
exponents in 4Z, whereas ordz2

(
τ − τ(z2)

)
= 2 /∈ 4Z by the computation of local orders. Since φ(g2)4 = 1

and PSL2(Z) has no element of order 4, φ(g2) has order 2. As φ(g2) = φ(g1)
−1P−1 = S−1

1 P−1, this reads
tr
(
S−1

1 P−1) = 0 for either SL2-lift.
Rigidity: P is parabolic. First P ̸= 1. Otherwise τ ◦ g0 = τ, so τ is g0-invariant on Ur and descends to

a holomorphic function of tc on {0 < |tc| < r}; so does q = e2πiτ, which moreover satisfies |q| < 1 (as
Im τ > 0) and hence extends holomorphically across tc = 0 with |q(0)| ≤ 1. If |q(0)| = 1, then |q| would
attain its maximum at the interior point tc = 0, so q would be a constant of modulus 1, contradicting
|q| < 1; hence |q(0)| < 1. Next, j(τ) = J(q) with J holomorphic on {0 < |q| < 1} and with a simple pole at
q = 0. If q(0) ̸= 0 then j(τ) = J

(
q(tc)

)
→ J

(
q(0)

)
∈ C as tc → 0, contradicting |j(τ)| = 1728|tc|−1 → ∞.

Hence q(0) = 0; put n := ord0 q ≥ 1, so that the winding number of q along a small circle |tc| = ε is n ≥ 1.
On the other hand 2πiτ is, by g0-invariance, a single-valued continuous (indeed holomorphic) logarithm of
q on {0 < |tc| < r}, so that winding number is 0 — a contradiction. Thus P ̸= 1.

Next, shrink r so that R := 1728/r ≥ R0, with R0 as in Lemma 3.5. Then |j(τ)| = 1728/|tc| > R on Ur,
i.e. τ(Ur) ⊂ ΩR, and Ur is connected, so by Lemma 3.5 τ(Ur) lies in a single connected component γVR of
ΩR. Since g0Ur = Ur and τ ◦ g0 = P ◦ τ, the set τ(Ur) is ⟨P⟩-invariant, so P(γVR)∩ γVR ̸= ∅ and therefore
P(γVR) = γVR by disjointness of the components. By Lemma 3.5, P fixes the cusp γ∞; the stabiliser of a
cusp in PSL2(Z) is infinite cyclic generated by a parabolic element, so P is parabolic.

Rigidity: conclusion. Write the SL2(Z)-lift as P = I + M with M nilpotent,

M = k
(
−pr p2

−r2 pr

)
, gcd(p, r) = 1, k ∈ Z ∖ {0}.

With S−1
1 =

(
0 1
−1 1

)
one computes tr

(
S−1

1 (I − M)
)
= 1− (c − b − a) for M =

(
a b
c −a

)
, so the condition

tr(S−1
1 P−1) = 0 reads c − b − a = 1, i.e. −k(p2 − pr + r2) = 1. By positive definiteness k = −1 and

p2 − pr + r2 = 1, with solutions ±(1, 0),±(0, 1),±(1, 1); the corresponding P are T−1 and its two S1-
conjugates (the cusps ∞, 0, 1 form one ⟨S1⟩-orbit). Conjugating τ by a power of S1 (which preserves
τ(z1) = ρ and φ(g1) = S1) gives φ(g0) = T−1, hence τ ◦ g0 = τ − 1 and φ(g2) = S−1

1 T = S, i.e.
τ ◦ g2 = −1/τ: this is (τ2), and τ(z2), the fixed point of S, equals i, which is (τ3).

Uniqueness. If τ′ satisfies (τ1), (τ2) then τ′ = γ ◦ τ with γ ∈ PSL2(Z); equivariance for both gives
γφ(g)γ−1 = φ(g) for g = g1, g2, and ⟨S1, S⟩ = PSL2(Z) has trivial centre, so γ = 1.

The cusp. By (τ2), τ ◦ g0 = τ − 1, so on Ur the function q = e2πiτ is g0-invariant, hence a holomorphic
function of tc on {0 < |tc| < r} with |q| < 1; it extends holomorphically across 0, and exactly as in the
paragraph “P is parabolic” the maximum principle gives |q(0)| < 1, while the simple pole of J at q = 0,
together with |j(τ)| = 1728|tc|−1 → ∞, forces q(0) = 0. From j = q−1(1 +O(q)) and j(τ) = 1728/tc we get
q = tc

1728 (1 + O(tc)), so q = tc u1(tc) with u1 holomorphic and nowhere zero after shrinking r.

Corollary 3.7. Let h := 1
2πi log u1 (a branch on {|tc| < r}) and s := τ − h(tc ◦ π) on Ur. Then e2πis = tc ◦ π,

s ◦ g0 = s− 1, and s maps Ur biholomorphically onto a half plane {Im s > const}. In particular Im τ → ∞
as tc → 0 on Ur.

Proof. e2πis = q/u1 = tc ◦π, and h(tc ◦π) is g0-invariant, so s ◦ g0 = s− 1. Both tc ◦π : Ur → {0 < |tc| < r}
and e2πi(·) are universal coverings of the punctured disc with deck group Z, so s is an isomorphism of
coverings; τ = s + h with h bounded gives the last assertion.

3.2 The function µ: a torsor under a line bundle of degree −1

Define ȷ̃ : ∆× hz → C∗ by ȷ̃(g1, z) := −τ(z), ȷ̃(g2, z) := τ(z) and the cocycle rule ȷ̃(gh, z) = ȷ̃(g, hz) ȷ̃(h, z).

Lemma 3.8. ȷ̃ is a well-defined 1-cocycle on ∆, and ȷ̃(g0, ·) ≡ 1.
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Proof. As ∆ = ⟨g1⟩ ∗ ⟨g2⟩, a unique such cocycle exists provided that ∏
mj−1
k=0 ȷ̃(gj, gk

j z) = 1 for j = 1, 2. By
(τ2) one has τ ◦ g1 = (τ − 1)/τ, τ ◦ g2

1 = −1/(τ − 1) and τ ◦ g2 = −1/τ; direct computation then gives

(−1)3 τ · τ − 1
τ
· −1

τ − 1
= 1,

τ ·
(
− 1

τ

)
· τ ·

(
− 1

τ

)
= 1.

Finally ȷ̃(g1g2, z) = −τ(g2z)τ(z) = 1, so ȷ̃(g0, ·) ≡ 1.

Definition 3.9. For U ⊂ B open put Ũ := π−1(U ∖ {p0}) and
L(U) :=

{
ν ∈ O(Ũ) : ν ◦ g = ν/ ȷ̃(g, ·) ∀g ∈ ∆

}
,

M(U) :=
{

µ ∈ O(Ũ) : (µ1) holds
}

,
where, if p0 ∈ U, we require in addition the following regularity at the distinguished cusp: shrinking U we
may assume U ⊂ {|tc| < r}, and then Ur(U) := Ur ∩ Ũ is the ⟨g0⟩-invariant component of Ũ over U ∖ {p0};
the restriction of the function to Ur(U) is ⟨g0⟩-invariant, hence descends to a holomorphic function of tc on
U ∖ {p0}, and we require that this function extend holomorphically across tc = 0.

The condition just imposed is local in U and stable under restriction, so L and M are sheaves, of OB-
modules resp. of sets. It concerns the one component Ur(U), and is strictly weaker than the corresponding
condition on all components (Remark 3.2); this is exactly the asymmetry of (µ2), (β2). Note also that
ν ∈ L(U) is g0-invariant by Lemma 3.8, and µ ∈M(U) is g0-invariant by (µ1), so the descent used in the
definition makes sense. Finally L acts on M by addition: the difference ν = µ− µ′ of two sections of M(U)
satisfies ν ◦ g1 = −ν/τ, ν ◦ g2 = ν/τ.

Lemma 3.10. L ∼= OB(−p0) ∼= OP1(−1); in particular H0(B,L) = H1(B,L) = 0.

Proof. Since hz is simply connected and E6 ◦ τ vanishes exactly on ∆z2, to order 2 at each point, it has
a holomorphic square root on hz; fix one and set F :=

(
E2

4E1/2
6 /∆mod

)
◦ τ. Then F is holomorphic and

vanishes exactly on ∆z1∪∆z2, with ordz1 F = 2, ordz2 F = 1; near the cusp E4, E6 → 1 and ∆mod = q+O(q2),
so F = t−1

c · (unit) as a function of tc on Ur.
F obeys the homogeneous law: by modularity of weights 8, 3, 12 (computed with SL2(Z)-lifts of the

images of g1, g2 in PSL2(Z); changing a lift changes the automorphy factor by the sign (−1)8+3−12 = −1,
which is absorbed in χ(gj); a definite lift is fixed in Lemma 9.14(ii)), F ◦ gj = χ(gj)F/ ȷ̃(gj, ·) with χ(gj) = ±1
(the ambiguity comes only from the square root) and χ(gj)

mj = 1 by iterating mj times and using Lemma
3.8; hence χ(g1) = 1. For g2 evaluate at z2: E1/2

6 ◦ τ = c s2 + O(s2
2) with c ̸= 0 and s2 ◦ g2 = −is2, so the

value at g2z is −i(E1/2
6 ◦ τ)(z) +O(s2

2), whereas the claimed law gives the factor χ(g2)τ(z2)3 = −iχ(g2); so
χ(g2) = 1 and F ∈ L(B ∖ {p0}), with tcF nowhere zero at p0.

F generates L away from p0: for ν ∈ Lp the quotient ν/F is ∆-invariant and meromorphic, hence a
meromorphic function of t; it is holomorphic, since at p1 its pole order is at most 2 in s1, i.e. at most 2/3
in t1 = s3

1, and at p2 at most 1 in s2, i.e. at most 1/4 in t2 = s4
2. Conversely ψF ∈ Lp for ψ ∈ OB,p. At p0,

ν = ψF lies in Lp0 iff ψ vanishes, i.e. Lp0 = mp0 F. Altogether L ∼= OB(−p0).

Proposition 3.11. M is an L-torsor, and part (ii) of Theorem 3.4 holds.

Proof. Consistency of the laws (µ1) with g3
1 = g4

2 = 1. Since ∆ = ⟨g1⟩ ∗ ⟨g2⟩ is the free product of cyclic groups
of orders 3 and 4, prescribing µ on one sheet (or on a gj-invariant disc) and extending by (µ1) along words
in g1, g2 is well defined if and only if the affine substitutions occurring in (µ1) have orders dividing 3, resp.
4, along the corresponding τ-orbits. This holds. Indeed, by (τ2) and (µ1),

z g1z g2
1z

τ τ
τ − 1

τ

−1
τ − 1

µ µ
1− µ

τ

τ − 1 + µ

τ − 1

z g2z g2
2z g3

2z

τ τ − 1
τ

τ − 1
τ

µ µ 1 +
µ

τ
1− τ − µ

1− µ

τ

18



(each entry obtained from its left neighbour by (µ1)), and one more application of (µ1) gives

1− τ−1+µ
τ−1
−1

τ−1

= −
(
(τ − 1)− (τ − 1 + µ)

)
= µ, 1 +

(1− µ)/τ

−1/τ
= µ,

i.e. the prescriptions close up after 3, resp. 4, steps, as required. (Equivalently: (µ1) is an affine cocycle for
ȷ̃, and the multiplicative parts close up by Lemma 3.8.)

Local sections. At p ∈ B◦: for small U, π−1(U) is a disjoint union of sheets permuted simply transitively
by ∆; prescribe µ := 0 on one sheet and extend by the laws (µ1), which is consistent by the previous
paragraph. At p0: µ := 0 on Ur is g0-invariant and holomorphic at tc = 0 (and extends to Ũ by the laws).
At p1, p2 take µ1 := (2− τ)/3 on ∆1 and µ2 := (1− τ)/2 on ∆2 and extend by equivariance; indeed, by
direct computation,

µ1 ◦ g1 = τ+1
3τ = (1− µ1)/τ, µ2 ◦ g2 = τ+1

2τ = 1 + µ2/τ.
Global sections. By Riemann’s theorem applied to the bounded g0-invariant function µ of tc on Ur,

a holomorphic µ on hz satisfies (µ1), (µ2) exactly when it lies in M(B). The torsor M is classified
by H1(B,L) = H1(P1,O(−1)) = 0, so M(B) ̸= ∅, and two global sections differ by an element of
H0(P1,O(−1)) = 0.

Values. Evaluating (µ1) at the fixed points gives µ(z1) = (1− µ(z1))/ρ, i.e. µ(z1) =
1

1+ρ = 2−ρ
3 (using

ρ2 = ρ− 1), and µ(z2) = 1 + µ(z2)/i, i.e. µ(z2) =
1−i

2 . Then 1− µ(z1) = ρ/(1 + ρ) and (1 + ρ)2 = 3ρ give
6(1− µ(z1))

2 = 2ρ = 2τ(z1), while 6µ(z2)2 = −3i = −3τ(z2).

These identities say that the inhomogeneous terms 2− 6(1− µ)2/τ and −3− 6µ2/τ of (β1) vanish at
z1, resp. z2; this makes the β-problem locally solvable at p1, p2.

Remark 3.12. We record a geometric interpretation, which will not be needed later. Condition (τ1)
says that τ is the period map of the rational elliptic surface with j = 1728t and Weierstrass model
y2 = 4x3 − 3t3(t− 1)x− t4(t− 1)2, with fibres of types IV∗, I I I, I1 over p1, p2, p0 [Kod64], [BHPV, V.10]; its
Mordell–Weil group is generated by P = (0, i t2(t− 1)), and −µ is the Abel–Jacobi coordinate of P, the
values µ(z1), µ(z2) being the 3- resp. 2-torsion values dictated by the non-identity components of the IV∗

and I I I fibres.

3.3 The function β

Write ϕ1 := 2− 6(1− µ)2/τ and ϕ2 := −3− 6µ2/τ, holomorphic on hz (recall τ ∈ h), so that (β1) reads
β ◦ gj = β + ϕj.

Proposition 3.13. ∑
mj−1
k=0 ϕj ◦ g k

j = 0 on hz for j = 1, 2, and part (iii) of Theorem 3.4 holds.

Proof. Cocycle relation. This is a direct computation with (τ2) and (µ1) only, using the two tables of the
proof of Proposition 3.11, which list the values of τ and µ at z, g1z, g2

1z, resp. at z, g2z, g2
2z, g3

2z; all identities
below are between holomorphic functions on hz (equivalently, between rational expressions in the two
independent quantities τ, µ, valid wherever the denominators τ, τ − 1 do not vanish, hence everywhere by
continuity).

For j = 1: substituting (τ, µ) 7→
(

τ−1
τ , 1−µ

τ

)
, resp. (τ, µ) 7→

( −1
τ−1 , τ−1+µ

τ−1

)
, into ϕ1 = 2− 6(1− µ)2/τ

gives

ϕ1 = 2− 6(1− µ)2

τ
,

ϕ1 ◦ g1 = 2− 6
(

1− 1− µ

τ

)2 τ

τ − 1
= 2− 6

(τ − 1 + µ

τ

)2 τ

τ − 1
= 2− 6(τ − 1 + µ)2

τ(τ − 1)
,

ϕ1 ◦ g 2
1 = 2− 6

(
1− τ − 1 + µ

τ − 1

)2(
−(τ − 1)

)
= 2 + 6(τ − 1)

µ2

(τ − 1)2 = 2 +
6µ2

τ − 1
.
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Hence
2

∑
k=0

ϕ1 ◦ g k
1 = 6− 6

τ(τ − 1)

[
(1− µ)2(τ − 1) + (τ − 1 + µ)2 − µ2τ

]
.

Writing a := τ − 1, the bracket is
a(1− 2µ + µ2) + (a + µ)2 − µ2(a + 1) = a− 2aµ + aµ2 + a2 + 2aµ + µ2 − aµ2 − µ2 = a + a2 = τ(τ − 1),

so the sum equals 6− 6 = 0.
For j = 2: substituting successively (τ, µ) 7→

(
− 1

τ , 1 + µ
τ

)
, (τ, 1− τ − µ),

(
− 1

τ , 1−µ
τ

)
into ϕ2 = −3−

6µ2/τ gives

ϕ2 = −3− 6µ2

τ
, ϕ2 ◦ g2 = −3 + 6τ

(
1 +

µ

τ

)2
= −3 +

6(τ + µ)2

τ
,

ϕ2 ◦ g 2
2 = −3− 6(1− τ − µ)2

τ
, ϕ2 ◦ g 3

2 = −3 + 6τ
(1− µ)2

τ2 = −3 +
6(1− µ)2

τ
.

Hence
3

∑
k=0

ϕ2 ◦ g k
2 = −12 +

6
τ

[
−µ2 + (τ + µ)2 − (1− τ − µ)2 + (1− µ)2

]
.

Now (τ + µ)2 − µ2 = τ2 + 2τµ, and, with A := 1− µ so that 1− τ− µ = A− τ, (1− µ)2 − (1− τ− µ)2 =
A2 − (A− τ)2 = 2Aτ − τ2 = 2τ(1− µ)− τ2; the bracket is therefore τ2 + 2τµ + 2τ − 2τµ− τ2 = 2τ, and
the sum equals −12 + 12 = 0.

(In particular the vanishing of these sums is, for the β-laws, the analogue of the consistency check
carried out for (µ1) in the proof of Proposition 3.11: since ∆ = ⟨g1⟩ ∗ ⟨g2⟩ with gj of order mj, it is exactly
what makes “prescribe β and extend by (β1)” well defined.)

Torsor. Since β ◦ g0 = β + 1 and τ ◦ g0 = τ − 1, the function b = β + τ is g0-invariant, so (β2) says, by
Riemann’s theorem, that b as a function of tc on Ur extends holomorphically across 0. Define a sheaf B on
B by B(U) := {β ∈ O(Ũ) : (β1) holds}, with the extra requirement, if p0 ∈ U, that β + τ restricted to the
distinguished component Ur(U) of Definition 3.9 extend holomorphically at tc = 0. The difference of two
local sections is a ∆-invariant holomorphic function, i.e. a holomorphic function of t, holomorphic in tc at
p0; so B is a pseudo-torsor under OB. Local solvability: at p ∈ B◦ prescribe β := 0 on one sheet and extend
by (β1); at p0 take β := −τ on Ur, so β ◦ g0 = β + 1 and b = 0; at pj (j = 1, 2) set β := 1

mj
∑

mj−1
k=0 k (ϕj ◦ g k

j )

on ∆j, which by the cocycle relation telescopes to β ◦ gj − β = 1
mj

(
mjϕj −∑k ϕj ◦ gk

j
)
= ϕj, and extend by

equivariance. Hence B is an OB-torsor; H1(P1,O) = 0 gives a global section and H0(P1,O) = C gives the
affine family βpart + c0.

3.4 Nondegeneracy, and the choice of c0

Lemma 3.14. For every z ∈ hz, viewing Π(z) as an R-linear map Λ⊗R → C2 = R4 in the coordinates
(Re ζ1, Im ζ1, Re ζ2, Im ζ2) and the basis (γ̂, û, ŵ, δ̂),

det R Π(z) = −det Im Z(z) = Im τ(z) · D(z);
thus L(z) is a lattice in C2 if and only if D(z) ̸= 0. Moreover D is ∆-invariant.

Proof. For v1, v2 ∈ C2 one has detR(v1, v2, e1, e2) = −det Im[v1 v2] (expand along the last two columns;
the sign is that of the 4-cycle (1 3 4 2)). With [v1 v2] = Z this gives detR Π = −det Im Z = Im τ Im β−
6(Im µ)2 = Im τ · D.

By §3.5, Π(gz) = Rg(z)Π(z)Mg with det Mg = det ρV(g) = 1, and det Rg1 = −1/τ, det Rg2 = 1/τ.
Taking detR and using detR(R) = |detC R|2 gives Im τ(gz)D(gz) = |det Rg|2 Im τ(z)D(z); for g = g1, g2
we have Im τ(gz) = Im τ/|τ|2 and |det Rg|2 = 1/|τ|2, whence D(gz) = D(z). As ∆ = ⟨g1, g2⟩, D is
∆-invariant.

Proposition 3.15. Part (iv) of Theorem 3.4 holds.
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Proof. By Lemma 3.14, D descends to a continuous function D0 on B ∖ {p0}, π being an open surjection;
in particular D0 is finite at p1, p2, where Im τ =

√
3/2 resp. 1 and µ, β are holomorphic. On Ur, Im β =

Im b− Im τ with b and µ bounded, so D ≤ Im b− Im τ → −∞ as tc → 0 (Corollary 3.7). Hence there
is a compact K ⊂ B ∖ {p0} with D0 < 0 off K, and M := maxK D0 < ∞. Replacing β by β + c0
replaces D by D + Im c0, so any c0 with Im c0 < −max(M, 0) yields (β3): D < 0 on all of hz, in
particular D(z1) = Im β(z1) − 1/

√
3 < 0 and D(z2) = Im β(z2) − 3/2 < 0 (using Im µ(z1) = −

√
3/6,

Im µ(z2) = −1/2). By Lemma 3.14, L(z) is then a lattice for every z, and T → hz is a holomorphic family
of compact complex 2-tori with holomorphic zero section.

From now on β is one function satisfying (β1)–(β3); X will depend on this choice only through the
constant c0.

3.5 Equivariance

Identify Π(z) with the pair of linear forms λ 7→ ⟨σi(z), λ⟩ on Λ, where
σ1 := 6µ γ + τ u + w, σ2 := β γ + µ u + δ ∈ VC;

indeed the rows of Π are the values of σ1, σ2 on (γ̂, û, ŵ, δ̂).

Proposition 3.16. With F1(z) := ⟨σ1(z), σ2(z)⟩C ⊂ VC one has F1(gjz) = TjF1(z) and

σ1 ◦ g1 = − 1
τ T1σ1, σ2 ◦ g1 = T1σ2 +

1−µ
τ T1σ1,

σ1 ◦ g2 = 1
τ T2σ1, σ2 ◦ g2 = T2σ2 − µ

τ T2σ1,
as well as σi ◦ g0 = T0σi. Consequently Rg0 = I,

Rg1 =

(
−1/τ 0

(1− µ)/τ 1

)
, Rg2 =

(
1/τ 0
−µ/τ 1

)
,

and Π(gz) = Rg(z)Π(z)Mg, Rgh(z) = Rg(hz)Rh(z) for all g, h ∈ ∆.

Proof. Direct computation from the matrices of §2 (T1γ = γ, T1u = −u − w, T1w = −6γ + u, T1δ =
2γ + u + w + δ; T2u = 6γ + w, T2w = −u, T2δ = −3γ + u + δ; T0 = I + N) gives

T1σ1 = (6µ− 6)γ + (1− τ)u− τw,
T1σ2 = (β + 2)γ + (1− µ)u + (1− µ)w + δ,
T2σ1 = (6µ + 6τ)γ− u + τw,
T2σ2 = (β + 6µ− 3)γ + u + µw + δ,
T0σ1 = 6µγ + (τ − 1)u + w,
T0σ2 = (β + 1)γ + µu + δ.

Dividing T1σ1 by −τ normalises the w-coefficient to 1 and leaves u-coefficient (τ − 1)/τ = τ ◦ g1 and
γ-coefficient 6(1− µ)/τ = 6(µ ◦ g1) by (τ2), (µ1); so the result is σ1(g1z). Subtracting (1− µ) times it
from T1σ2 kills the w-coefficient and leaves u-coefficient (1− µ)(1− τ−1

τ ) = 1−µ
τ = µ ◦ g1 and γ-coefficient

β + 2− 6(1− µ)2/τ = β ◦ g1 by (β1), i.e. σ2(g1z). The same normalisation applied to the T2-row gives
τ ◦ g2 = −1/τ, µ ◦ g2 = 1 + µ/τ, β ◦ g2 = β− 3− 6µ2/τ, and the T0-row is already (σ1(g0z), σ2(g0z)), so
Rg0 = I.

If σi(gz) = ∑k(Rg)ikρV(g)σk(z) then, for λ ∈ Λ, ⟨σi(gz), λ⟩ = ∑k(Rg)ik⟨σk(z), ρV(g)tλ⟩, i.e. Π(gz) =

Rg(z)Π(z)Mg; equivalently Rg(z)Π(z) = Π(gz)M−1
g . Since the right (ŵ, δ̂)-block of Π is I, the right

block of Π(gz)M−1
g = RgΠ(z) is Rg, the matrix so called in Definition 3.3; it is invertible because

RgΠ(z) = Π(gz)M−1
g has rank 2. Finally Mgh = ρV(gh)t = Mh Mg, so

Π(ghz) = Rg(hz)Rh(z)Π(z)Mh Mg = Rg(hz)Rh(z)Π(z)Mgh,
and the cocycle relation follows from the uniqueness of Rgh.
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3.6 The family J → B◦ and its marking

Convention 3.17. Paths are composed left to right: if c(1) = c′(0) then cc′ means “first c, then c′”. With
these conventions the map of §2 sending the homotopy class of π ◦ c, for a path c from the base point z to
gz in h◦z , to g ∈ ∆ is a group homomorphism π1(B◦, π(z))→ ∆.

Orientations of meridians. Since sj ◦ gj = e−2πi/mj sj and tj ◦ π = s
mj
j , the deck transformation gj rotates

the linearising coordinate clockwise, so it is the clockwise meridian at pj (and likewise the clockwise loop at
the cusp p0) that lifts to gj (resp. g0); the counterclockwise meridians lift to g−1

j , resp. g−1
0 . We therefore

declare: all meridians used for the marking are oriented clockwise, i.e. negatively for the complex orientation
of B, and then the product of the meridians around p1, p2, p0, taken in this order and suitably based, is
trivial, matching g1g2g0 = 1 in ∆. Equivalently, if one insists on counterclockwise meridians σ̌1, σ̌2, σ̌0, these
lift to g−1

1 , g−1
2 , g−1

0 and the relation g1g2g0 = 1 reads σ̌0σ̌2σ̌1 = 1 in π1(B◦), i.e. the product of the three
counterclockwise meridians taken in the opposite order.

Remark 3.18. Reversing the orientations of all three meridians simultaneously replaces the marking by its
inverse and hence replaces p by −p in §7. All statements there involve only |p|, so they hold equally for
either orientation, and in particular for the choice made in Convention 3.17.

Proposition 3.19. Part (v) of Theorem 3.4 holds.

Proof. By Proposition 3.16, g̃(z, ζ) = (gz, Rg(z)ζ) satisfies g̃ ◦ h̃ = g̃h, so g 7→ g̃ is an action of ∆ on hz ×C2

by biholomorphisms over the ∆-action on hz. It normalises the Λ-action, since Rg(z)Π(z) = Π(gz)M−1
g

gives
g̃
(
z, ζ + Π(z)λ

)
=
(

gz, Rg(z)ζ + Π(gz)M−1
g λ

)
,

so it descends to T and maps L(z)-cosets to L(gz)-cosets. By §2, ∆ acts on hz properly discontinuously
with stabilisers trivial outside ∆z1 ∪ ∆z2 and cyclic of orders 3, 4 at z1, z2; hence it acts freely and properly
discontinuously on h◦z , and therefore on T |h◦z . So J is a complex 3-manifold; the induced map to B◦ is
holomorphic, proper with fibres the compact tori C2/L(z), and a submersion, and the zero section descends
because Rg(z)0 = 0.

Marking and monodromy. We use Convention 3.17. For z ∈ h◦z identify H1 of the fibre C2/L(z) with Λ by
λ 7→ [ 0 → Π(z)λ ]. Let c be a path from z to gz in h◦z , so that π ◦ c is a loop in B◦; the fibre of J over its
base point is identified with the fibre of T at z, and with the fibre at gz through g̃. Parallel transport in T
along c is tautological, i.e. the identity in the Λ-coordinates, and by

Rg(z)Π(z)λ = Π(gz)M−1
g λ

the map g̃ carries the cycle with coordinate λ at z to the cycle with coordinate M−1
g λ at gz. Hence the

monodromy on H1, read in the marking at the base point, is λ 7→ M−1
g λ.

We now fix the meaning of “monodromy” used here and in §7. The two identifications of the fibre of J
over the base point used above — with Tz at the start of the loop and with Tgz at its end — differ by g̃,
and g̃∗ = M−1

g in the Λ-coordinates; consequently forward parallel transport of H1 around the loop lifting
to g, read in the marking at the base point, is g̃−1

∗ , i.e. λ 7→ Mgλ, while the monodromy representation is by
definition the inverse of forward transport,

g 7−→ M−1
g .

This is the convention (the inverse-transport, or “representation”, convention of §7) in which the assignment
is a homomorphism: M−1

gh = M−1
g M−1

h since Mgh = Mh Mg, whereas forward transport g 7→ Mg is anti-
multiplicative for the left-to-right composition of Convention 3.17. The two conventions differ by inverting
all the matrices, which changes neither the group ⟨A1, A2⟩ nor the invariant |p| of §7 (cf. Remark 3.18), so
the statements of §7 hold in either one.

For the clockwise meridians of p1, p2, p0 — i.e. the meridians of Convention 3.17, which lift to g1, g2, g0
— the matrices of the monodromy representation are A1, A2, M0, and A1A2M0 = I matches g1g2g0 = 1.

Finally, for j = 1, 2 the fibre of T over zj is A(j)
0 = C2/L(zj), a torus by Proposition 3.15, and g̃j restricts

to the automorphism ζ 7→ Rgj(zj)ζ of order mj.
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Remark 3.20. In the flat real trivialisation T ∼= hz × (Λ ⊗R)/Λ, (z, x) 7→ (z, Π(z)x), the map g̃ reads
(z, x) 7→ (gz, M−1

g x), i.e. (z, x) 7→ (gjz, Ajx) for g = gj. This is the form used in §5.

3.7 The local form of the periods at p0

Recall s = τ − h(tc ◦ π) from Corollary 3.7, and that B0 : Λ→ Λtor has matrix
(

0 1
−1 0

)
in the coordinates of

§2.

Proposition 3.21. On Ur put b := β + τ. Then µ and b are g0-invariant and define holomorphic functions
µ(tc), b(tc) on {|tc| < r}, h is holomorphic there, and with

C(tc) :=
(

6µ(tc) h(tc)
b(tc)− h(tc) µ(tc)

)
one has Z(z) = s(z)B0 + C(tc ◦ π(z)) for z ∈ Ur; in particular C is holomorphic at tc = 0. Moreover, for
λ̄ ∈ Λ = Z2,

exp
(
2πi Zλ̄

)
= t B0λ̄

c · cλ̄(tc), cλ̄(tc) = exp
(
2πi C(tc)λ̄

)
,

the exponentials being componentwise and t(c,d)
c := (tc

c, td
c ).

Proof. µ ◦ g0 = µ and b ◦ g0 = b by (µ1), (β1), (τ2); holomorphy at tc = 0 is Theorem 3.4(ii),(iii) (where
the regularity is asserted precisely on the distinguished component Ur), and h is holomorphic on {|tc| < r}
because u1 is holomorphic and nowhere zero there (Proposition 3.6). Now τ = s + h and β = b− s− h, so

Z =

(
6µ τ
β µ

)
=

(
6µ s + h

−s + b− h µ

)
= s B0 + C(tc).

Finally exp(2πi sB0λ̄) = (e2πis)B0λ̄ = t B0λ̄
c , since B0λ̄ ∈ Z2 and e2πis = tc ◦ π.

Remark 3.22. The regularity of C at tc = 0 comes from the two torsor problems of §§3.2,3.3: their sheaves
L and OB are the sheaves of local solutions with the prescribed regularity at the distinguished cusp over
p0, and they still have local sections there (µ = 0, resp. β = −τ). It is thus obtained independently of the
nilpotent orbit theorem, which does not apply in the present setting (Remark 3.23).

3.8 The Hodge form: signature (1, 1)

Remark 3.23. Let Q0 be the ⟨T1, T2⟩-invariant alternating form of §2. Then Q0(σ1, σ2) = 6µ Q0(γ, δ) +
µ Q0(w, u) = 6µ− 6µ = 0, so F1(z) is Q0-Lagrangian, and the Hermitian form h(v, v′) := iQ0(v, v′) on
F1(z) has Gram matrix

−
(

12 Im τ 12 Im µ
12 Im µ 2 Im β

)
, det = 24 Im τ · D < 0.

Thus h|F1 is nondegenerate of signature (1, 1) for either sign of Q0: the fibres of J carry no monodromy-
compatible polarisation, and the arguments of this paper use none. The conclusion holds for every choice
of c0, and indeed for every T0-equivariant family on a punctured neighbourhood of p0: positivity with
respect to ±Q0 would force Im τ and Im β to have the same strict sign, while both e±2πiτ, e±2πiβ (signs
making them bounded) are g0-invariant, hence holomorphic in tc and vanishing at 0 to orders ν, ν′ ≥ 1 (a
non-zero value would make τ, resp. β, single-valued), so that continuation along the same loop would shift
τ and β by −ν and −ν′, of the same sign; but (τ2), (β1) give the shifts −1 and +1. Invariantly, the form
bN(x, y) := Q0(x, Ny) on V/ ker N = ⟨w̄, δ̄⟩ is diag(6,−1), indefinite, so (V, Q0, N) supports no polarised
limit mixed Hodge structure.
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4 The filling at p0: a toric quotient.

4.1 Conventions and input from §3

Throughout §4 we use the lattice data of §2 and the period functions of §3. Positive radii are denoted
ϵ, ϵ0, ϵ1, r, ρ, and are thus distinct from the lattice vectors ε = γ̂ + 2û− 4ŵ, ε′ = γ̂ + 3û− 3ŵ ∈ Λ; the toric
prime divisors of the model below are written Ev (v ∈ Z2), so that D remains available for the discs Dj ⊂ B
and for D = Im β− 6(Im µ)2/ Im τ. The three consequences of Theorem 3.4 recorded next are the principal
ones needed below; §4.7 uses in addition the cocycle relation Π(gz) = Rg(z)Π(z)Mg of Proposition 3.16
and the description of J over {0 < |tc| < ϵ} as (Uϵ ×C2)/G from Proposition 2.11(iii).

(P1) There is r > 0 such that s = τ − h(tc ◦ π) maps the cusp neighbourhood Ur ⊂ hz biholomorphically
onto {Im s > 1

2π log(1/r)}, with e2πis = tc ◦ π and s ◦ g0 = s− 1.

(P2) On Ur, Z(z) = s(z) B0 + C(tc ◦ π(z)) with C holomorphic on the full disc {|tc| < r}; recall cλ̄(tc) =
exp

(
2πi C(tc)λ̄

)
∈ (C∗)2 for λ̄ ∈ Λ ∼= Z2.

(P3) Π(g0z)M−1
g0

= [ Z(z) | I ] = Π(z); in particular Rg0 ≡ I, i.e. g̃0(z, ζ) = (g0z, ζ).

Put R(tc) := −2π Im C(tc) ∈ M2(R) and ∥R∥∞ := sup|tc|≤r/2 ∥R(tc)∥ < ∞ (operator norm; the supre-
mum is finite by (P2)). Since B0 =

(
0 1
−1 0

)
is orthogonal,

|B0λ̄| = |λ̄| (λ̄ ∈ R2), ∥B0∥ = 1, |det B0| = 1. (4.1)
The data B0 and C will enter only through (4.1) and (P2); see Remark 4.9.

4.2 The toric model Y = YF

Notation 4.1. N′ := Z3 with standard basis e1, e2, e3, points written (y, y3), y ∈ R2; M′ := Hom(N′, Z),
with characters χm of TN′ = N′ ⊗C∗ = (C∗)3 and coordinates x1 = χ(1,0,0), x2 = χ(0,1,0), t = χ(0,0,1). The
cocharacter lattice Z2 of {(x1, x2, 1)} is identified with Λtor by e1 ↔ ŵ, e2 ↔ δ̂; then B0 : Λ → Λtor = Z2,
B0 ¯̂γ = −δ̂, B0 ¯̂u = ŵ.
TA2 is the triangulation of R2 with vertex set Z2 and triangles {v, v + e1, v + e2}, {v + e1, v + e2, v + e1 +

e2} (v ∈ Z2); equivalently it is cut out by the three pencils y1 ∈ Z, y2 ∈ Z, y1 + y2 ∈ Z. Its edge directions
are ±e1,±e2,±(e1 − e2), and it is invariant under all integral translations. For a cell (vertex, edge, triangle)
P put P̂ := cone(P× {1}) ⊂ N′R and

F := {0} ∪ {P̂ : P a cell of TA2}, Y := YF.
For a triangle σ, Uσ := Spec C[σ̂∨ ∩M′]; and Yϵ := {p ∈ Y : |t(p)| < ϵ}.

Lemma 4.2. (i) F is a fan of strongly convex rational polyhedral cones with |F| = (R2 ×R>0) ∪ {0},
and every cone of F is unimodular. Consequently Y is a connected, Hausdorff, second countable
complex 3-manifold containing TN′ as a dense open subset, with holomorphic TN′-action.

(ii) t is holomorphic on Y with t−1(C∗) = TN′ and t−1(0) =
⋃

v∈Z2 Ev, where Ev is the divisor of the ray
v̂ = R≥0(v, 1). Moreover all these rays lie at height 1, i.e. ⟨(0, 0, 1), (v, 1)⟩ = 1 for every v ∈ Z2; hence
the divisor of t on Y is

div(t) = ∑
v∈Z2

Ev,

with all multiplicities equal to 1, and the scheme-theoretic fibre t−1(0) is reduced (a normal crossings
divisor, by (iii)).

(iii) If σ has vertices v0, v1, v2 and m0, m1, m2 ∈ M′ is the basis dual to (v0, 1), (v1, 1), (v2, 1), then
(z0, z1, z2) := (χm0 , χm1 , χm2) is a global coordinate system on Uσ

∼= C3 and t = z0z1z2 on Uσ;
moreover Evi ∩ Uσ = {zi = 0}.
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(iv) Ev ∼= dP6, the smooth toric del Pezzo surface of degree 6; its toric boundary is the anticanonical cycle
of six (−1)-curves C(v)

v′ := Ev ∩ Ev′ , v′ − v ∈ {±e1,±e2,±(e1 − e2)}, and Ev ∩ Ev′ = ∅ for all other
v′ ̸= v. Three divisors Ev0 , Ev1 , Ev2 meet (in one point) iff {v0, v1, v2} is a triangle of TA2 .

Proof. (i) A direct computation gives det
(
(v0, 1), (v1, 1), (v2, 1)

)
= det(e1, e2) = 1 resp. det(e2 − e1, e2) = −1

for the two types of triangle, so every σ̂ and hence every face is unimodular. For y3 > 0, (y, y3) ∈ P̂ iff
y/y3 ∈ P, and P̂∩ (R2× {0}) = {0} as P is bounded; hence P̂∩ P̂′ = P̂ ∩ P′, a common face, and F is a fan
with the stated support. Smoothness, separatedness and the orbit–cone correspondence for Y =

⋃
σ Uσ are

the standard toric statements [Ful93, §1.4, §3.1], [Oda88, §1.2–1.3]; they concern single cones and pairs of
cones, hence hold verbatim for the infinite fan F (only quasi-compactness is lost), as in [Mum72], [KKMS],
[AMRT]. In particular, for a triangle σ the orbits contained in Uσ are exactly the OP̂ with P̂ a face of σ̂, so
the only divisors Ev meeting Uσ are those with v a vertex of σ. F is countable, whence second countability;
all charts meet the dense irreducible TN′ , whence connectedness.

(ii) (0, 0, 1) takes the value y3 ≥ 0 on |F|, so t is regular on Y, and invertible on OP̂ iff (0, 0, 1) ∈ P̂⊥,
i.e. iff P̂ = 0; so t−1(0) is the union of the orbit closures of the rays. The order of vanishing of χ(0,0,1)

along Ev is ⟨(0, 0, 1), (v, 1)⟩ = 1, since every primitive generator of a ray of F has height 1; this gives
div(t) = ∑v Ev with all multiplicities 1. Reducedness of the scheme t−1(0) is then local and immediate
from (iii): in the chart Uσ

∼= C3 one has t = z0z1z2, and C[z0, z1, z2]/(z0z1z2) is reduced. (Note that this is a
statement upstairs, on Y, proved before and independently of any quotient construction; it will be quoted
in Theorem 4.5(d) and in Proposition 4.6(i).)

(iii) Unimodularity gives σ̂∨ ∩ M′ = ∑i Z≥0mi with (mi) a basis of M′, so Uσ
∼= C3; and

⟨(0, 0, 1), (vj, 1)⟩ = 1 gives (0, 0, 1) = m0 + m1 + m2, i.e. t = z0z1z2. The last assertion is the orbit–
cone correspondence: Evi ∩ Uσ is the closure of Ov̂i in Uσ, cut out by the characters χm with m ∈ σ̂∨,
⟨m, (vi, 1)⟩ > 0, i.e. by zi.

(iv) The fan of Ev is the star of v̂ in N′/Z(v, 1); translating by −v (Lemma 4.3(i)) take v = 0, so
N′/Ze3 ∼= Z2 by (y, y3) 7→ y. The six triangles containing 0 are the cones over consecutive pairs of

e1, e2, e2 − e1, −e1, −e2, e1 − e2,
each consecutive pair of determinant +1: the complete smooth hexagonal fan of dP6. The invariant curves
are the six (−1)-curves of the anticanonical hexagon, that of the ray through v′ being E0 ∩ Ev′ ; the rest is
the orbit–cone correspondence.

4.3 The automorphisms Ψλ̄

Lemma 4.3. For λ̄ ∈ Λ ∼= Z2 let φλ̄ ∈ GL(N′) be φλ̄(y, y3) = (y + y3B0λ̄, y3).

(i) φλ̄ maps P̂ onto ̂P + B0λ̄ for every cell P; in particular φλ̄(F) = F, and λ̄ 7→ φλ̄ is a homomorphism.
As |det B0| = 1, B0Λ = Z2 and {φλ̄} induces on y3 = 1 the group of all translations by Z2 = Λtor.

(ii) The induced toric automorphism Φλ̄ of Y satisfies Φλ̄(Uσ) = Uσ+B0λ̄, Φλ̄(OP̂) = O
P̂+B0λ̄

, t ◦Φλ̄ = t,

and Φλ̄(x, t) = (tB0λ̄x, t) on the torus.

(iii) For 0 < ϵ ≤ r the map Ψλ̄(p) := (cλ̄(t(p)), 1) ·Φλ̄(p) is a biholomorphism of Yϵ with t ◦Ψλ̄ = t, and
λ̄ 7→ Ψλ̄ is an action of Λ ∼= Z2 on Yϵ by biholomorphisms. On the torus,

Ψλ̄(x, t) =
(
cλ̄(t) tB0λ̄ x, t

)
. (4.2)

Proof. (i) φλ̄ is integral, preserves y3, and on y3 = 1 is the translation by B0λ̄ ∈ Z2, under which TA2 is
invariant; φλ̄ φµ̄ = φλ̄+µ̄ is clear, and B0Λ = Z2 since |det B0| = 1.

(ii) Only the torus formula needs comment: φλ̄ ⊗C∗ sends ∑i ei ⊗ xi + e3⊗ t to ∑i ei ⊗ xi + (e3 + B0λ̄)⊗
t = (tB0λ̄x, t), and φ∗

λ̄
(0, 0, 1) = (0, 0, 1) gives t ◦Φλ̄ = t.

(iii) As t is holomorphic on Y and C on {|tc| < r}, the map τλ̄(p) := (cλ̄(t(p)), 1) · p is holomorphic on
Yϵ with holomorphic inverse p 7→ (cλ̄(t(p))−1, 1) · p; the acting element has t-coordinate 1, so t ◦ τλ̄ = t and
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τλ̄ preserves every TN′-orbit. Hence Ψλ̄ = τλ̄ ◦Φλ̄ is a biholomorphism of Yϵ preserving t. Since φλ̄ fixes
e1, e2 and t ◦Φλ̄ = t, we get Φλ̄τµ̄ = τµ̄Φλ̄; and cλ̄cµ̄ = cλ̄+µ̄ by linearity of C(t)λ̄ in λ̄, so Ψλ̄Ψµ̄ = Ψλ̄+µ̄.
Formula (4.2) is (ii).

4.4 Charts and the rescaled position map

For p = (x, t) ∈ TN′ with 0 < |t| < 1 set

Log p := (log |x1|, log |x2|, log |t|), y(p) :=
log |x(p)|
log |t(p)| ∈ R2,

so Log p = log |t| · (y(p), 1) and |χm(p)| = e⟨m,Log p⟩. For a triangle σ = {v0, v1, v2} let θσ
i be the barycentric

coordinates, (y, 1) = ∑i θσ
i (y)(vi, 1), and for η ≥ 0

σ(η) := {y ∈ R2 : θσ
i (y) > −η (i = 0, 1, 2)},

the dilation of the open triangle about its barycentre by 1 + 3η; it is bounded of diameter ≤ (1 + 3η)
√

2.
With zi = χmi as in Lemma 4.2(iii),

log |zi(p)| = ⟨mi, Log p⟩ = log |t(p)| · θσ
i (y(p)). (4.3)

Write Uσ(S) := {p ∈ Uσ : |zi(p)| < S ∀i}, Uσ(S, ϵ) := Uσ(S) ∩ Yϵ, and Ūσ(1) := {|zi| ≤ 1 ∀i}, a compact
subset of Uσ ∩ {|t| ≤ 1}.

Lemma 4.4. Let S ≥ 1, 0 < ϵ < 1.

(i) For a torus point p with |t(p)| < ϵ,

p ∈ Uσ(S) ⇐⇒ y(p) ∈ σ(η(p)), η(p) :=
log S

| log |t(p)|| ≤ η0 :=
log S
| log ϵ| ;

in particular p ∈ Uσ(S)⇒ y(p) ∈ σ(η0), and p ∈ Ūσ(1) ⇐⇒ y(p) ∈ σ.

(ii) Every point of {|t| < 1} ⊂ Y lies in Ūσ(1) for some triangle σ; more precisely, if p ∈ OP̂ for a cell
P of TA2 , then σ may be chosen with σ ⊇ P, so that in particular every vertex of P is a vertex of σ.
Consequently {Uσ(2, ϵ)}σ is an open cover of Yϵ for ϵ ≤ 1, and every compact subset of Yϵ is covered
by finitely many Uσ(2, ϵ).

Proof. (i) By (4.3) and log |t| < 0, |zi(p)| < S ⇐⇒ θσ
i > log S/ log |t| = −η(p); the last statement is S = 1

with non-strict inequalities.
(ii) For a torus point, i.e. for P̂ = 0, choose σ ∋ y(p) and apply (i); every triangle then trivially contains

the empty cell. Let now p ∈ OP̂ with P a vertex, edge or triangle, and let σ ⊇ P be a triangle, so p ∈ Uσ;
we show that σ ⊇ P may be chosen with p ∈ Ūσ(1), which is the refined assertion. In the coordinates
of Lemma 4.2(iii), zi(p) = 0 for vi ∈ P, while for vi /∈ P we have mi ∈ P̂⊥, so zi|OP̂

is the character m̄i of
OP̂ = TN′(P̂), N′(P̂) := N′/(N′ ∩ span P̂). The classes (vi, 1), vi /∈ P, generate the image cone σ̄, with dual
basis {m̄i}; hence

p ∈ Ūσ(1) ⇐⇒ ⟨m̄i, LogP̂ p⟩ ≤ 0 ∀ vi /∈ P ⇐⇒ −LogP̂(p) ∈ σ̄,
and it suffices that the cones σ̄, σ ⊇ P, cover N′(P̂)R. Let n ∈ N′(P̂)R, lift to ñ ∈ N′R, and let p0 be a relative
interior point of P× {1}. For small u > 0 the rescaling of p0 + uñ to height 1 lies in a triangle of TA2 , and
by local finiteness only triangles containing P meet a small neighbourhood of p0; fixing such u and σ ⊇ P
we get p0 + uñ ∈ σ̂, and since p0 ∈ span P̂ has class 0, n = (p0 + uñ)/u ∈ σ̄. The last statements follow
from Ūσ(1) ⊂ Uσ(2).

4.5 The filling N0

Theorem 4.5. Let ϵ0 satisfy 0 < ϵ0 ≤ r/2, ϵ0 < 1 and | log ϵ0| ≥ 2∥R∥∞, and let 0 < ϵ ≤ ϵ0. Then:

(a) the action λ̄ 7→ Ψλ̄ of Λ ∼= Z2 on Yϵ is free and properly discontinuous, i.e. {λ̄ : Ψλ̄K ∩ K ̸= ∅} is
finite for every compact K ⊂ Yϵ;
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(b) N0 := Yϵ/Λ is a connected Hausdorff complex 3-manifold, pr : Yϵ → N0 is a holomorphic covering,
and t descends to a holomorphic f0 : N0 → ∆ϵ := {|tc| < ϵ};

(c) f0 is proper and surjective, a submersion over ∆ϵ \ {0}, and for 0 < |t0| < ϵ

f−1
0 (t0) =

(
(C∗)2 × {t0}

)/{
cλ̄(t0) tB0λ̄

0

}
λ̄∈Λ

= C2/
(
Z2 ⊕ Z(s)Z2) = C2/L(z),

a compact complex 2-torus, where e2πis = t0 and z ∈ Uϵ is any point with s(z) = s;

(d) W := f−1
0 (0) is a reduced, connected, compact complex surface and f ∗0 (0) = W as divisors —

reducedness being inherited from the reducedness of t−1(0) upstairs, Lemma 4.2(ii), since pr is a local
biholomorphism carrying t to f0; more precisely, every p ∈ W admits local holomorphic coordinates
(z0, z1, z2) centred at p in which

f0 =


z0, p on one local branch of W (a smooth point of W),

z0z1, p on two local branches (a double point),

z0z1z2, p on three local branches (a triple point),

according as p lies on one, two or three of the divisors Ev upstairs; in particular W is a reduced
normal crossings surface, smooth away from the double curves D1,D2,D3 and with exactly the two
triple points P, Q of Proposition 4.6;

(e) KN0 is trivial: Ω :=
dx1 ∧ dx2 ∧ dt

x1x2
extends to a nowhere vanishing holomorphic 3-form on Y and

descends to N0.

Proof. Step 0. By Lemma 4.3, Λ acts on Yϵ by biholomorphisms preserving t, with Ψλ̄(OP̂) = O
P̂+B0λ̄

(as τλ̄

preserves each TN′-orbit). Charts are covered by Lemma 4.4(ii).
Step 1 (freeness). Let λ̄ ̸= 0. On TN′ ∩ Yϵ, Ψλ̄(x, t) = (x, t) forces cλ̄(t)t

B0λ̄ = (1, 1) by (4.2); taking
log | · | and using log |cλ̄(t)| = R(t)λ̄ gives log |t| · B0λ̄ + R(t)λ̄ = 0. But | log |t|| |B0λ̄| = | log |t|| |λ̄| >
2∥R∥∞|λ̄| ≥ |R(t)λ̄| by (4.1) and the choice of ϵ, a contradiction. On t−1(0) ∩ Yϵ, Ψλ̄ maps OP̂ to O

P̂+B0λ̄

and P + B0λ̄ ̸= P since P is bounded and B0λ̄ ̸= 0.
Step 2 (which charts a translate can meet). Put η0 := log 2/| log ϵ| and, for 0 < |t| < ϵ,

Bt := B0 +
R(t)

log |t| , ∥Bt − B0∥ ≤
∥R∥∞

| log ϵ| ≤
1
2 , (4.4)

so |Btλ̄| ≥ 1
2 |λ̄|, ∥Bt∥ ≤ 3

2 , and Bt is invertible. For triangles σ, σ′ the set L(σ, σ′) := {λ̄ : Ψλ̄Uσ(2, ϵ) ∩
Uσ′(2, ϵ) ̸= ∅} is finite. Indeed TN′ ∩ Yϵ is dense in Yϵ (in a chart Yϵ ∩ Uσ = {|z0z1z2| < ϵ}, with torus
{z0z1z2 ̸= 0}) and Ψλ̄-invariant, so the open set Ψλ̄Uσ(2, ϵ) ∩ Uσ′(2, ϵ), if nonempty, contains q = Ψλ̄(p)
with p a torus point of Uσ(2, ϵ). With t = t(p) = t(q), (4.2) gives

y(q) = y(p) + B0λ̄ +
R(t)λ̄
log |t| = y(p) + Btλ̄, (4.5)

while Lemma 4.4(i) gives y(p) ∈ σ(η0), y(q) ∈ σ′(η0). Hence
1
2 |λ̄| ≤ |Btλ̄| = |y(q)− y(p)| ≤ d(σ, σ′) := sup{|a− b| : a ∈ σ′(η0), b ∈ σ(η0)} < ∞.

Step 3 ((a) and (b)). Let K ⊂ Yϵ be compact; by Lemma 4.4(ii), K ⊂ ⋃
σ∈F Uσ(2, ϵ) with F finite, and

Ψλ̄K ∩ K ̸= ∅ implies λ̄ ∈ L(σ, σ′) for some (σ, σ′) ∈ F ×F : this is (a).
We deduce (b) from (a) and freeness directly; Yϵ is locally compact Hausdorff, and pr is open because

pr−1(pr(V)) =
⋃

λ̄ Ψλ̄V is open for V open. Covering: let p ∈ Yϵ and let K be a compact neighbourhood
of p; by (a) the set F := {λ̄ ̸= 0 : Ψλ̄K ∩ K ̸= ∅} is finite, and Ψλ̄ p ̸= p for λ̄ ∈ F by Step 1, so
by Hausdorffness we may choose, for each λ̄ ∈ F, disjoint open sets Aλ̄ ∋ p and A′

λ̄
∋ Ψλ̄ p. Then

V := int K ∩ ⋂λ̄∈F
(

Aλ̄ ∩ Ψ−1
λ̄

A′
λ̄

)
is an open neighbourhood of p with Ψλ̄V ∩ V = ∅ for all λ̄ ̸= 0 (for

λ̄ ∈ F by construction, for λ̄ /∈ F because V ⊂ K). Hence pr|V is an open continuous injection, i.e. a
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homeomorphism onto the open set pr(V), whose preimage is the disjoint union
⊔

λ̄ Ψλ̄V: pr is a covering.
Hausdorff quotient: let p, q ∈ Yϵ lie in distinct orbits and let Kp, Kq be compact neighbourhoods; by (a)
applied to Kp ∪ Kq the set F′ := {λ̄ : Ψλ̄Kp ∩ Kq ̸= ∅} is finite, and Ψλ̄ p ̸= q for every λ̄, so as above we
find open Vp ⊂ int Kp, Vq ⊂ int Kq containing p, q with Ψλ̄Vp ∩Vq = ∅ for all λ̄ ∈ F′, hence for all λ̄; then
pr(Vp), pr(Vq) are disjoint open neighbourhoods of pr(p), pr(q).

Since the deck transformations are biholomorphic, N0 is a complex manifold with pr holomorphic; it is
second countable (image of a second countable space under an open map) and connected because Yϵ is
(Uσ ∩ Yϵ = {|z0z1z2| < ϵ} is star-shaped about the origin and meets the connected TN′ ∩ Yϵ). Finally t is
invariant, so descends to f0.

Step 4 (properness; (c)). Fix 0 < ϵ1 < ϵ, let F0 := {σ : σ∩ B̄(0,
√

2) ̸= ∅} (finite) and K0 :=
⋃

σ∈F0

(
Ūσ(1)∩

{|t| ≤ ϵ1}
)
, a compact subset of Yϵ. We claim {|t| ≤ ϵ1} ⊂ Λ · K0. For a torus point p with 0 < |t(p)| ≤ ϵ1

put u := B−1
t(p)y(p) and choose λ̄ ∈ Z2 with |u + λ̄|∞ ≤ 1

2 (λ̄ ranging over the lattice Λ ∼= Z2); by (4.5) and
(4.4),

|y(Ψλ̄ p)| = |Bt(p)(u + λ̄)| ≤ ∥Bt(p)∥ ·
√

2
2 ≤

3
2
√

2
<
√

2,

so Ψλ̄ p ∈ Ūσ(1) for any σ ∋ y(Ψλ̄ p) by Lemma 4.4(i), and such σ ∈ F0. If p ∈ OP̂ ⊂ t−1(0), pick a vertex
v0 of P and λ̄ with B0λ̄ = −v0 (possible, again, by the equality B0Λ = Z2 of Lemma 4.3(i)); then Ψλ̄ p lies
in the orbit OP̂−v0

, whose cell P− v0 has 0 as a vertex, hence by Lemma 4.4(ii) it lies in some Ūσ(1) with

σ ⊇ P− v0, so that σ ∋ 0, and every such σ meets B̄(0,
√

2). Therefore f−1
0 (∆̄ϵ1) = pr(t−1(∆̄ϵ1)) = pr(K0)

is compact; any compact K ⊂ ∆ϵ lies in some ∆̄ϵ1 and f−1
0 (K) is closed in the compact Hausdorff pr(K0),

so f0 is proper. Surjectivity is clear, and submersivity over ∆ϵ \ {0} follows from t−1(C∗) = TN′ .
For t0 ̸= 0, f−1

0 (t0) = ({t0} × (C∗)2)/Λ by Lemma 4.2(ii), the action being multiplication by cλ̄(t0)t
B0λ̄
0 .

Choosing s with e2πis = t0, (P2) gives

cλ̄(t0) tB0λ̄
0 = exp

(
2πi (sB0 + C(t0))λ̄

)
= exp

(
2πi Z(s)λ̄

)
(4.6)

(the left side is single valued since B0λ̄ ∈ Z2), so the covering exp(2πi · ) : C2 → (C∗)2, with deck group
Z2 = ΠΛtor, identifies f−1

0 (t0) with C2/(Z2 ⊕ Z(s)Z2) = C2/Π(z)Λ = C2/L(z). This is a compact torus:
by (4.4), Im Z(s) = Im(s)B0 + Im C(t0) = − log |t0|

2π Bt0 is invertible, so e1, e2, Z(s) ¯̂γ, Z(s) ¯̂u are R-independent
(consistently with the nondegeneracy D < 0 of Theorem 3.4).

Step 5 ((d), (e)). Since pr is a local biholomorphism carrying t to f0 and t−1(0) onto W, it suffices to
produce the asserted normal forms for t at a point p̃ ∈ t−1(0)∩Yϵ lying over p, the number of local branches
of W at p being the number of divisors Ev through p̃ (the covering is biholomorphic near p̃). Choose a
triangle σ = {v0, v1, v2} with p̃ ∈ Uσ (Lemma 4.4(ii)) and the coordinates (z0, z1, z2) of Lemma 4.2(iii), so
that t = z0z1z2 and Evi ∩Uσ = {zi = 0}. Let I := {i : zi( p̃) = 0}; since t( p̃) = 0, I ̸= ∅, and p̃ lies on exactly
the |I| divisors Evi , i ∈ I (by the orbit–cone correspondence, as recorded in the proof of Lemma 4.2(i),
no Ev with v not a vertex of σ meets Uσ). On the open neighbourhood {zj ̸= 0 ∀j /∈ I} of p̃ the function
u := ∏j/∈I zj is a nowhere vanishing holomorphic unit, and replacing one of the coordinates zi, i ∈ I, by
u zi and translating the zj, j /∈ I, to be centred at p̃ yields holomorphic coordinates centred at p̃ in which
t = ∏i∈I zi. Thus t, hence f0, is z0, z0z1 or z0z1z2 according as |I| = 1, 2, 3, i.e. according as p lies on
one, two or three branches of W. In particular f ∗0 (0) = W with W reduced — as already follows from
Lemma 4.2(ii), the rays of F all having height 1 — and W is a normal crossings surface; by Proposition 4.6
its singular locus is D = D1 ∪ D2 ∪ D3 (the case |I| = 2) and its triple points are exactly P, Q (the case
|I| = 3). Connectedness of W is Proposition 4.6(i).

For (e): on Uσ the bases (m0, m1, m2) and ((1, 0, 0), (0, 1, 0), (0, 0, 1)) of M′ differ by a matrix of determi-
nant ±1, so

∧
i dzi/zi = ± dx1

x1
∧ dx2

x2
∧ dt

t and, using t = z0z1z2,

Ω = ± t · dz0 ∧ dz1 ∧ dz2

z0z1z2
= ± dz0 ∧ dz1 ∧ dz2,

a nowhere vanishing holomorphic 3-form on Y. It is invariant: by (4.2), Ψ∗
λ̄

dxi
xi

= dxi
xi

+ αi dt and Ψ∗
λ̄

dt = dt,
and the extra terms contain dt twice; by density and continuity Ψ∗

λ̄
Ω = Ω on Yϵ, so Ω trivialises KN0 .
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4.6 The central fibre W

Proposition 4.6. Let ν := pr|E0 : E0 →W and Cv := E0 ∩ Ev the six lines of the hexagon on E0 ∼= dP6.

(i) ν is surjective, finite, and injective on E0 \
⋃

v Cv; hence W is irreducible and connected, and ν is its
normalisation. (Here W is reduced by Lemma 4.2(ii): all rays of F lie at height 1, so t−1(0) is reduced
upstairs, and pr is a local biholomorphism.)

(ii) For each pair {v,−v}, v ∈ {e1, e2, e1 − e2}, ν identifies Cv with C−v by Ψλ̄|Cv , B0λ̄ = −v, and makes
no other identification.

(iii) The double locus D ⊂W consists of three smooth rational curves D1,D2,D3; any two meet exactly in
the two triple points P, Q of W, the images of the two Λ-orbits of triangles of TA2 , through each of
which all three pass. The six hexagon vertices of E0 map three-to-one onto {P, Q}, alternately around
the hexagon.

(iv) e(W) = 2.

Proof. (i),(ii) By Theorem 4.5, W = t−1(0)/Λ, with Ψλ̄(OP̂) = O
P̂+B0λ̄

and B0Λ = Z2. Every cell has a vertex

and the vertices form one Z2-orbit, so every OP̂ ⊂ t−1(0) is equivalent to one with 0 ∈ P, i.e. contained
in E0 =

⋃
P∋0 OP̂: ν is surjective, and its fibres have at most three points (three cells containing 0 lie in

one Z2-orbit only if they are triangles), so ν is finite, E0 being compact. Two points of E0 are identified
only if their cells P, P′ ∋ 0 satisfy P′ = P + w, w ∈ Z2 \ {0}, which forces either P = {0, v}, P′ = {0,−v},
w = −v, or P, P′ triangles containing 0; in particular ν is injective on the open orbit. This is (ii) and the
identification of the hexagon vertices: the two Z2-orbits of triangles are the “lower” ones {v, v + e1, v + e2}
and the “upper” ones {v + e1, v + e2, v + e1 + e2}, and the six triangles containing 0 alternate between
them around the hexagon, by the cyclic list in the proof of Lemma 4.2(iv). Since E0 is smooth, compact
and irreducible with ν finite and generically injective, ν is the normalisation of W (W being reduced by
Theorem 4.5(d), whose proof of reducedness does not use the present Proposition), which is therefore
irreducible and connected.

(iii) Each Cv ∼= P1 maps isomorphically onto its image (no Ψλ̄, λ̄ ̸= 0, preserves the edge {0, v}, and the
two triangles on {0, v} lie in different Z2-classes), and Cv, C−v have the same image; this gives three smooth
rational curves D1,D2,D3 (images of Ce1 , Ce2 , Ce1−e2) whose union is the locus where ν is not injective, i.e.
D. Each Cv contains exactly two hexagon vertices, one of each class, so each Di passes through P and Q;
conversely two distinct Di meet only where ν identifies points of two non-opposite lines of E0, i.e. only at
P, Q.

(iv) W is stratified by the images of the TN′-orbits of t−1(0), one for each Λ-orbit of cells: one stratum
∼= (C∗)2, three ∼= C∗ (edge directions e1, e2, e1 − e2), and two points. By additivity of the topological Euler
characteristic over finite stratifications by locally closed subspaces, e(W) = 0 + 3 · 0 + 2 = 2; equivalently
e(W) = (6− 6) + (3 · 2− 2 · 2) = 2 from e(dP6) = 6. In sum, W is a single copy of dP6 with opposite sides
of its hexagon identified, with double locus the union of the three rational curves D1,D2,D3 through the
two triple points P, Q.

4.7 The tautological identification at p0

Recall from §3 that J|0<|tc|<ϵ = (Uϵ ×C2)/G, where Uϵ is the cusp neighbourhood over {0 < |tc| < ϵ} and
G is generated by tλ(z, ζ) = (z, ζ + Π(z)λ), λ ∈ Λ, and g̃0. The cocycle relation Π(gz) = RgΠ(z)Mg gives
RgΠ(z) = Π(gz)M−1

g , hence
g̃ tλ = tM−1

g λ g̃ (λ ∈ Λ), (4.7)

since g̃(z, ζ + Π(z)λ) = (gz, Rgζ + Π(gz)M−1
g λ). As Λtor is M±1

g0
-invariant (it is the monodromy-invariant

sublattice, and (M0 − I)Λ = Λtor), (4.7) shows that the subgroup H := ⟨tλ (λ ∈ Λtor), g̃0⟩ is normal in G,
with G/H ∼= Λ/Λtor = Λ.

29



Proposition 4.7. Define Eexp
0 : Uϵ ×C2 → TN′ by Eexp

0 (z, ζ) :=
(
e2πiζ1 , e2πiζ2 , e2πis(z)) (the map E0 of page 1).

Then:

(i) Eexp
0 is a surjective local biholomorphism onto Yϵ ∩ TN′ whose fibres are the H-orbits;

(ii) Eexp
0 ◦ tλ = Ψλ̄ ◦ Eexp

0 for λ ∈ Λ, λ̄ = λ + Λtor;

(iii) consequently Eexp
0 induces a biholomorphism

G0 : J|0<|tc|<ϵ
∼−−→ (Yϵ ∩ TN′)/Λ = N0 \W

over {0 < |tc| < ϵ}, carrying the marking H1(fibre) = Λ of §3 to the tautological one: Λtor =
H1((C

∗)2) and Λ/Λtor = Λ = the deck group of f−1
0 (t0);

(iv) G0 carries the 0-section of J to the section x = (1, 1), which extends to a holomorphic section ς of
f0 over ∆ϵ meeting W in a point of W \ D. Moreover ς is injective and ς(∆ϵ) is a closed complex
submanifold of N0, biholomorphic to ∆ϵ via f0.

Proof. (i) By (P1), s maps Uϵ biholomorphically onto {Im s > 1
2π log(1/ϵ)}, which e2πis maps onto {0 <

|tc| < ϵ} with s(z) − s(z′) ∈ Z the only coincidences; and TN′ ∩ Yϵ = {p ∈ TN′ : 0 < |t(p)| < ϵ} by
Lemma 4.2(ii). So Eexp

0 is a surjective local biholomorphism, and Eexp
0 (z, ζ) = Eexp

0 (z′, ζ ′) precisely when
s(z)− s(z′) = n ∈ Z and ζ − ζ ′ ∈ Z2. By (P1) z′ = g n

0 z, by (P3) g̃ n
0 (z, ζ) = (g n

0 z, ζ), and Z2 = Π(z)Λtor
since Πŵ = e1, Πδ̂ = e2; so the fibres are the H-orbits.

(ii) Write λ = aγ̂ + bû + (element of Λtor), λ̄ = (a, b)t, so Π(z)λ ≡ Z(z)λ̄ (mod Z2). With tc = e2πis(z),
(4.6) gives

exp
(
2πi(ζ + Π(z)λ)

)
= cλ̄(tc) tB0λ̄

c · exp(2πiζ),
which by (4.2) is the first two coordinates of Ψλ̄(Eexp

0 (z, ζ)); the last is unchanged.
(iii) By (i),(ii), Eexp

0 descends to a biholomorphism (Uϵ ×C2)/H → Yϵ ∩ TN′ intertwining the residual
Λ-actions, hence to G0; both maps commute with the projections to the punctured disc, and the statement
on markings is the content of (i),(ii).

(iv) Eexp
0 (z, 0) = (1, 1, e2πis(z)). For σ = {0, e1, e2} a direct computation gives m0 = (−1,−1, 1), m1 =

(1, 0, 0), m2 = (0, 1, 0), i.e. (z0, z1, z2) = (t/(x1x2), x1, x2); so {(1, 1)} × ∆ϵ = {(t, 1, 1) : |t| < ϵ} is a closed
holomorphic section of t on Yϵ meeting t−1(0) at (0, 1, 1) in the open orbit O0̂ ⊂ E0. Two of its points
in one fibre of f0 would differ by some Ψλ̄, hence lie over the same value of t because t ◦ Ψλ̄ = t, and
therefore coincide, the section meeting each fibre of t in exactly one point; so it descends to a section ς
with ς(0) ∈ ν(O0̂) = W \D by Proposition 4.6. Being a section of f0, ς is injective with f0 ◦ ς = id, so it is
a biholomorphism of ∆ϵ onto its image; the image is closed in N0 because ς is proper over ∆ϵ ( f0 being
proper, ς(∆̄ϵ1) is compact for every ϵ1 < ϵ).

Corollary 4.8. π1(Yϵ) = 1; hence pr is the universal covering and π1(N0) ∼= Λ ∼= Z2. Moreover:

(i) for 0 < |t0| < ϵ the map π1( f−1
0 (t0)) → π1(N0) is the projection Λ → Λ (in the marking of

Proposition 4.7); in particular the vanishing cycles Λtor die in π1(N0);

(ii) the loop ς({|tc| = ρ}), 0 < ρ < ϵ, is null-homotopic in N0.

Proof. First, π1(Y) = 1. As the statement of [Ful93, §3.2] is made for finite fans, we reduce to that case: for
n ∈N let Fn ⊂ F be the (finite) subfan of the cones P̂ over the cells P of TA2 contained in the disc B̄(0, n),
together with {0}. Then YFn is an open subset of Y, Y =

⋃
n≥1 YFn is an increasing union of open sets, and

each YFn is a smooth toric variety of finite type whose rays R≥0(v, 1), |v| ≤ n, span N′ over Z (already
v = 0, e1, e2 suffice, for n ≥ 1); hence π1(YFn) = N′/⟨(v, 1)⟩ = 1 by [Ful93, §3.2]. Since π1 commutes with
increasing unions of open sets (every loop and every null-homotopy has compact image, hence lies in some
YFn ), π1(Y) = lim−→n

π1(YFn) = 1.
For 0 < u ≤ 1 let ϑu = (1, 1, u) ∈ TN′ ; then t(ϑu · p) = u t(p), so ϑu(Yϵ) ⊂ Yϵ. A loop γ in Yϵ bounds a

disc h : D2 → Y; for u < ϵ/ supD2 |t ◦ h| the disc ϑu ◦ h lies in Yϵ and bounds ϑu ◦ γ, which is homotopic to
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γ in Yϵ through ϑu′ ◦ γ, u′ ∈ [u, 1]. Hence π1(Yϵ) = 1 and π1(N0) is the deck group Λ. (i) Restrict pr over
t0: it is the covering (C∗)2 → f−1

0 (t0) with deck group Λ, and π1((C
∗)2) = Λtor maps to 1 in π1(Yϵ) = 1.

(ii) The loop lifts to {(1, 1)} × {|t| = ρ} ⊂ Yϵ.

Remark 4.9. The only properties of the data entering §§4.2–4.7 are: (a) B0 ∈ M2(Z) with det B0 ̸= 0, used
through B0Λ ⊂ Z2 = Vert(TA2) and through |B0λ̄| ≥ cB0 |λ̄|, cB0 > 0 (Steps 1,2); |det B0| = 1, i.e. the
equality B0Λ = Z2, is used in addition in Lemma 4.3(i), in the boundary case of Step 4 of Theorem 4.5
(solving B0λ̄ = −v0 for an arbitrary vertex v0), and in Proposition 4.6; the torus case of Step 4 uses only
∥Bt − B0∥ ≤ 1

2 and the invertibility of Bt (if one only assumes B0Λ ⊂ Z2 of finite index, the boundary case
of Step 4 still goes through with 1

2 replaced by a constant depending on B0, namely the covering radius of
B0Λ in the sup-norm, and with B̄(0,

√
2) enlarged accordingly); in Proposition 4.6 the action on vertices

must be simply transitive, so that W is irreducible with normalisation a single dP6 (for |det B0| = d one
would get d components and e(W) = 2d); (b) holomorphy of C on the full disc {|tc| < r}, used twice:
through the bound ∥R∥∞ < ∞ (Steps 1,2,4), and — through holomorphy of C at tc = 0 — to make τλ̄,
hence Ψλ̄, holomorphic across t = 0 in Lemma 4.3(iii). No symmetry or positivity of B0 is used or available
(B0 maps Λ to the different lattice Λtor, and the family of §3 carries no polarisation). Re-indexing λ̄ 7→ −λ̄

shows that {Ψ(B0,C)
λ̄

} and {Ψ(−B0,−C)
λ̄

} are the same subgroup of Aut(Yϵ); substituting µ := B0λ̄ rewrites
(4.2) as x 7→ c′µ(t)tµx with c′µ := cB−1

0 µ, so N0 is a two-dimensional Tate-type degeneration twisted by the

holomorphic matrix CB−1
0 . Here TA2 is prescribed, Z2-periodic, locally finite with bounded unimodular

cells, all of whose rays v̂ lie at height 1 (whence the reducedness of t−1(0), Lemma 4.2(ii)), and these are
the only features of it that the above arguments require; correspondingly f0 is not asserted to be projective
and the fibres f−1

0 (t0) need not be algebraic — as they must not be, for the global manifold X of §6.

5 The fillings at p1 and p2: logarithmic transforms.

Conventions for this section

Throughout, j ∈ {1, 2} is fixed, m1 = 3, m2 = 4, and all notation is that of §2 and §3; for S ∈ GL(V)
we write VS := ker(S− I), and ΛAj = ker(Aj − I). The subscripted ζ j = e−2πi/mj is a root of unity, the
unsubscripted ζ the fibre coordinate on C2. The construction modifies the family J only over a disc Dj ∋ pj,
leaving J|B◦ untouched.

5.1 The local family and its tautological deck transformation

Since ∆ acts properly discontinuously on hz with stabiliser ⟨gj⟩ at zj, we may choose the disc ∆j ∋ zj of
§3 so small that gj∆j = ∆j, that the linearising coordinate sj maps ∆j biholomorphically onto a round disc
{|s| < rj} with sj(zj) = 0 and sj ◦ gj = ζ jsj, and that g∆j ∩ ∆j = ∅ for g ∈ ∆ ∖ ⟨gj⟩. We fix once and for all
the following terminology, used here and in §6–§7.

Definition 5.1. A linearising pair (∆j, sj) at zj consists of a gj-invariant simply connected open neighbourhood
∆j ∋ zj in hz with g∆j ∩ ∆j = ∅ for g ∈ ∆ ∖ ⟨gj⟩, together with a coordinate sj on ∆j (a holomorphic
injection) such that

sj(zj) = 0, sj ◦ gj = ζ j sj, ζ j = e−2πi/mj .
The pair is round if moreover sj(∆j) = {|s| < rj} for some rj > 0.

By the previous paragraph we may and do choose (∆j, sj) to be a round linearising pair; in particular
∆j is simply connected. Simple connectedness is used in §6 (Proposition 6.3(c),(d)), where branches of log
of nowhere-vanishing functions on ∆j are taken, and it is retained as part of the convention. Beyond
simple connectedness, nothing below uses the shape of ∆j: every statement of this section and of §6 holds
verbatim for an arbitrary linearising pair (∆j, sj) in the sense of Definition 5.1, round or not. Then π|∆j

31



induces ∆j/⟨gj⟩
∼−→ Dj := π(∆j), the function tj with tj ◦ π = s

mj
j is a coordinate on Dj centred at pj, and

π−1(Dj) =
⊔

g∆j over g⟨gj⟩ ∈ ∆/⟨gj⟩.
Put J′j := T |∆j = (∆j × C2)/Λ, where λ ∈ Λ acts by tλ(z, ζ) = (z, ζ + Π(z)λ). By Theorem 3.4,

L(z) = Π(z)Λ is a lattice in C2 for every z ∈ hz, in particular at z = zj; hence J′j → ∆j is a proper holomorphic

submersion with fibres complex 2-tori and with the zero section, and we write A(j)
0 := C2/L(zj) for its

central fibre. Moreover, ∆j ∩ ∆ · zj′ = ∅ for j′ ̸= j: if gzj′ ∈ ∆j for some g ∈ ∆, then ggj′g−1 fixes the point
gzj′ ∈ ∆j, while ggj′g−1 /∈ ⟨gj⟩ (it has order mj′ ̸= mj), contradicting the convention that the only elements
of ∆ with fixed points in ∆j are those of ⟨gj⟩ (if h ∈ ∆ ∖ ⟨gj⟩ fixed x ∈ ∆j then h∆j ∩ ∆j ∋ x). Hence
∆∗j = ∆j ∖ {zj} ⊂ h◦z . Since zj is the only point of ∆j over pj, the definition J = (T |h◦z )/∆ gives

J|D∗j =
(

J′j |∆∗j
)/
⟨g̃ 0

j ⟩, g̃ 0
j := g̃j

∣∣
∆j×C2 , (5.1)

the quotient being by a free Z/mj-action (∆ acts freely on h◦z ).

Lemma 5.2. For b ∈ Λ⊗R let g̃ b
j (z, ζ) :=

(
gjz, Rgj(z)ζ + Π(gjz)b

)
on ∆j ×C2. Then:

(i) g̃ b
j is a biholomorphism covering gj with g̃ b

j ◦ tλ = tAjλ ◦ g̃ b
j ; hence it descends to a biholomorphism

of J′j over gj, again written g̃ b
j .

(ii) Ξ : ∆j × (Λ⊗R)/Λ → J′j , Ξ(z, x + Λ) = [(z, Π(z)x)], is a fibre-preserving real-analytic diffeomor-

phism, and with Σk := I + Aj + · · ·+ Ak−1
j ,

Ξ−1(g̃ b
j )

k Ξ (z, x) = (gk
j z, Ak

j x + Σkb).

(iii) g̃ 0
j is the deck transformation of (5.1), and g̃ b+λ

j = g̃ b
j on J′j for λ ∈ Λ.

Proof. By Theorem 3.4, Rgj(z) is holomorphic and invertible on ∆j and Π(gjz) = Rgj(z)Π(z)Mgj , i.e.

Rgj(z)Π(z) = Π(gjz)M−1
gj

= Π(gjz)Aj. (5.2)

Hence g̃ b
j (z, ζ + Π(z)λ) = tAjλ g̃ b

j (z, ζ), which is (i); the same computation with λ real gives the case k = 1
of (ii), and the general case follows by induction. Ξ is a diffeomorphism because Π(z) : Λ⊗R→ C2 is an
R-isomorphism for each z (Theorem 3.4). Part (iii) is the definition of g̃j together with Π(gjz)λ ∈ L(gjz).

Definition 5.3. For v ∈ ΛAj put g̃ log
j := g̃

v/mj
j , i.e.

g̃ log
j (z, ζ) =

(
gjz, Rgj(z)ζ + Π(gjz)v/mj

)
,

which in the flat coordinates of Lemma 5.2(ii) is (z, x) 7→ (gjz, Ajx + v/mj). For the threefold X we take
v = vj, i.e. v1 = ε, v2 = −ε′.

Theorem 5.4. Let v ∈ ΛAj satisfy 3 ∤ γ(v) if j = 1, resp. γ(v) odd if j = 2 (e.g. v = vj, with γ(v1) = 1,
γ(v2) = −1). Then:

(i) g̃ log
j generates a group ∼= Z/mj acting freely and holomorphically on J′j .

(ii) Nj := J′j /⟨g̃
log
j ⟩ is a complex threefold, qj : J′j → Nj is an unramified mj-sheeted covering, and s

mj
j

descends to a proper surjective holomorphic f j : Nj → Dj with f ∗j (pj) = mjSj, where

Sj := ( f−1
j (pj))red = A(j)

0

/〈
x 7→ Ajx + v/mj

〉
is a smooth compact complex surface; moreover

Nj ∖ Sj =
(

J′j |∆∗j
)/
⟨g̃ log

j ⟩.

(iii) Sj is a bielliptic surface with H1(Sj; Z) ∼= Z2 torsion free, of Bagnera–de Franchis type Z/3×Z/3
for j = 1 and Z/4×Z/2 for j = 2; both KSj and ONj(Sj)|Sj are torsion in Pic(Sj) of order exactly mj.
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(iv) σj(z) =
log sj(z)

2πi Π(z)v is a well-defined holomorphic section of J′j over ∆∗j , the fibrewise translation

hj by σj is a biholomorphism of J′j |∆∗j over ∆∗j , and hj g̃ log
j h−1

j = g̃ 0
j . Consequently hj descends to a

biholomorphism over D∗j ,

Gj : Nj ∖ Sj
∼−−→

(
J′j |∆∗j

)
/⟨g̃ 0

j ⟩ = J|D∗j .

5.2 Order, fixed points, freeness

Lemma 5.5. (i) Let A ∈ GL(Λ) have finite order, b ∈ Λ ⊗Q, and let α(x) = Ax + b be the induced
self-map of (Λ⊗R)/Λ. Then α has a fixed point if and only if φ(b) ∈ Z for every φ ∈ V = Hom(Λ, Z)

with φ ◦ A = φ. (ii) VT1 = VT2
1 = ⟨γ, ψ1⟩ with ψ1 := 2u + w + 3δ, and VT2 = VT2

2 = VT3
2 = ⟨γ, ψ2⟩ with

ψ2 := u + w + 2δ.

Proof. (i) Put ΛR := Λ⊗R, W := {φ ∈ V : φ ◦ A = φ}. A fixed point exists iff b ∈ (A− I)ΛR + Λ, which
forces φ(b) ∈ Z for φ ∈ W. Conversely let N be the order of A and p := 1

N ∑i<N Ai, a rational projector
with image U = ker(A− I)R and kernel U′ = im(A− I)R, so ΛR = U ⊕U′. Every φ ∈ WR := W ⊗R

kills U′ and dim WR = dim U, so the pairing U ×WR → R is perfect. The group p(Λ) ⊂ U is a lattice (it
spans U and lies in 1

N Λ ∩U) and φ(pλ) = φ(λ) for φ ∈ WR; hence the dual lattice of p(Λ) is W and, by
biduality, p(Λ) = {u ∈ U : φ(u) ∈ Z ∀φ ∈ W}. If φ(b) ∈ Z for all φ ∈ W, then φ(pb) = φ(b) ∈ Z, so
pb = pλ with λ ∈ Λ and b− λ ∈ U′.

(ii) A direct computation with the matrices of §2 gives, for x = aγ + bu + cw + dδ,
T1x = (a− 6c + 2d)γ + (−b + c + d)u + (−b + d)w + dδ,
T2x = (a + 6b− 3d)γ + (−c + d)u + bw + dδ,

so that T1x = x iff b = 2c and d = 3c, while T2x = x iff c = b and d = 2b. Hence VT1 = ⟨γ, ψ1⟩ and
VT2 = VT3

2 = ⟨γ, ψ2⟩. Also VT2
1 = VT−1

1 = VT1 , and T2
2 acts by

γ 7→ γ, u 7→ 6γ− u, w 7→ −6γ− w, δ 7→ u + w + δ,
with fixed space {b = c, d = 2b} = ⟨γ, ψ2⟩.

Proposition 5.6. Let v ∈ ΛAj . Then (g̃ log
j )mj = id on J′j , the order of g̃ log

j is exactly mj, and for 0 < k < mj

the fixed points of (g̃ log
j )k lie in the central fibre A(j)

0 . Moreover ⟨g̃ log
j ⟩ ∼= Z/mj acts freely on J′j if and only

if 3 ∤ γ(v) for j = 1, resp. γ(v) is odd for j = 2; in particular the action is free for v1 = ε and v2 = −ε′.

Proof. In flat coordinates (g̃ log
j )k is x 7→ Ak

j x + Σk(v/mj), and Ajv = v gives Σk(v/mj) = (k/mj)v. Since

A
mj
j = I (as T

mj
j = I), the mj-th power is the translation by v ∈ Λ, i.e. the identity of J′j ; its order is exactly

mj because it covers gj. As (g̃ log
j )k covers gk

j and sj(gk
j z) = ζk

j sj(z) ̸= sj(z) for 0 < k < mj unless sj(z) = 0,
all fixed points lie over zj.

For φ ∈ V one has φ ◦ Ak
j = φ iff φ ∈ VTk

j (because Aj = (T−1
j )t), so by Lemma 5.5 the map (g̃ log

j )k has

a fixed point iff φ( k
mj

v) ∈ Z for φ ∈ {γ, ψj}. Writing v = aε + cδ̂ = aγ̂ + 2aû− 4aŵ + cδ̂ for j = 1, resp.

v = aε′ + cδ̂ = aγ̂ + 3aû− 3aŵ + cδ̂ for j = 2, one gets
γ(v) = a, ψ1(v) = 3c, ψ2(v) = 2c.

So for j = 1 a fixed point exists iff ka/3 ∈ Z and kc ∈ Z, i.e. iff 3 | ka, which fails for k = 1, 2 precisely when
3 ∤ a; for j = 2 it exists iff ka/4 ∈ Z and kc/2 ∈ Z, which for k = 2 says a even and for k = 1, 3 requires
4 | a, so the action is free iff a = γ(v) is odd. Finally, for the choices made for X we have γ(v1) = γ(ε) = 1,
which is not divisible by 3, and γ(v2) = γ(−ε′) = −1, which is odd.

This proves Theorem 5.4(i).
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5.3 The threefold Nj, the multiple fibre and the surface Sj

Proof of Theorem 5.4(ii). A finite group acting freely and holomorphically on a complex manifold has a
complex-manifold quotient with unramified projection [GrRe, Ch. V]; this gives Nj and qj. The g̃ log

j -

invariant function s
mj
j descends to Nj and, read in the coordinate tj, is f j; it is surjective because sj is. The

projection pj : J′j → ∆j is proper (for K ⊂ ∆j compact, the compact set {(z, Π(z)x) : z ∈ K, x ∈ [0, 1]4}
surjects onto p−1

j (K)) and π|∆j is finite, so f−1
j (K′) = qj

(
p−1

j ((π|∆j)
−1(K′))

)
is compact for compact K′ ⊂ Dj.

The divisor of f ∗j tj pulls back under the étale qj to that of s
mj
j , which is mj times the reduced smooth central

fibre; hence f ∗j (pj) = mjSj with Sj = qj(A(j)
0 ), which by Lemma 5.2(ii) is the stated free quotient, a smooth

compact surface. The description of Nj ∖ Sj is immediate.

We write σ : x 7→ Ajx + v/mj for the generating automorphism of A(j)
0 and G := ⟨σ⟩ ∼= Z/mj.

Lemma 5.7. (i) A(j)
0 is isogenous to a product of two elliptic curves; in particular it is abelian and Sj

is projective. (ii) Let A be a compact complex torus, G ⊂ Aut(A) finite acting freely, S = A/G, and
χ : G→ C∗ a character. Then Lχ := (A×C)/G, g · (x, ξ) = (gx, χ(g)ξ), is trivial iff χ ≡ 1; hence the order
of Lχ in Pic(S) is the order of χ.

Proof. (i) Let Rj := Rgj(zj); by (5.2) at z = zj it is the map induced by Aj ⊗R under the R-isomorphism
Π(zj). Hence U := ker(Aj − I)R = ker(Rj − 1) and U′ := im(Aj − I)R = im(Rj − 1) are complex lines
in C2 with C2 = U ⊕U′ (each of complex dimension 1, since rk ΛAj = 2). Both are defined over Q, so
Λ ∩U = ΛAj and Λ ∩U′ ⊃ (Aj − I)Λ are rank-2 lattices, and with E := U/(Λ ∩U), E′ := U′/(Λ ∩U′)

the map E× E′ → A(j)
0 is a surjective homomorphism with finite kernel.

(ii) Sections of Lχ correspond to holomorphic u : A→ C with u(gx) = χ(g)u(x); such a u is constant,
and a nowhere-vanishing one forces χ ≡ 1. Apply this to L⊗k

χ = Lχk .

Proof of Theorem 5.4(iii). First homology. The universal cover of Sj is Λ⊗R and π1(Sj) is the affine group Γ
generated by the tλ (λ ∈ Λ) and σ̃ : x 7→ Ajx + v/mj, with σ̃tλσ̃−1 = tAjλ, σ̃mj = tv (Proposition 5.6) and
1→ Λ→ Γ→ Z/mj → 1 exact. Abelianising, with ΛAj := Λ/(Aj − I)Λ,

H1(Sj; Z) =
(
ΛAj ⊕Zσ̃

)/〈
([v],−mj)

〉
.

We claim (γ, ψj) induces ΛAj
∼= Z2. Surjectivity is clear (γ̂ 7→ (1, 0), and ŵ 7→ (0, 1) for j = 1, û 7→ (0, 1)

for j = 2). A direct computation gives generators of (Aj − I)Λ and a basis k1, k2 of K := ker(γ, ψj):

j = 1 : 6û− 6ŵ− 2δ̂, −û− ŵ + δ̂, û− 2ŵ;

k1 = û− 2ŵ, k2 = −3ŵ + δ̂,

j = 2 : − 6ŵ + 3δ̂, −û + ŵ, −û− ŵ + δ̂;

k1 = û− ŵ, k2 = −2ŵ + δ̂.

All listed generators lie in K. For j = 1 one has k2 = k1 + (−û− ŵ + δ̂); for j = 2 one has
−û + ŵ = −k1, −û− ŵ + δ̂ = −k1 + k2, −6ŵ + 3δ̂ = 3k2.

Hence (Aj − I)Λ = K in both cases. Therefore, for every admissible v,

H1(Sj; Z) ∼= Z3/〈(γ(v), ψj(v),−mj)
〉
,

with ψ1(v) = 3c, ψ2(v) = 2c in the notation of Proposition 5.6. Such a quotient is torsion free, and hence
∼= Z2, precisely when the relation vector is primitive, i.e. when gcd(γ(v), ψj(v), mj) = 1; and this holds by
admissibility, since gcd(γ(v), m1) = gcd(γ(v), 3) = 1 when 3 ∤ γ(v), resp. gcd(γ(v), m2) = gcd(γ(v), 4) =
1 when γ(v) is odd. For the choices made for X, where ψ1(ε) = 0 = ψ2(ε′), this reads

H1(S1; Z) = Z3/⟨(1, 0,−3)⟩ ∼= Z2, H1(S2; Z) = Z3/⟨(−1, 0,−4)⟩ ∼= Z2.
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The two flat bundles. The eigenvalues of Aj are 1, 1, ω, ω̄ with ω = e2πi/3 for j = 1, and 1, 1, i,−i for j = 2
(order mj and rk ΛAj = 2). Since Aj ⊗C ∼= Rj ⊕ Rj (proof of Lemma 5.7) and the spectra {1, 1} and {ω, ω̄}
(resp. {i,−i}) for Rj are excluded, Rj has eigenvalues 1 and a primitive mj-th root of unity, so det Rj is
a primitive mj-th root of unity. Trivialising K

A(j)
0

by ω0 = dζ1 ∧ dζ2 and using σ∗ω0 = det(Rj)ω0 gives

KSj
∼= Lχ′ , χ′(σ) = det(Rj)

−1, of order mj by Lemma 5.7. The normal bundle of A(j)
0 in J′j is A(j)

0 × Tzj ∆j,

on which g̃ log
j acts by (x, ξ) 7→ (σx, ζ jξ); hence ONj(Sj)|Sj

∼= NSj/Nj
∼= Lχ with χ(σ) = ζ j, again of order

exactly mj. (Consistently, O(mjSj)|Sj = f ∗j ODj(pj)|Sj is trivial.)
Type. By Lemma 5.7, Sj is a free quotient of an abelian surface by a cyclic group whose generator has non-

trivial linear part, hence bielliptic of Bagnera–de Franchis type [BdF], [BHPV, List V.5]: Sj = (E× F)/G with
G one of Z/2, (Z/2)2, Z/4, Z/4×Z/2, Z/3, (Z/3)2, Z/6, for which ord(KS) = 2, 2, 4, 4, 3, 3, 6 and the
torsion of H1(S; Z) is (Z/2)2, Z/2, Z/2, 0, Z/3, 0, 0 respectively [BHPV, List V.5], [Ser]. Since ord(KS1) = 3
and ord(KS2) = 4 with H1 torsion free, S1 is of type (Z/3)2 and S2 of type Z/4×Z/2.

5.4 Regluing by the logarithmic section

Proof of Theorem 5.4(iv). σj is a section. On a simply connected U ⊂ ∆∗j pick a branch ℓ of log sj and set

σℓ
j (z) := ℓ(z)

2πi Π(z)v. Two branches differ by 2πik, k ∈ Z, hence the maps differ by kΠ(z)v ∈ L(z) (as v ∈ Λ);
the induced local sections of J′j |∆∗j therefore glue to a global holomorphic section σj, and the fibrewise

translation hj[(z, ζ)] = [(z, ζ + σℓ
j (z))] is a well-defined biholomorphism of J′j |∆∗j over ∆∗j (translations

commute with the tλ).
The conjugation identity. Fix z0 ∈ ∆∗j , a simply connected U ∋ z0 and a branch ℓ of log sj on U. Since

sj(gjz) = ζ jsj(z) with ζ j = e−2πi/mj , the function ℓ′(w) := ℓ(g−1
j w)− 2πi

mj
is a branch of log sj on gjU; we

use ℓ on U and ℓ′ on gjU, which is legitimate as hj is branch-independent. For z ∈ U, ζ ∈ C2 we have

h−1
j [(z, ζ)] =

[(
z, ζ − ℓ(z)

2πi Π(z)v
)]

,

and applying g̃ log
j , then (5.2) and Ajv = v,

g̃ log
j h−1

j [(z, ζ)] =
[(

gjz, Rgj(z)ζ −
ℓ(z)
2πi Π(gjz)Ajv + 1

mj
Π(gjz)v

)]
=
[(

gjz, Rgj(z)ζ −
(
ℓ(z)
2πi −

1
mj

)
Π(gjz)v

)]
.

Applying hj at gjz ∈ gjU adds
ℓ′(gjz)

2πi
Π(gjz)v =

( ℓ(z)
2πi
− 1

mj

)
Π(gjz)v,

so that
hj g̃ log

j h−1
j [(z, ζ)] = g̃ 0

j [(z, ζ)].
Both sides are globally defined on J′j |∆∗j , so the identity holds globally.

Descent. Thus hj maps ⟨g̃ log
j ⟩-orbits bijectively to ⟨g̃ 0

j ⟩-orbits; as both quotient maps are unramified
coverings of complex manifolds, hj descends to a biholomorphism Gj, whose target is J|D∗j by (5.1). Both

quotient maps commute with s
mj
j = tj ◦ π and hj preserves fibres, so Gj commutes with the projections to

D∗j .

Remark 5.8 (The twist parameter). Theorem 5.4 holds for every v ∈ ΛAj satisfying Proposition 5.6, with
the same global family J: the surgery takes place over Dj only and Gj is always a biholomorphism onto
J|D∗j . As ΛA1 = ⟨ε, δ̂⟩, ΛA2 = ⟨ε′, δ̂⟩ with γ(ε) = γ(ε′) = 1 and γ(δ̂) = 0, the integer γ(v) realises every

admissible residue class. By Lemma 5.2(iii), g̃
v/mj
j = g̃

(v+mjµ)/mj
j for µ ∈ ΛAj , so Nj depends on v only

modulo mjΛAj , whereas Gj depends on v itself: replacing v by v + mjµ composes Gj with translation by
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the single-valued section log tj
2πi Πµ of J|D∗j ; this dependence is taken up in §6 and used in §7. For X we take

v1 = ε, v2 = −ε′, so (ℓ1, ℓ2) = (1,−1); for comparison, the threefold X′ with v2 = +ε′, i.e. (ℓ1, ℓ2) = (1, 1),
is equally admissible.

6 The compact complex manifold X.

Throughout we use the family f J : J → B◦ of §3, the toric filling f0 : N0 → D0 of §4, the logarithmic fillings
f j : Nj → Dj (j = 1, 2) of §5, and the gluing maps G0, G1, G2 constructed there.

6.1 The glued space

Construction 6.1. Fix once and for all: (i) the orbifold cover π : hz → B ∖ {p0} with z1, z2, g1, g2 and the
period functions τ, µ, β of §3, in particular a constant c0 for which condition (β3) of Definition 3.1 holds;
(ii) a radius r > 0 as in §3 (so µ and β + τ are bounded on Ur), a branch of log u1 on {|tc| < r}, hence
h, s = τ − h(tc ◦ π) and C(tc); (iii) a number ϵ with 0 < ϵ < min{r, 1} small enough that Theorem 4.5
applies, and linearising pairs (∆1, s1), (∆2, s2) in the sense of §5, small enough that Theorem 5.4 applies,
with branches of log sj on simply connected subsets of ∆∗j .

Put D0 := {|tc| < ϵ}, Dj := π(∆j), D∗i := Di ∖ {pi}; shrinking ϵ and ∆j we assume D0, D1, D2 pairwise
disjoint, so that

B = B◦ ∪ D0 ∪ D1 ∪ D2, D∗i ⊂ B◦ (i = 0, 1, 2). (6.1)
By Proposition 4.7(iii) the map G0 induced by E0 is a biholomorphism G0 : J|D∗0

∼−−→ N0 ∖W with f0 ◦ G0 =
f J , and by Theorem 5.4 the map Gj induced by hj is a biholomorphism

Gj : Nj ∖ f−1
j (pj)

∼−−→ J|D∗j , f J ◦ Gj = f j (j = 1, 2).

Let Z := J⊔N0⊔N1⊔N2 and let∼ be generated by p ∼ G0(p) (p ∈ J|D∗0 ) and q ∼ Gj(q) (q ∈ Nj ∖ f−1
j (pj)).

Set X := Z/∼ with the quotient topology, let ι J , ιN0 , ιN1 , ιN2 be the induced maps, and let f : X → B equal
f J on ι J(J), f0 on ιN0(N0) and f j on ιNj(Nj).

Theorem 6.2. X is a connected compact Hausdorff complex manifold of dimension 3, and f : X → B ∼= P1

is a proper surjective holomorphic map with connected fibres. More precisely:

(1) ι J , ιN0 , ιN1 , ιN2 are open holomorphic embeddings whose images cover X, with
f−1(B◦) = ι J(J), f−1(D0) = ιN0(N0), f−1(Dj) = ιNj(Nj) (j = 1, 2),

and f corresponds under ι J , resp. ιNi , to f J , resp. fi.

(2) For b ∈ B◦ the fibre f−1(b) is the complex 2-torus C2/L(z), π(z) = b; f−1(p0) = W as a reduced
divisor; and f ∗(pj) = mjSj, j = 1, 2, with Sj the bielliptic surface of Theorem 5.4.

Proof. Since D0, D1, D2 are pairwise disjoint, the sets J|D∗i are pairwise disjoint in J, while the Ni ∖ f−1
i (pi)

lie in different summands; hence ∼ is already an equivalence relation whose nonsingleton classes are
the pairs {p, G0(p)}, {q, Gj(q)}, and each class meets each summand at most once. The saturation of an
open U ⊂ Z is the union of U with the images of U ∩ J|D∗i and U ∩ (Ni ∖ f−1

i (pi)) under G±1
0 , G±1

j , hence
open; so the quotient map is open and the four ι are open embeddings covering X. Transporting the
complex structures gives an atlas whose only transition maps are the biholomorphisms G±1

0 , G±1
j , so X is

a complex 3-manifold. The three definitions of f agree on overlaps because f0 ◦ G0 = f J and f J ◦ Gj = f j;
since ιN0(N0 ∖ W) and ιNj(Nj ∖ f−1

j (pj)) lie in ι J(J), (1) follows, and (2) restates §3, Theorem 4.5 and
Theorem 5.4.

Two points of X with distinct images in B are separated by f -preimages of disjoint discs, and two points
with the same image lie, by (6.1) and (1), in a common Hausdorff chart f−1(V), V ∈ {B◦, D0, D1, D2}; so X
is Hausdorff. Over each such V the map f is f J , f0 or f j, hence proper; properness being local on the base
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for maps of locally compact Hausdorff spaces, f is proper and X = f−1(B) compact. Finally J, N0, Nj are
connected, being quotients of h◦z ×C2, of Yϵ and of T |∆j , and each Ni meets ι J(J); so X is connected, f (X)
is a compact analytic subset of B containing B◦, i.e. f is surjective, and the fibres are connected by (2) with
Theorems 4.5 and 5.4.

6.2 Independence of the auxiliary choices

Proposition 6.3. Let X and X̃ be built by Construction 6.1 from the same π, zj, gj, the same τ, µ, β (in
particular the same c0) and the same v1, v2, but possibly from different r, ϵ, different branches of log u1 and
log sj, and different linearising pairs (∆j, sj). Then there is a biholomorphism F : X → X̃ with f̃ ◦ F = f .

Proof. (a) Changing the branch of log u1 replaces h by h+ n (n ∈ Z), hence s by s− n and C by C + nB0. For
λ̄ ∈ Λ = Z2 one has nB0λ̄ ∈ Z2, so cλ̄ = exp(2πi Cλ̄), hence Ψλ̄, N0, f0 are unchanged; and e2πi(s−n) = e2πis,
so E0 and G0 are unchanged.

(b) Changing the branch of log sj replaces σj by σj + k Π(z)vj, k ∈ Z; as vj ∈ Λ, translation by Π(z)vj is
the identity on T |∆j , so hj and Gj are unchanged.

(c) Shrinking. Suppose X̃ is built from r̃ ≤ r, ϵ̃ ≤ ϵ, ∆̃j ⊂ ∆j, with the restricted branches and s̃j = sj|∆̃j
.

Then Ñ0 ⊂ N0 and Ñj ⊂ Nj are open with

G̃0 = G0|J|D̃∗0
, G̃j = Gj|Ñj∖ f−1

j (pj)
,

so the identity on J together with these inclusions descends to a holomorphic injection X̃ → X over B; it
is surjective because ιN0(N0 ∖W) ⊂ ι J(J) and ιNj(Nj ∖ f−1

j (pj)) ⊂ ι J(J), while W and Sj lie in the image.
Hence it is a biholomorphism over B.

Reduction to a common choice. Recall (Definition 5.1): a linearising pair (∆j, sj) consists of a gj-invariant
simply connected open ∆j ∋ zj with g∆j ∩ ∆j = ∅ for g ∈ ∆ ∖ ⟨gj⟩, and an injective coordinate sj with
sj(zj) = 0, sj ◦ gj = ζ jsj, where

ζ j = e−2πi/mj ;
roundness of ∆j in the coordinate sj is optional, and a round sub-disc {|sj| < ρ} is always available inside
∆j. In particular ∆j is gj-invariant and simply connected by definition; both facts will be used in (d). Every
round sub-disc {|sj| < ρ} with the restricted coordinate is again a linearising pair in the sense of §5, so the
shrinking step above applies to it.

Note next that Nj, f j and Dj do not depend on the choice of the linearising coordinate on a given ∆j
(see (d)); only σj, hj and Gj do. Thus for any domain D as above and any two linearising coordinates on it
the two glued spaces are defined by the same formulas, and (d) compares them.

Now let (∆j, sj) and (∆′j, s′j) be two linearising pairs, and let ∆′′j be the connected component of
∆j ∩ ∆′j containing zj; it is an open gj-invariant neighbourhood of zj, because ∆j, ∆′j are gj-invariant and
gj fixes zj. Since sj(∆′′j ) is an open neighbourhood of 0, choose ρ > 0 with {|s| < ρ} ⊂ sj(∆′′j ) and put
Dρ := s−1

j {|s| < ρ} ⊂ ∆′′j , a gj-invariant disc (sj being injective with sj ◦ gj = ζ jsj); likewise choose ρ′ > 0
with {|s| < ρ′} ⊂ s′j(Dρ) and put D′ρ′ := (s′j)

−1{|s| < ρ′} ⊂ Dρ. Both (Dρ, sj|Dρ) and (D′ρ′ , s′j|D′ρ′ ) are round

linearising pairs: they are simply connected and gj-invariant, and gDρ ∩ Dρ = ∅ for g /∈ ⟨gj⟩ is inherited
from ∆j. By the shrinking step, X is biholomorphic over B to the space built from (Dρ, sj|Dρ), and X̃ to the
space built from (D′ρ′ , s′j|D′ρ′ ). By (d) applied on Dρ to the coordinates sj|Dρ and s′j|Dρ , the space built from

(Dρ, sj|Dρ) is biholomorphic over B to the one built from (Dρ, s′j|Dρ), and the latter is biholomorphic over B,
again by shrinking (now for the coordinate s′j), to the space built from (D′ρ′ , s′j|D′ρ′ ). Likewise two choices
of r, resp. of ϵ, admit a common smaller one, and branches are compared by (a) and (b). This proves the
proposition, granted (d).

(d) Let s′j be another linearising coordinate on a fixed ∆j, i.e. s′j ◦ gj = e−2πi/mj s′j and s′j(zj) = 0, ds′j ̸= 0.
Being a coordinate, s′j is injective on ∆j, so it vanishes only at zj and there to order 1, exactly as sj does;
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hence U := s′j/sj extends holomorphically across zj and is nowhere zero on ∆j, and it is gj-invariant because

sj, s′j are multiplied by the same factor e−2πi/mj . (This is where injectivity is needed: for a non-injective
substitution such as s′j = s4

j the quotient would vanish at zj and the comparison below would fail.) Since
∆j is simply connected (part of Definition 5.1, recalled in (c)), the nowhere-zero holomorphic function U
admits a holomorphic logarithm on ∆j; fix one and put φ := log U/2πi, a holomorphic function on ∆j. The
function φ ◦ gj − φ is continuous and Z-valued on the connected set ∆j (because U ◦ gj = U), hence equals
a constant n ∈ Z; iterating mj times and using g

mj
j = 1 gives mjn = 0, so n = 0 and

φ ◦ gj = φ. (6.2)
(Equivalently: U descends to a nowhere vanishing holomorphic function of tj on the disc Dj, which is
simply connected, and φ is the pullback of a logarithm there.)

Neither J′j = T |∆j nor g̃log
j depends on sj, so Nj and f j are unchanged; only σj changes, by σ′j = σj + ψ

with
ψ(z) := φ(z)Π(z)vj,

a holomorphic C2-valued function on ∆j. Let Tψ(z, ζ) := (z, ζ + ψ(z)) on hz × C2 restricted to ∆j. It

commutes with the lattice translations (z, ζ) 7→ (z, ζ + Π(z)λ), λ ∈ Λ, and it commutes with g̃log
j (z, ζ) =

(gjz, Rgj(z)ζ + Π(gjz)vj/mj): indeed, by (6.2) and Rgj(z)Π(z) = Π(gjz)M−1
gj

= Π(gjz)Aj with Ajvj = vj,

Rgj(z)ψ(z) = φ(z)Π(gjz)Ajvj = φ(gjz)Π(gjz)vj = ψ(gjz).
Hence Tψ descends to an automorphism θ of Nj over Dj with G′j = Gj ◦ θ. The identity on J, N0, Nj′ (j′ ̸= j)
and θ−1 on Nj descends to a biholomorphism X → X̃ over B.

Remark 6.4. The construction does depend on c0: already the fibres C2/L(z) vary with it. We write Xc0

when the choice matters. The constructions of §§4–6 and the proofs of §§7–10 are written for an arbitrary
admissible c0 — admissible in the sense of condition (β3) of Definition 3.1 — and use the period functions
τ, µ, β only through the laws and normalisations of §3, which hold for every admissible c0. In particular
no continuity or local constancy of Xc0 in the parameter c0 enters the arguments. Whether Xc0

∼= Xc′0
for

admissible c0 ̸= c′0 is left open.

6.3 The zero section

By Theorem 3.4 the maps g̃ are fibrewise linear, so g̃(z, 0) = (gz, 0) and z 7→ [(z, 0)] descends to a
holomorphic zero section s0 : B◦ → J ⊂ X, f ◦ s0 = id. Its behaviour at Σ is the input for §7.

Lemma 6.5.

(i) s0 extends holomorphically across p0 to a section of f over B◦ ∪ {p0}, with value at p0 the image of
the point (1, 1) of the open orbit of the toric divisor D(0,0), a point of W ∖D; the extension meets W
transversally there.

(ii) For j = 1, 2 the section G−1
j ◦ s0 of f j over D∗j is the image in Nj of the holomorphic map z 7→ [(z, ς j(z))]

on J′j |∆∗j , where

ς j(z) := −σj(z) = −
log sj(z)

2πi
Π(z)vj.

It is independent of the branch of log sj and is g̃log
j -invariant. Following it along sj = ϱeiθ , θ ∈ [0, 2π]

(during which tj = s
mj
j traverses |tj| = ϱmj exactly mj times counterclockwise), the holomorphic lift

ends at ς j(z)−Π(z)vj; in the marking H1(fibre) = Λ of §3 the section drifts by −vj.

(iii) s0 does not extend to a holomorphic section of f over any neighbourhood of pj, j = 1, 2.
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Proof. (i) As G0 is induced by E0(z, ζ) = (e2πiζ1 , e2πiζ2 , e2πis(z)), the image G0 ◦ s0 is that of the curve
{((1, 1), tc) : 0 < |tc| < ϵ} ⊂ TN′ ∩ Yϵ. Let σ ∈ F be the cone over conv{(0, 0), e1, e2} × {1}; its dual is
generated by the basis m1 = (1, 0, 0), m2 = (0, 1, 0), m0 = (−1,−1, 1) of M′, so Uσ

∼= C3 with coordinates
(χm0 , χm1 , χm2) = (t/x1x2, x1, x2), and {χm0 = 0} is the toric divisor D(0,0) of the ray through (0, 0, 1). In
these coordinates the curve is {(tc, 1, 1) : 0 < |tc| < ϵ}, whose closure is the holomorphic disc

Dsec := {(tc, 1, 1) : |tc| < ϵ} ⊂ Yϵ,
meeting D(0,0) transversally at (0, 1, 1), a point of its open orbit; t restricts to tc on Dsec.

Let q : Yϵ → N0 be the quotient map. By Theorem 4.5, q is a local biholomorphism, and it is moreover
injective on Dsec: the deck transformations Ψλ̄ preserve the function t (Lemma 4.3(iii), which gives t ◦Ψλ̄ = t
and hence f0 ◦ q = t), while t|Dsec = tc is injective, so two distinct points of Dsec cannot be identified by q.
A local biholomorphism which is injective on Dsec maps Dsec biholomorphically onto its image, preserving
transversality of intersections; since f0 ◦ q|Dsec = tc is a biholomorphism onto D0, the image q(Dsec) is a
holomorphic section of f0 over D0 extending G0 ◦ s0, meeting W transversally in the point q(0, 1, 1), which
lies in the open orbit of D(0,0) and hence in W ∖D.

(ii) Changing the branch replaces ς j by ς j − k Π(z)vj, k ∈ Z, vj ∈ Λ, so the section is unchanged. From
ζ j = e−2πi/mj , i.e. log sj ◦ gj = log sj − 2πi/mj, together with Rgj(z)Π(z) = Π(gjz)M−1

gj
= Π(gjz)Aj and

Ajvj = vj,

Rgj(z)ς j(z) +
Π(gjz)vj

mj
= −

log sj(z)
2πi

Π(gjz)vj +
Π(gjz)vj

mj
= ς j(gjz),

which is g̃log
j -invariance. As hj is translation by +σj, it carries [(z, ς j(z))] to [(z, 0)]; the drift follows since

log sj increases by 2πi along the loop, so that ς j changes by −Π(z)vj, the period of the class −vj ∈ Λ.
(iii) If ς were such a section, then after shrinking it is a section of f j over Dj with tj|ς a coordinate, so

( f j ◦ ς)∗(pj) is the reduced point ς(pj); but f ∗j (pj) = mjSj and ς ̸⊂ Sj, whence this divisor is mj(Sj · ς) ≥
mj ς(pj), contradicting mj ≥ 3.

6.4 The discrete gluing parameter ℓ0

The gluings at p1, p2 involved the choices vj ∈ ΛAj , recorded by ℓj = γ(vj); the gluing at p0 was tautological
(Proposition 4.7(iii)), and the freedom thereby given up is named as follows. Let J be the sheaf on D∗0 of
germs of holomorphic sections of f J , a sheaf of abelian groups with origin s0. By Theorem 3.4, Rg0 ≡ I and
Π(s + 1) = Π(s)M0, so in the coordinate s of §4

J|D∗0 =
(
{Im s > h0} ×C2)/(Λ ⋊ ⟨g⟩

)
,

g(s, ζ) = (s + 1, ζ), λ(s, ζ) = (s, ζ + Π(s)λ).
(6.3)

Definition 6.6. For σ ∈ H0(D∗0 ,J ) lift σ to a holomorphic z : {Im s > h0} → C2 (the half-plane being
simply connected); by (6.3) there is a unique λσ ∈ Λ with z(s + 1)− z(s) = Π(s + 1)λσ. Replacing z by
z + Π(s)λ0 replaces λσ by λσ + (I −M−1

0 )λ0 ∈ λσ + Λtor, since M−1
0 − I = Nt has image in Λtor. Hence

c : H0(D∗0 ,J ) −→ Λ = Λ/Λtor, c(σ) := [λσ],
is a well-defined homomorphism; it is the connecting map of the exponential sequence 0→ Λ→ O2

D∗0
→

J → 0 under H1(D∗0 , Λ) ∼= Λ/(M0 − I)Λ = Λ, Λ being the local system of periods [Hat02].

Proposition 6.7.

(i) c is surjective.

(ii) For σ ∈ H0(D∗0 ,J ) let Tσ be the fibrewise translation by σ and X(σ) the space obtained from
Construction 6.1 with G0 replaced by G0 ◦ Tσ. Then X(σ) satisfies Theorem 6.2 as well, and with
ℓ0(X(σ)) := γ(c(σ)) ∈ Z (γ kills Λtor, hence descends to Λ) every integer occurs.

(iii) The space X of Construction 6.1 is X(0) and has ℓ0 = 0.

39



Proof. (i) With Z(s) = sB0 + C(tc), tc = e2πis, one has Π(s)û = (s + h, µ)t and Π(s)γ̂ = (6µ, b− s− h)t,
where h, µ, b are holomorphic in tc on {|tc| < r}, hence invariant under s 7→ s+ 1 (§3). A direct computation
gives

zû(s) :=
(

s2+s
2 + s h, s µ

)
, zγ̂(s) :=

(
6s µ, − s2+s

2 + s (b− h)
)

,

zû(s + 1)− zû(s) = Π(s + 1)û, zγ̂(s + 1)− zγ̂(s) = Π(s + 1)γ̂;
so these define σû, σγ̂ with c(σû) = ¯̂u, c(σγ̂) = ¯̂γ, which generate Λ. (Alternatively D∗0 is Stein, so
H1(D∗0 ,O2) = 0 by Cartan’s Theorem B [GrRe].)

(ii) Tσ is a biholomorphism over D∗0 , so G0 ◦ Tσ is again a biholomorphism J|D∗0 → N0 ∖W over D∗0 and
the proof of Theorem 6.2 applies verbatim; since γ(γ̂) = 1, (i) gives every integer value. (iii) is immediate
from c(0) = 0.

Remark 6.8. Thus ℓ0 is a discrete parameter of the p0-gluing with values in γ(Λ) = Z, and it is not a
function of the transcendental constants µ(p0), b(0), h(0): the filling N0 is manufactured from C(tc) itself,
and twists with c(σ) ∈ Λtor leave ℓ0 unchanged. The triple (ℓ0, ℓ1, ℓ2) = (0, γ(v1), γ(v2)) = (0, 1,−1) is the
complete list of discrete gluing data of X, and enters π1(X) in §7.

7 Topology of X: fundamental group and integral homology.

7.1 Decomposition, collapse, and the pieces

The integral homology of X is computed twice on the following pages, by two independent routes: first
by the collapse/Mayer–Vietoris computation — the collapse of a general fibre onto the central fibre W
(Proposition 7.2, proved in §7.2), the homology of W and the specialisation maps (§7.3), and Mayer–Vietoris
for X = N′0 ∪ X◦ (§7.6), culminating in Theorem 7.22; and secondly by the Leray computation of §7.7 (“A
second computation”) (for admissible pairs with 4 | ε2(v2), in particular for X), which recovers H1, H2, H3

of X from Ea,b
2 = Ha(B, Rb f∗Z). Neither computation uses the other: the Leray route takes as input

only the invariants statement at p0 (Theorem B.1, proved in Appendix B by nearby cycles, without §7.2),
the local data at p1, p2 of §7.4 (Lemma 7.13, Proposition 7.14), the meridian identifications of §7.5 (with
Lemma 7.16) and Corollary 4.8; it uses neither Proposition 7.2 nor Proposition 7.11 nor §7.6 (Theorem 7.22);
see Corollary 7.29.

Throughout, (co)homology has coefficients Z and F denotes a general fibre of f , a real 4-torus; by §2
H1(F) = Λ, H1(F) = V,
Hq(F) =

∧q Λ, Hq(F) =
∧q V,

in the bases (γ̂, û, ŵ, δ̂), (γ, u, w, δ). All meridians occurring in this section are the clockwise ones of
Convention 3.17. The monodromy along the (clockwise) meridian aj of pj is Tj on H1 and Aj on H1

(j = 1, 2), along a0 := (a1a2)−1 it is T0, resp. M0 (§3), and on Hq it is
∧q Tj, resp.

∧q T0.

Notation 7.1. Fix 0 < η ≪ 1 and put N′0 := f−1{|tc| ≤ η}, N′j := f−1{|tj| ≤ η} (j = 1, 2), and

X◦ := X \ N′0 = f−1(D′), D′ := B \ {|tc| < η}
a closed disc containing p1, p2. Write M := ∂N′0, Mj := ∂N′j . The letter X′ is reserved for the comparison
threefold of §6, built from the same data with v2 = +ε′.

By §4 and §5 the maps f0 : N0 → ∆ε and f j : Nj → Dj are proper holomorphic, f−1
0 (0) = W is a reduced

normal-crossings divisor (t = z1z2z3 in suitable local coordinates at each point) and f−1
j (pj) = mjSj with

Sj smooth. Here W is irreducible, hence normal crossings but not simple normal crossings, whereas
the retraction and collapse statements of Clemens [Cle77] and Persson [Per77] are proved for semistable
degenerations with simple normal-crossings central fibre; we quote them for context. The statement used
below is the following one, read off the toric model of §4 and proved in §7.2.
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Proposition 7.2. There is η0 > 0 with the following property. Let 0 < η ≤ η0 and fix t0 with 0 < |t0| ≤ η;
put F := f−1(t0). Then there is a strong deformation retraction r : N′0 → W, induced by a {Ψλ̄}- and
Tf -equivariant strong deformation retraction of {|t| ≤ η} ⊂ Yε onto the central fibre Y0 = t−1(0), such that
the restriction

c := r|F : F −→W
is described as follows. Write

F = TB × Tf , TB = (Λ⊗R)/Λ, Tf = (Λtor ⊗R)/Λtor,

for the splitting induced by the toric chart (Tf the compact torus of (C∗)2, TB the Log-torus carrying the
induced A2-triangulation), where throughout we identify TB = (Λ⊗R)/Λ ∼= (Λtor⊗R)/Λtor by means of
the unimodular shear B0 : Λ ∼−→ Λtor of §2 (the form in which TB appears in the proof, §7.2, Lemma 7.10),
and let Θ ⊂ TB be the dual graph of that triangulation: two vertices (the two triangles of TA2 /Z2) and
three edges e1, e2, e3, where ek is dual to the triangulation edge of direction nk ∈ Λtor,

n1 = ŵ, n2 = δ̂− ŵ, n3 = −δ̂,
so that n1 + n2 + n3 = 0 and any two of the nk form a basis of Λtor. Then c collapses Tf to a point over
each vertex of Θ (producing the triple points P, Q of W), collapses S1

nk
⊂ Tf over the interior of ek (with

image the double curve C̄k
∼= P1 of D), and is injective over TB \Θ. For any other t with 0 < |t| ≤ η, the

restriction r| f−1(t) is homotopic, as a map to W, to a map with the same description.

Lemma 7.3. For η small:

(i) W ↪→ N′0 and Sj ↪→ N′j are deformation retracts, so H∗(N′0) ∼= H∗(W) and H∗(N′j ) ∼= H∗(Sj);

(ii) X = N′0 ∪ X◦ with N′0 ∩ X◦ = M (collars making the pieces open).

Proof. (ii) is clear. For (i) at p0 the retraction is the one constructed in Proposition 7.2 (§7.2; the proof uses
only §4); for Nj none is needed, since smoothly Nj = (A(j)

0 × ∆sj)/⟨g̃
log
j ⟩ and the radial retraction of ∆sj is

equivariant.

Lemma 7.4. For η small:

(i) f is a locally trivial bundle over {0 < |tc| ≤ η} and over {0 < |tj| ≤ η}; the geometric monodromies
are affine with linear parts M0, resp. Aj, hence isotopic to M0, resp. Aj, so that M is diffeomorphic to
the mapping torus of M0 on F and Mj to that of Aj.

Moreover π1(N0) ∼= Λ ∼= Z2 and
π1(M) = Λ ⋊M0 Z⟨ã0⟩, ã0tλ ã−1

0 = tM0λ,

where ã0 is the class of the circle {x = x0} ⊂ Yε over |t| = η, oriented clockwise, i.e. by s 7→ s− 1 for s = log t
2πi

(the orientation of Convention 3.17, and the one for which the displayed conjugation rule ã0tλ ã−1
0 = tM0λ

holds); we call it the toric meridian. Furthermore ker(π1(M)→ π1(N0)) is the normal closure of Λtor ∪ {ã0};
for j = 1, 2

π1(Nj) ∼= π1(Sj) =
〈
Λ, ĝj

∣∣ ĝjλĝ−1
j = Ajλ, ĝ

mj
j = tvj

〉
,

π1(Mj) = Λ ⋊Aj Z⟨ĝj⟩, and ker(π1(Mj)→ π1(Nj)) is the normal closure of the meridian ĝ
mj
j t−1

vj
.

Proof. (i) is Ehresmann’s theorem with the monodromies of §3; an affine diffeomorphism of a torus is
isotopic to its linear part through the straight-line path on the translation part.

By Corollary 4.8, Yε is simply connected; as N0 = Yε/{Ψλ̄} with a free properly discontinuous Λ-action,
π1(N0) = Λ. Over 0 < |t| < ε the covering is ((C∗)2 × ∆∗)/Λ, with fundamental group the extension of Λ
by Λtor ⊕Zã0; the map to π1(N0) kills exactly Λtor and ã0. The conjugation rule for ã0 is the monodromy
of §3 in the (clockwise) orientation of a0 = (a1a2)−1, since M0 = (A1A2)−1. For Nj the deck group of

A(j)
0 × ∆sj → Nj is ⟨g̃log

j ⟩ ∼= Z/mj, acting freely, and Sj = A(j)
0 /⟨x 7→ Ajx + vj/mj⟩ (§5), the affine map

having mj-th power tvj because vj ∈ ΛAj .
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For the kernel at pj we compare presentations; since the fibre is multiple, N′j is not a tubular
neighbourhood of Sj, and the meridian statement for tubular neighbourhoods does not apply. Let

U := A(j)
0 × ∆sj → Nj be the Z/mj-covering with deck group generated by

g̃log
j : (x, z) 7→ (Ajx + vj/mj, ζz), ζ = e−2πi/mj ,

the disc factor being forced by the normalisation sj ◦ gj = ζ jsj of §5, and let U∂ := A(j)
0 × ∂∆s′ → Mj be

its restriction over a circle |z| = s′, again a Z/mj-covering with the same deck group. Then π1(U) = Λ,
π1(U∂) = Λ×Z⟨σ⟩ with σ the class of {pt} × ∂∆s′ , oriented counterclockwise in the z-disc, and π1(U∂)→
π1(U) is the quotient by the central subgroup ⟨σ⟩ (the circle bounds the disc ∆s′). Since the inclusion
U∂ ↪→ U is equivariant for the same deck group, the induced map of extensions

1→ π1(U∂)→ π1(Mj)→ Z/mj → 1, 1→ π1(U)→ π1(Nj)→ Z/mj → 1
shows that π1(Mj) → π1(Nj) is onto with kernel the normal closure of σ. Finally, ĝj is a lift to π1(Mj)

of the deck generator g̃log
j : it is represented by a path in U∂ from (x0, z0) to g̃log

j (x0, z0), along which the

z-coordinate turns by −2π/mj (the disc factor being ζ = e−2πi/mj ) and the A(j)
0 -coordinate moves by vj/mj.

Hence ĝ
mj
j is represented by the loop travelling once around ∂∆s′ negatively while the A(j)

0 -coordinate drifts

by
(

∑i<mj
Ai

j
)
vj/mj = vj (using A

mj
j = I and vj ∈ ΛAj ); as σ is central in π1(U∂) this reads

ĝ
mj
j = tvj σ

−1, i.e. σ−1 = ĝ
mj
j t−1

vj
,

whose normal closure is that of σ, i.e. the asserted generator of the kernel. Killing σ turns the semidirect-
product presentation of π1(Mj) into the displayed presentation of π1(Sj), with ĝ

mj
j = tvj .

7.2 Proof of Proposition 7.2

We use the toric model of §4 throughout: Y = YF with torus TN′ = (C∗)3, coordinates (x1, x2, t), compact
torus

Tc := N′ ⊗ S1 = (S1)3, Tf := Λtor ⊗ S1 = {(∗, ∗, 1)} ⊂ Tc,
Y≤η := {|t| ≤ η}, Y0 = t−1(0) =

⋃
v∈Z2 Ev with Ev ∼= dP6, and Γ := {Ψλ̄}λ̄∈Λ, which by Theorem 4.5 acts

freely and properly discontinuously on Yε, preserves Y0 and every {|t| ≤ η}, and has quotients N′0 = Y≤η/Γ,
W = Y0/Γ. Note that Y \ Y0 = TN′ , every orbit of dimension < 3 lying in some Ev. For a torus point
p = (x, t) we write y(p) = log |x|/ log |t| ∈ R2 for its position (§4).

The proof is broken into six lemmas (Lemmas 7.5–7.10), assembled at the end of the subsection.

Notation used throughout the subsection. For 0 < |t| < ε put s := log t
2πi and Zt := sB0 +C(t), so that on the fibre

Yt = (C∗)2, in logarithmic coordinates ξ := 1
2πi log x ∈ C2/Z2, the map Ψλ̄ is the translation ξ 7→ ξ + Ztλ̄

(§4). The branch of log t is immaterial for everything that follows: another branch replaces s by s + n and
Zt by Zt + nB0 (n ∈ Z), hence the translation vectors Ztλ̄ by Ztλ̄ + nB0λ̄ ∈ Ztλ̄ + Z2 (B0 : Λ→ Λtor being
integral), which is the same translation of C2/Z2; and Im Zt, Bt and the map Lt below are unchanged
outright. Since Im ξ = − log |t|

2π y, setting
R(t) := −2π Im C(t), Bt := B0 + R(t)/ log |t|

we get Im Zt = − log |t|
2π Bt. Write C0 := C(0), Z0

t := sB0 + C0, B0
t := B0 + R(0)/ log |t|, c0

λ̄
:= exp(2πiC0λ̄)

and
Ψ0

λ̄ := (c0
λ̄, 1) ·Φλ̄, Γ0 := {Ψ0

λ̄}λ̄∈Λ
(the action with the twist frozen at t = 0; on Y0 it coincides with Γ, because cλ̄(0) = c0

λ̄
).

Lemma 7.5 (Straightening to a constant twist). There is η0 with 0 < η0 < min(ε, 1) — so that Y≤η0 ⊂ Yε

and log |t| < 0 for 0 < |t| ≤ η0 — such that ∥Bt − B0∥ ≤ 1
2 , hence Bt ∈ GL2(R), and likewise B0

t ∈ GL2(R),
for all 0 < |t| ≤ η0. Fix 0 < η ≤ η0 and define

G(x, t) :=
(

exp
(
− 2πi (C(t)− C0) B−1

t y(x, t)
)
· x, t

)
(t ̸= 0), G|Y0 := id.
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Then G is a homeomorphism of Y≤η over {|t| ≤ η} with the properties:

(a) G|Y0 = id; G preserves t and commutes with Tf ;

(b) G ◦Ψλ̄ = Ψ0
λ̄
◦ G for every λ̄ ∈ Λ;

(c) on each fibre Yt (0 < |t| ≤ η), G induces a real-linear isomorphism Ḡt : Yt/Γ→ Yt/Γ0 of the quotient
4-tori which is the identity on H1 = Λ with respect to the markings Πt = [Zt | I] and Π0

t = [Z0
t | I] (it

fixes e1, e2 and carries Ztλ̄ to Z0
t λ̄); here Γ, Γ0 preserve Yt since Ψλ̄ preserves t, and (b) makes Ḡt well

defined.

Consequently, if R is a Γ0- and Tc-equivariant strong deformation retraction of Y≤η onto Y0, then G−1RsG
is a Γ- and Tf -equivariant strong deformation retraction of Y≤η onto Y0, and it descends to a strong
deformation retraction of N′0 = Y≤η/Γ onto W = Y0/Γ.

Proof. By the boundedness of C on {|tc| ≤ r/2} (§4, the bound ∥R∥∞ of Theorem 4.5) we may fix
η0 < min(ε, 1) so small that ∥Bt − B0∥ ≤ 1

2 for 0 < |t| ≤ η0; then Bt ∈ GL2(R), and the same estimate and
conclusion hold for B0

t = B0 + R(0)/ log |t|. Fix 0 < η ≤ η0.
In ξ-coordinates G|Yt is induced by the R-linear map

Lt(ξ) = ξ − (C(t)− C0)(Im Zt)
−1 Im ξ,

which is the unique R-linear map with Lt|R2 = id and Lt(Ztλ̄) = Z0
t λ̄ for all λ̄ ∈ R2: writing ξ = Zta + b

with a = (Im Zt)−1 Im ξ and b ∈ R2, one has Ltξ = Z0
t a + b. Consequently:

(i) Lt carries the R-basis (e1, e2, Zte1, Zte2) of C2 to the R-basis (e1, e2, Z0
t e1, Z0

t e2), hence is invertible;
being the identity on R2 ⊃ Z2 it descends to a diffeomorphism of C2/Z2 = Yt.

(ii) G ◦Ψλ̄ = Ψ0
λ̄
◦ G on Y≤η \Y0, because Lt is linear and carries the translation vector Ztλ̄ to Z0

t λ̄; on
Y0 the two actions agree and G = id. This is (b).

(iii) G preserves t and commutes with Tf , since it multiplies x by a torus element depending only on
(y, t) and Tf does not change y; together with G|Y0 = id this is (a).

(iv) G and G−1 (given by the same formula with (C(t)− C0)(B0
t )
−1 in place of −(C(t)− C0)B−1

t ) are
continuous on Y≤η . Away from Y0 this is clear. At p∗ ∈ Y0 continuity is a local statement, so we may first
shrink: choose a triangle σ with p∗ ∈ Uσ and, by Lemma 4.4(i), a shrunken subchart Uσ(S) ∋ p∗ on which
the positions y(p) of torus points p ∈ Uσ(S) ∩ Y≤η remain in a fixed bounded set (on all of Uσ

∼= C3 the
positions are unbounded), while C(t)− C0 → 0 and B−1

t stays bounded as t→ 0; hence the acting torus
element tends to 1 and G(p)→ p∗ = G(p∗) for p→ p∗ inside Uσ(S). Points of Y0 near p∗ are fixed.

So G is a homeomorphism of Y≤η over {|t| ≤ η} with (a), (b); and on each fibre it is induced by the
real-linear automorphism Lt, whence a real-linear isomorphism Ḡt : Yt/Γ→ Yt/Γ0 of the quotient 4-tori
which is the identity on H1 = Λ with respect to the markings Πt = [Zt | I] and Π0

t = [Z0
t | I] (it fixes e1, e2

and carries Ztλ̄ to Z0
t λ̄); here Γ, Γ0 preserve Yt since Ψλ̄ preserves t, and (b) makes Ḡt well defined. This is

(c).
Finally, let R be a Γ0- and Tc-equivariant strong deformation retraction of Y≤η onto Y0. Then G−1RsG

is a strong deformation retraction of Y≤η onto Y0 (as G is a homeomorphism fixing Y0 pointwise), it is
Γ-equivariant by (b) and Tf -equivariant by (a); being Γ-equivariant it descends to the quotients N′0 = Y≤η/Γ
and W = Y0/Γ.

Lemma 7.6 (Polar decomposition). Let Y≥0 ⊂ Y be the closure of (R>0)3 ⊂ TN′ and (Y≤η)≥0 := Y≥0 ∩Y≤η .
Then:

(i) the multiplication map m : Tc ×Y≥0 → Y, (ϕ, q) 7→ ϕ · q, is continuous, surjective and closed, hence a
quotient map; the same holds for its restriction Tc × (Y≤η)≥0 → Y≤η ;

(ii) ϕ · q = ϕ′ · q′ iff q = q′ and ϕ−1ϕ′ ∈ StabTc(q); the modulus p 7→ |p| ∈ Y≥0 is a continuous retraction;
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(iii) if q lies in the orbit OĈ of the cone Ĉ over a cell C of TA2 , then StabTc(q) = TĈ, the compact subtorus
attached to NĈ := N′ ∩ spanR Ĉ =

⊕
v∈V(C) Z(v, 1) (for the orbit Oσ of a cone σ the stabiliser in

TN′ of each of its points is the subtorus on Nσ := N′ ∩ spanR σ [Ful93, §3.1]; its intersection with
Tc = N′ ⊗ S1 is Nσ ⊗ S1, connected because Nσ is saturated in N′), and

TĈ ∩ Tf =


1, C = {v} a vertex,

S1
v′−v, C = {v, v′} an edge,

Tf , C a triangle.

(7.1)

Proof. (i) In the chart Uσ
∼= C3 of a triangle σ (coordinates z0, z1, z2, characters positive on (R>0)3), Y≥0 is

the orthant [0, ∞)3 and z = ϕ · |z| with |z| = (|z0|, |z1|, |z2|); so m is continuous and surjective. It is closed,
Tc being compact and Y locally compact Hausdorff; hence it is a quotient map, and likewise after restriction
over {|t| ≤ η}.

(ii) Again chartwise clear, as is the continuity of the modulus.
(iii) NĈ equals

⊕
v∈V(C) Z (v, 1) because TA2 is unimodular [Ful93, §3.1]. An element ∑v av(v, 1) of its

Lie algebra lies in Λtor ⊗R iff ∑v av = 0, whence (7.1). The Lie-algebra computation identifies a priori only
the identity component, and the intersection is connected here. Indeed, both NĈ and Λtor are saturated in
N′, and NĈ + Λtor = N′ in each of the three cases (any (v, 1) ∈ Ĉ together with Λtor = Z2 × {0} generates
N′), so in particular N′ ∩ (spanR Ĉ + Λtor ⊗R) = N′ is saturated; and for two subtori TL1 , TL2 ⊂ N′ ⊗ S1

attached to saturated sublattices with L1 + L2 saturated one has TL1 ∩ TL2 = TL1∩L2 , which is connected.
(If a ∈ L1 ⊗R is congruent mod N′ to b ∈ L2 ⊗R, then a − b ∈ N′ ∩ ((L1 + L2) ⊗R) = L1 + L2, say
a− b = n1 + n2 with ni ∈ Li; then a− n1 = b + n2 ∈ (L1 ∩ L2)⊗R, so a represents a point of TL1∩L2 .)

Lemma 7.7 (The positive part and the honeycomb). Polar-decompose the constant twist: c0
λ̄
= uλ̄aλ̄ with

uλ̄ = exp(2πi Re(C0λ̄)) ∈ Tf and aλ̄ = |c0
λ̄
| = exp(R0λ̄) ∈ (R>0)2, R0 := R(0), and put

Ψ+
λ̄

:= (aλ̄, 1) ·Φλ̄, Γ+ := {Ψ+
λ̄
}.

Let 0 < η ≤ η0. Then:

(i) for ϕ ∈ Tc, q ∈ Y≥0,
Ψ0

λ̄(ϕ · q) =
(
uλ̄ φλ̄(ϕ)

)
·
(
Ψ+

λ̄
q
)
, φλ̄(ϕ) := Φλ̄ϕΦ−1

λ̄
∈ Tc, (7.2)

where, in the coordinates (ϕ, θ) ∈ Tf × S1 of Tc,

φλ̄(ϕ, θ) = (ϕ θB0λ̄, θ); (7.3)
in particular φλ̄|Tf = id (the level θ = 1);

(ii) Γ+ preserves Y≥0 and acts freely and properly discontinuously on Yε; the quotient Yε/Γ+ is the
complex manifold N0 of Theorem 4.5 for the constant twist C+ := (2πi)−1R0 (same R), and the
induced map Yε/Γ+ → ∆ε is proper (Theorem 4.5(c)); in particular Y≤η/Γ+ is compact for η < ε. It
acts on the positive slice St1 := {|t| = t1} ∩Y≥0 ∼= R2

y (0 < t1 ≤ η) by the translations y 7→ y + B+
t1

λ̄,
B+

t1
:= B0 + R0/ log t1, and on Y0 cellularly, Ψ+

λ̄
(Ev)≥0 = (Ev+B0λ̄)≥0;

(iii) (Y≤η)≥0 is a contractible topological 3-manifold with boundary (Y0)≥0 ⊔ {|t| = η}>0, with interior
{0 < |t| < η}>0 ∼= R2

y × (0, η) via p 7→ (y(p), |t(p)|);

(iv) there is a Γ+-equivariant homeomorphism
ϑ : R2 −→ (Y0)≥0 (source action y 7→ y + B0λ̄)

with ϑ(Hv) = (Ev)≥0, ϑ(Hv ∩ Hv′) = (Ev ∩ Ev′)≥0 and ϑ(vertex dual to σ) = Oσ̂, where H is the
honeycomb dual to TA2 (hexagon Hv centred at v ∈ Z2); in particular (Y0)≥0 ∼= R2 is contractible.

Proof. (i) Since Φλ̄ is a toric automorphism it normalises Tc, whence (7.2); φλ̄ is induced by the unipotent
lattice map (y, y3) 7→ (y + y3B0λ̄, y3), which is (7.3).
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(ii) Thus Γ+ preserves Y≥0; it is the action of Theorem 4.5 for the constant twist C+ := (2πi)−1R0 (which
has the same R at t = 0, and ∥R0∥ ≤ ∥R∥∞, so that the hypotheses of that Theorem hold on Yε), hence free
and properly discontinuous by Theorem 4.5(b), the quotient Yε/Γ+ being the complex manifold N0 of that
Theorem for the twist C+, with proper induced map Yε/Γ+ → ∆ε by Theorem 4.5(c); in particular Y≤η/Γ+

is compact for η < ε. The formulas on St1 and on Y0 are those of Lemma 4.3.
(iii) In a chart (Y≤η)≥0 is {r ∈ [0, ∞)3 : r0r1r2 ≤ η}; near a triple point all ri are small and the local

model is [0, ∞)3 ∼= R2 × [0, ∞); near an interior point of a double arc exactly two of the ri vanish, and the
local model is [0, ∞)2 × (0, ∞) ∼= R2 × [0, ∞); near an interior point of some (Ev)≥0 exactly one ri vanishes,
giving [0, ∞)× (0, ∞)2; and near {|t| = η} all ri > 0 and d(r0r1r2) ̸= 0. Its boundary is (Y0)≥0 ⊔ {|t| = η}>0
and its interior is {0 < |t| < η}>0 ∼= R2

y × (0, η) via p 7→ (y(p), |t(p)|). By the collar theorem [Bro62] the
inclusion int(Y≤η)≥0 ↪→ (Y≤η)≥0 is a homotopy equivalence, so (Y≤η)≥0 is contractible.

(iv) First, (Y0)≥0 =
⋃

v(Ev)≥0, and (Ev)≥0, the non-negative real part of the smooth projective toric
surface Ev ∼= dP6, is homeomorphic to its moment hexagon [Ful93, §4.1]: the moment map of Ev restricts
to a homeomorphism of (Ev)≥0 onto the moment polygon, carrying the non-negative part of each orbit
closure onto the corresponding face; concretely, a closed disc whose boundary is a cycle of six arcs
(Ev ∩ Ev′)≥0 ∼= [0, ∞], v′ running through the six neighbours of v, consecutive arcs meeting at the Tc-fixed
points Oσ̂, σ ∋ v. By Lemma 4.2, (Ev)≥0 ∩ (Ev′)≥0 = (Ev ∩ Ev′)≥0 when v′ − v is an edge direction of
TA2 and is empty otherwise. Thus the closed cells (Ev)≥0, (Ev ∩ Ev′)≥0, Oσ̂ have exactly the incidences of
the hexagons, edges and vertices of the honeycomb H dual to TA2 (hexagon Hv centred at v ∈ Z2, edge
Hv ∩ Hv′ dual to the triangulation edge {v, v′}, vertex dual to the triangle σ).

We construct ϑ by skeleta of H, each step being made on representatives of the (free) Γ+-action on cells
and propagated equivariantly.

Vertices. Γ+ permutes the vertices of H freely, with two orbits, dual to the two triangles of TA2 /Λtor. The
assignment ϑ(vertex dual to σ) := Oσ̂ is forced, and it is equivariant because Ψ+

λ̄
Oσ̂ = O

σ̂+B0λ̄
(Lemma 4.3).

Edges. Γ+ permutes the edges of H freely, with three orbits, represented by the three edges Av′ of
∂H0 dual to v′ ∈ {e1, e2, e1 − e2}. On each Av′ choose a homeomorphism onto the arc (E0 ∩ Ev′)≥0 ∼= [0, 1]
restricting at the two endpoints of Av′ to the two values already fixed (possible, those endpoints being dual
to the two triangles containing the edge {0, v′}, and their prescribed images the two Tc-fixed points of that
arc), and propagate by

ϑ|Ψ+
λ̄

Av′
:= Ψ+

λ̄
◦ ϑ|Av′

◦ ( · − B0λ̄).

In particular the three remaining edges of ∂H0, namely A−v′ = Av′ − v′, receive ϑ|A−v′
= (Ψ+

λ̄
)−1 ◦ ϑ|Av′

◦
( ·+ v′) where B0λ̄ = v′ (note (Ψ+

λ̄
)−1(E0 ∩ Ev′) = E−v′ ∩ E0). Since the vertex map of the previous step

is equivariant, each of the six edge maps so obtained takes at each of its two endpoints exactly the
prescribed vertex value; hence they agree at the six vertices of ∂H0 and assemble into a homeomorphism
∂H0 → ∂(E0)≥0 of circles.

2-cells. Γ+ permutes the closed hexagons freely and transitively (B0 being unimodular), with repre-
sentative H0. The above homeomorphism of circles extends to a homeomorphism ϑ|H0

: H0 → (E0)≥0 of
the closed discs (Schoenflies/Alexander); put ϑ|Hv

:= Ψ+
λ̄
◦ ϑ|H0

◦ ( · − v) for B0λ̄ = v. On an edge shared
by two closed hexagons the two resulting definitions agree, because each of them is, by construction, the
equivariant propagation of the map chosen on the corresponding edge representative Av′ . Since the closed
hexagons form a locally finite closed cover of R2 and the map is continuous on each of them, the resulting
map ϑ is well defined and continuous. It is bijective, because it carries the open hexagons, the open edges
and the vertices bijectively onto the pairwise disjoint strata (Ov̂)>0, (O{̂v,v′})>0, Oσ̂, whose union is (Y0)≥0.

It is proper: a compact K ⊂ (Y0)≥0 meets only finitely many (Ev)≥0 — the family {Ev} is locally finite in Y,
since Ev ⊂

⋃
σ∋v Uσ and each chart Uσ meets only the three Ev attached to the vertices of σ — so ϑ−1(K) is a

closed subset of a finite union of compact hexagons, hence compact. A continuous proper bijection between
locally compact Hausdorff spaces is a homeomorphism; thus ϑ is a Γ+-equivariant homeomorphism. In
particular (Y0)≥0 ∼= R2 is contractible.
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Lemma 7.8 (Retracting the positive quotient). Let 0 < η ≤ η0 and put
Q+ := (Y≤η)≥0/Γ+, H := (Y0)≥0/Γ+ ⊂ Q+.

Then Q+ is a compact topological 3-manifold with boundary H ⊔ T2
η , where T2

η := {|t| = η}≥0/Γ+ ∼=
R2

y/B+
η Λ is a 2-torus (Γ+ acts on the slice by y 7→ y + B+

η λ̄, Lemma 7.7(ii), and B+
η ∈ GL2(R), Lemma 7.5),

the boundary component H is a 2-torus, and there exists
P̄ : Q+ × [0, 1]→ Q+, P̄0 = id, P̄s|H = id, P̄1(Q+) = H.

Proof. The action of Γ+ on (Y≤η)≥0 is free and properly discontinuous, being the restriction to the closed
invariant subset (Y≤η)≥0 ⊂ Yε of the free properly discontinuous action of Theorem 4.5 for the data (B0, C+)
(Lemma 7.7(ii)); and it preserves the boundary (Y0)≥0 ⊔ {|t| = η}>0 of the manifold-with-boundary
(Y≤η)≥0 (Lemma 7.7(iii)), since it preserves Y0 and the function |t|. Hence Q+ is a topological 3-manifold
with boundary H ⊔ T2

η . It is compact: A := (Y≤η)≥0 is closed and Γ+-invariant, i.e. saturated for the
open quotient map q : Y≤η → Y≤η/Γ+; hence q(A) is closed (its complement is the image of the invariant
open set Y≤η \ A), so compact, Y≤η/Γ+ being compact (Lemma 7.7(ii)); and the restriction of a quotient
map to a saturated closed subset is a quotient map onto its image, so Q+ = A/Γ+ ∼= q(A). Its universal
cover (Y≤η)≥0 is contractible (Lemma 7.7(iii)); and H ∼= R2/B0Λ (via ϑ, Lemma 7.7(iv)) is a 2-torus with
contractible universal cover (Y0)≥0. Thus Q+ and H are both K(Z2, 1)’s, and the inclusion H ↪→ Q+, being
covered by the Γ+-equivariant inclusion of the two contractible covers, induces the identity of Γ+ on π1
and isomorphisms on all πk. Compact manifolds are ANRs, hence of CW homotopy type, so H ↪→ Q+ is
a homotopy equivalence (Whitehead, [Hat02, Thm. 4.5]). As H is a boundary component of the compact
manifold-with-boundary Q+ it has a collar [Bro62], so the inclusion is a cofibration, and a homotopy
equivalence which is a cofibration is the inclusion of a strong deformation retract [Hat02, Prop. 0.19,
Cor. 0.20]: such a P̄ exists.

Lemma 7.9 (Spreading by phases). Let 0 < η ≤ η0 and let P : (Y≤η)≥0 × [0, 1] → (Y≤η)≥0 be continuous
with

(P1) P0 = id;

(P2) Ps|(Y0)≥0
= id for all s;

(P3) P1
(
(Y≤η)≥0

)
⊂ (Y0)≥0;

(P4) every Ps is Γ+-equivariant.

Then
Rs(ϕ · q) := ϕ · Ps(q) (ϕ ∈ Tc, q ∈ (Y≤η)≥0)

is a well-defined, continuous, Γ0- and Tc-equivariant strong deformation retraction of Y≤η onto Y0; con-
sequently (Lemma 7.5) G−1RsG is a Γ- and Tf -equivariant strong deformation retraction of Y≤η onto Y0,
which descends to a strong deformation retraction rs of N′0 onto W. Moreover such a P exists: the lift of the
retraction P̄ of Lemma 7.8 through the universal covering (Y≤η)≥0 → Q+ with P0 = id satisfies (P1)–(P4).

Proof. Existence. Lift P̄ through the universal covering (Y≤η)≥0 → Q+ to the unique homotopy Ps with
P0 = id. By uniqueness of lifts, Ps is Γ+-equivariant, Ps|(Y0)≥0

= id, and P1 is a retraction onto (Y0)≥0; i.e.
(P1)–(P4) hold.

The construction. Let now P satisfy (P1)–(P4). Then Rs is well defined: if ϕ · q = ϕ′ · q then ϕ−1ϕ′ ∈
StabTc(q) (Lemma 7.6(ii)), and either q lies in the interior, where the stabiliser is trivial, or q ∈ ∂; on
{|t| = η}>0 the stabiliser is again trivial, and on (Y0)≥0 we have Ps(q) = q by (P2), so ϕ · Ps(q) = ϕ′ · Ps(q).
It is continuous because Rs ◦m = m ◦ (id× Ps) and m× id[0,1] is a quotient map (m is closed by Lemma 7.6(i)
and [0, 1] is compact; the product of a closed quotient map with the identity of a locally compact space is
again a quotient map). By construction R commutes with Tc, and by (7.2)

Rs
(
Ψ0

λ̄(ϕ · q)
)
= Rs

(
uλ̄ φλ̄(ϕ) ·Ψ+

λ̄
q
)
= uλ̄ φλ̄(ϕ) ·Ψ+

λ̄
Ps(q) = Ψ0

λ̄

(
Rs(ϕ · q)

)
,
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using (P4). Finally R0 = id by (P1), Rs|Y0 = id by (P2) (as Y0 = Tc · (Y0)≥0) and R1(Y≤η) ⊂ Tc · (Y0)≥0 = Y0
by (P3). So R is a Γ0- and Tc-equivariant strong deformation retraction of Y≤η onto Y0, and the last assertion
is the final clause of Lemma 7.5.

Lemma 7.10 (The collapse on the fixed fibre). Let 0 < η ≤ η0, fix t0 with 0 < |t0| ≤ η and put
ρ0 := |t0|, S := Sρ0 , Yt0 := {t = t0}, F := f−1(t0) = π(Yt0),

π : Y≤η → N′0 = Y≤η/Γ being the quotient map. Let ℓt0 : R2 → R2, y 7→ B0(B+
ρ0
)−1y, and let c̃ : Yt0 → Y0,

cϑ : F0
t0

:= Yt0 /Γ0 →W be as defined in the proof below. Let P satisfy (P1)–(P4) of Lemma 7.9 and let rs be
the resulting strong deformation retraction of N′0 onto W. Then:

(i) there is a splitting F0
t0
∼= TB × Tf , TB := S/Γ+, under which cϑ collapses Tf to a triple point of W over

each vertex of Θ = H/B0Λ, collapses S1
nk

over the interior of ek onto the double curve C̄k
∼= P1, and

is injective over TB \Θ, where it is onto W \D;

(ii) there is a homotopy P′ again satisfying (P1)–(P4) and with P′1|S = ϑ ◦ ℓt0 ◦ y; for the corresponding
strong deformation retraction r′s of N′0 onto W furnished by Lemma 7.9 and for r := r′1 one has

r|F = cϑ ◦ Ḡ,
where Ḡ : F → F0

t0
, Ḡ(πp) = π0(Gp), is the homeomorphism of tori induced by G, the identity on

the Λ-markings;

(iii) for every t with 0 < |t| ≤ η, the same construction carried out at the level |t| gives

r| f−1(t) ≃ c(t)ϑ ◦ Ḡt

as maps to W, where Ḡt : f−1(t)→ F0
t := Yt/Γ0 is the level-|t| analogue of Ḡ, with c(t)ϑ : F0

t →W the
map of the same shape as in (i), built at level |t|.

Proof. Write elements of Tc as (ϕ, θ), ϕ ∈ Tf , θ ∈ S1, and put θ0 := ei arg t0 . Then

Yt0 = {t = t0} = (Tf , arg t0) · S ∼= Tf ×R2
y,

the stabilisers of points of S being trivial. The map ℓt0 : y 7→ ỹ := B0(B+
|t0|)
−1y is a linear isomorphism

intertwining the Γ+-action y 7→ y + B+
|t0|λ̄ on S with the action ỹ 7→ ỹ + B0λ̄ on the source of ϑ. Define

c̃ : Yt0 → Y0, c̃
(
(ϕ, arg t0) · q

)
:= (ϕ, arg t0) · ϑ

(
ℓt0(y(q))

)
(ϕ ∈ Tf , q ∈ S).

As in Lemma 7.9 this is well defined — every point of S (indeed of (Y≤η)>0) has trivial Tc-stabiliser,
so no compatibility condition arises — and continuous (by the quotient map m), Tf -equivariant, and
Γ0-equivariant (by the one-line computation of Lemma 7.9 with Ps replaced by the Γ+-equivariant map
ϑ ◦ ℓt0 ◦ y, using (7.2)); it therefore descends to

cϑ : F0
t0
= Yt0 /Γ0 −→W.

Cell description; proof of (i). By Lemma 7.6, two points (ϕ, y), (ϕ′, y) of Yt0
∼= Tf ×R2 have the same

image iff ϕ−1ϕ′ ∈ StabTc(ϑ(ỹ))∩ Tf , which is given by (7.1). Hence: over the open hexagon H◦v the map c̃ is
injective, with image (Tf , arg t0) · (Ov̂)>0, and this is all of the open orbit Ov̂ ∼= (C∗)2 of Ev: every point of Ov̂

has stabiliser Tv̂ = S1
(v,1) and Tc = Tf · Tv̂ (because Λtor + Z(v, 1) = N′), so Ov̂ = Tc · (Ov̂)>0 = Tf · (Ov̂)>0.

Over the interior of the honeycomb edge dual to the triangulation edge {v, v′} exactly the circle S1
v′−v ⊂ Tf

is collapsed, the image being the 1-dimensional orbit whose closure is the curve Ev ∩ Ev′
∼= P1; over a

honeycomb vertex all of Tf is collapsed to the triple point Oσ̂.
Passing to the quotient by Γ0: the slice torus is TB := S/Γ+ ∼= R2

ỹ/B0Λ = (Λtor ⊗R)/Λtor, on which
the honeycomb descends to the graph Θ = H/B0Λ with two vertices (the two triangles of TA2 /Z2) and
three edges e1, e2, e3, the edge ek being dual to the triangulation edge of direction nk, i.e. n1 = ŵ, n2 = δ̂− ŵ,
n3 = −δ̂ with ŵ↔ e1, δ̂↔ e2. On the Tf -factor Γ0 acts by phases only: by (7.2) and (7.3), Ψ0

λ̄
multiplies the

Tc-coordinate by uλ̄ φλ̄(ϕ, θ), and since all points of Yt0 are written (ϕ, arg t0) · q, the relevant level is θ = θ0,
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at which the Tf -component of the action is multiplication by

uλ̄ θB0λ̄
0 = exp

(
2πi Kt0 λ̄

)
, Kt0 := Re(C0) +

arg t0
2π B0

(φλ̄|Tf = id only at θ = 1; the element θB0λ̄
0 is well defined because B0λ̄ ∈ Λtor is integral, so the choice of

arg t0 is immaterial). Thus the Γ0-action on Yt0
∼= Tf ×R2

y is

λ̄ · (ϕ, y) =
(
ϕ e2πiKt0 λ̄, y + B+

|t0|λ̄
)
.

Since λ̄ 7→ Kt0 λ̄ is R-linear, the map
Ξ(ϕ, y) :=

(
ϕ · exp(−2πi Kt0(B+

|t0|)
−1y), y

)
conjugates the Γ0-action to the product action (ϕ, y) 7→ (ϕ, y + B+

|t0|λ̄): indeed, writing K := Kt0 , B+ := B+
|t0|,

Ξ
(
λ̄ · (ϕ, y)

)
=
(
ϕ e2πiKλ̄ e−2πiK(B+)−1y e−2πiKλ̄, y + B+λ̄

)
= λ̄ ·prod Ξ(ϕ, y).

This yields the splitting F0
t0
∼= TB × Tf of the Proposition; Ξ alters ϕ by a translation depending on y only,

so the above cell description descends verbatim. Thus cϑ collapses Tf over each vertex of Θ to a triple point
of W, collapses S1

nk
over the interior of ek onto the double curve C̄k

∼= P1, and is injective over TB \Θ, where
it is onto W \D. This is (i).

Two coordinate facts and an interpolation lemma. We first record two coordinate facts, both contained in
Lemma 7.7, and an elementary interpolation lemma. Write

(Y≤η)>0 := (Y≤η)≥0 \ (Y0)≥0.
(F1) The map κ : q 7→ (y(q), |t(q)|) is a homeomorphism of (Y≤η)>0 onto R2 × (0, η], in which

Ψ+
λ̄
(y, ρ) = (y + B+

ρ λ̄, ρ) with B+
ρ = B0 + R0/ log ρ, and S = κ−1(R2 × {ρ0}).

(F2) ϑ : R2 → (Y0)≥0 is a homeomorphism with ϑ(ỹ + B0λ̄) = Ψ+
λ̄

ϑ(ỹ). Consequently, for a Γ+-
invariant subset U ⊂ (Y≤η)≥0, a continuous map a : U → (Y0)≥0 is Γ+-equivariant if and only if
â := ϑ−1 ◦ a : U → R2 satisfies

â
(
Ψ+

λ̄
q
)
= â(q) + B0λ̄ (λ̄ ∈ Λ). (7.4)

Setting ℓρ(y) := B0(B+
ρ )
−1y (so that ℓρ0 = ℓt0), one has ℓρ(y + B+

ρ λ̄) = ℓρ(y) + B0λ̄; hence q 7→ ℓ|t(q)|(y(q))
is a continuous map (Y≤η)>0 → R2 satisfying (7.4), the map ρ 7→ B+

ρ being continuous on (0, η] with values
in GL2(R) (Lemma 7.5).

Interpolation lemma. If â, b̂ : U → R2 are continuous and satisfy (7.4), and w : U → [0, 1] is continuous
and Γ+-invariant, then ĥ := (1− w)â + wb̂ is continuous and satisfies (7.4); hence h := ϑ ◦ ĥ : U → (Y0)≥0
is continuous and Γ+-equivariant. Indeed

ĥ
(
Ψ+

λ̄
q
)
= (1− w(q))

(
â(q) + B0λ̄

)
+ w(q)

(
b̂(q) + B0λ̄

)
= ĥ(q) + B0λ̄.

(In words: ϑ conjugates Γ+ to a group of translations of R2, and affine combinations of translation-
equivariant maps are translation-equivariant.)

The homotopy. On U = S take â := ϑ−1 ◦ P1|S — continuous and satisfying (7.4), since P1 is Γ+-equivariant
with values in (Y0)≥0 by (P3), (P4) — and b̂ := ℓρ0 ◦ y, and put, for u ∈ [0, 1],

hu := ϑ ◦
(
(1− u) ϑ−1P1|S + u ℓρ0 ◦ y

)
: S −→ (Y0)≥0. (7.5)

By the interpolation lemma (constant weight w ≡ u) every hu is Γ+-equivariant; (u, q) 7→ hu(q) is
continuous; and

h0 = P1|S, h1 = ϑ ◦ ℓt0 ◦ y.
Then Hu

(
(ϕ, arg t0) · q

)
:= (ϕ, arg t0) · hu(q) (ϕ ∈ Tf , q ∈ S) is well defined (points of S have trivial

stabiliser), continuous (via the quotient map m), Tf - and Γ0-equivariant (by (7.2) and the Γ+-equivariance of
hu), and is a homotopy from R1|Yt0

to c̃ through maps Yt0 → Y0; descending modulo Γ0, the map F0
t0
→W

induced by R1|Yt0
is homotopic to cϑ (the Hu being Γ0-equivariant and Y0/Γ0 = W).

The explicit modification: equality for the fixed t0. We modify the given P itself, on a band of positive torus
points around S. Fix δ with 0 < δ < ρ0/2 and let

χ(ρ) := max
(
0, 1− |ρ− ρ0|/δ

)
(0 < ρ ≤ η),
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a tent function defined on (0, η] (one-sided if ρ0 = η, which is all that is needed), so that χ(ρ0) = 1
and χ(ρ) = 0 for |ρ− ρ0| ≥ δ; explicitly χ ≡ 0 on (0, ρ0 − δ], so that the function w below extends by 0
continuously to (Y0)≥0 (i.e. as t→ 0). Put

Uδ := κ−1
(

R2 ×
(
(ρ0 − δ, ρ0 + δ) ∩ (0, η]

))
⊂ (Y≤η)>0,

an open Γ+-invariant set containing S and disjoint from (Y0)≥0 (on it |t| > ρ0/2), and let
w(q) := χ(|t(q)|)

(
q ∈ (Y≤η)>0

)
, w := 0 on (Y0)≥0 :

a continuous, Γ+-invariant function on (Y≤η)≥0 (the maps Ψ+
λ̄

preserve t), equal to 1 on S and to 0 outside
Uδ. Define K : (Y≤η)≥0 × [0, 1]→ (Y0)≥0 by

Ku(q) :=

ϑ
((

1− u w(q)
)

ϑ−1(P1(q)
)
+ u w(q) ℓ|t(q)|

(
y(q)

))
, q ∈ Uδ,

P1(q), q /∈ Uδ.
(7.6)

This is well defined and continuous. Indeed, the first-line formula is defined and continuous on all of the
open set (Y≤η)>0 — there ϑ−1P1 and q 7→ ℓ|t(q)|(y(q)) are continuous R2-valued maps by (F1), (F2), and w
is continuous — and it equals P1 wherever w = 0, in particular on (Y≤η)>0 \Uδ. Together with the open set
{|t| < ρ0− δ} ⊃ (Y0)≥0, on which the second line gives Ku = P1, this is an open cover of (Y≤η)≥0 on whose
overlap the two formulas agree; hence K is well defined and continuous. (Equivalently: w vanishes on
{
∣∣|t| − ρ0

∣∣ ≥ δ} ⊃ ∂Uδ, and the closure Uδ lies in {|t| ≥ ρ0 − δ} ⊂ (Y≤η)>0, so that the first-line formula is
defined on Uδ; hence K is continuous by pasting along the closed cover Uδ ∪

(
(Y≤η)≥0 \Uδ

)
.) Its properties

are:

(K1) K0 = P1 (put u = 0);

(K2) Ku|(Y0)≥0
= P1|(Y0)≥0

= id for all u, since (Y0)≥0 ∩Uδ = ∅;

(K3) Ku takes values in (Y0)≥0, so each Ku is a retraction of (Y≤η)≥0 onto (Y0)≥0;

(K4) each Ku is Γ+-equivariant: outside Uδ it is P1, and on Uδ this is the interpolation lemma applied with
â = ϑ−1P1, b̂ = ℓ|t| ◦ y and the Γ+-invariant weight u w;

(K5) K1|S = ϑ ◦ ℓρ0 ◦ y = ϑ ◦ ℓt0 ◦ y, because w ≡ 1 on S.

Now put

P′s :=

{
P2s, 0 ≤ s ≤ 1

2 ,

K2s−1, 1
2 ≤ s ≤ 1,

continuous since P1 = K0 at s = 1
2 . Then P′0 = id, i.e. (P1); P′s |(Y0)≥0

= id for all s, i.e. (P2) ((P2) for P when
s ≤ 1

2 , (K2) when s ≥ 1
2 ); P′1 = K1 maps (Y≤η)≥0 into (Y0)≥0 by (K3), i.e. (P3); every P′s is Γ+-equivariant by

(P4) and (K4), i.e. (P4); and, by (K5),
P′1|S = ϑ ◦ ℓt0 ◦ y. (7.7)

Thus P′ again satisfies (P1)–(P4); what has been changed is only the end map P1, only on the band
Uδ = {

∣∣|t| − ρ0
∣∣ < δ} around S, a set disjoint from (Y0)≥0, and only by the straight-line homotopy in the

ϑ-chart R2 ∼= (Y0)≥0, damped by the bump χ(|t|).
Applying Lemma 7.9 to P′. Since P′ satisfies (P1)–(P4), Lemma 7.9 applies to it verbatim and yields a Γ0-

and Tc-equivariant strong deformation retraction
R′s(ϕ · q) := ϕ · P′s(q) (ϕ ∈ Tc, q ∈ (Y≤η)≥0)

of Y≤η onto Y0, and a strong deformation retraction r′s of N′0 onto W induced by G−1R′sG; the descent is
continuous because the quotient map Y≤η × [0, 1]→ N′0 × [0, 1] is again a quotient map, being the product
of the quotient map Y≤η → N′0 — which is open, Γ acting properly discontinuously, so that the orbit map
is open — with the identity of the locally compact space [0, 1]. Put r := r′1.
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Equality on Yt0 . Every point of Yt0 is p = (ϕ, arg t0) · q with ϕ ∈ Tf , q ∈ S. Hence, by the definition of R′,
by (7.7) and by the definition of c̃,

R′1(p) = (ϕ, arg t0) · P′1(q) = (ϕ, arg t0) · ϑ
(
ℓt0(y(q))

)
= c̃(p), (7.8)

i.e. R′1|Yt0
= c̃ exactly.

Equality on F; proof of (ii). Let π : Y≤η → N′0 = Y≤η/Γ and π0 : Y≤η → Y≤η/Γ0 be the quotient maps,
so that F = π(Yt0) and F0

t0
= π0(Yt0); on W = π(Y0) = π0(Y0) the two agree, and G = id there. Since G

preserves Yt0 and satisfies GΨλ̄ = Ψ0
λ̄

G (Lemma 7.5(b)), it induces a homeomorphism

Ḡ : F→ F0
t0

, Ḡ(πp) = π0(Gp),

of tori, the identity on the Λ-markings (Lemma 7.5(c)). By definition r(πp) = π
(
G−1R′1G(p)

)
. For p ∈ Yt0

we have G(p) ∈ Yt0 , hence R′1G(p) = c̃(Gp) ∈ Y0 by (7.8), and G−1 is the identity on Y0; therefore
r(πp) = π

(
c̃(Gp)

)
= π0(c̃(Gp)

)
= cϑ

(
π0(Gp)

)
= cϑ

(
Ḡ(πp)

)
,

using π|Y0 = π0|Y0 and the definition of cϑ as the map induced by c̃. That is, r|F = cϑ ◦ Ḡ, which is (ii).
Other levels; proof of (iii). The above can be arranged for one level |t0| at a time, or for any finite set

of levels simultaneously by using disjoint bands Uδ; but not for all levels at once, since ϑ ◦ ℓ|t| ◦ y has
no continuous extension by the identity over (Y0)≥0 (near the interior of (Ev)≥0 one has y→ v), and the
Proposition accordingly fixes t0. For any other t with 0 < |t| ≤ η, the homotopy (7.5), built at the level |t|
with P′ in place of P (legitimate since P′ satisfies (P1)–(P4)), shows that r| f−1(t) is homotopic to c(t)ϑ ◦ Ḡt,

where c(t)ϑ : F0
t → W and Ḡt : f−1(t) → F0

t are defined as cϑ, Ḡ with |t| in place of ρ0; this is what the
applications below, all homological, require.

Proof of Proposition 7.2. Let η0 be the constant of Lemma 7.5, let 0 < η ≤ η0 and fix t0 with 0 < |t0| ≤ η; put
F = f−1(t0).

By Lemmas 7.7 and 7.8 the quotient Q+ admits a strong deformation retraction P̄ onto H; by Lemma 7.9
its lift P satisfies (P1)–(P4) and produces a Γ0- and Tc-equivariant strong deformation retraction R of Y≤η

onto Y0, whence, by Lemma 7.5, a {Ψλ̄}- and Tf -equivariant strong deformation retraction G−1RsG of
Y≤η onto Y0 descending to a strong deformation retraction of N′0 onto W. This is the first assertion of the
Proposition (and re-proves Lemma 7.3(i)).

Apply now Lemma 7.10 to this P: part (ii) produces a modified P′, again satisfying (P1)–(P4), hence
again — by Lemma 7.9 and Lemma 7.5 — a {Ψλ̄}- and Tf -equivariant strong deformation retraction of Y≤η

onto Y0 descending to a strong deformation retraction r′s of N′0 onto W, and the retraction r := r′1 satisfies
r|F = cϑ ◦ Ḡ. By Lemma 7.10(i) (whose ingredients are the stabiliser computation (7.1) of Lemma 7.6 and
the honeycomb homeomorphism ϑ of Lemma 7.7) the map cϑ, read in the splitting F0

t0
∼= TB × Tf , collapses

Tf over each vertex of Θ, collapses S1
nk

over the interior of ek onto C̄k and is injective over TB \Θ; since Ḡ is
an isomorphism of tori which is the identity on the Λ-markings, the composite c = r|F = cϑ ◦ Ḡ has exactly
the description stated in the Proposition. Finally, the last assertion of the Proposition is Lemma 7.10(iii).

7.3 The homology of W and the specialisation maps

Proposition 7.11. H∗(W) = (Z, Z2, Z4, Z2, Z), torsion free, with H2(W) = ⟨[C̄1], [C̄2], [C̄3], [TB]⟩, TB :=
c(TB × {pt}). Moreover π1(W) ∼= Z2 and e(W) = 2.

Proof. Let ν : dP6 → W be the normalisation (§4); D = C̄1 ∪ C̄2 ∪ C̄3, three copies of P1 meeting pairwise
exactly at P, Q, so H∗(D) = (Z, Z2, Z3, 0, 0) and e(D) = 2.

Let ∂ ⊂ dP6 be the hexagonal cycle of six (−1)-curves C1, . . . , C6. It is nodal (six nodes), hence not a
submanifold, and we use instead a regular (plumbing) neighbourhood N of ∂ in dP6: the plumbing of six disc
bundles according to the hexagonal cycle, a compact 4-manifold with boundary which deformation retracts
onto ∂ and whose interior is an open neighbourhood of ∂. Any such N will do: since ν is injective off ∂,
and the identifications Ci → Ci+3 by which ν glues the six curves in opposite pairs take place inside ∂ ⊂ N ,
the set N is ν-saturated, and a strong deformation retraction of N onto ∂ fixing ∂ pointwise is compatible
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with those identifications; hence both N and the retraction descend under ν. Put
P0 := dP6 \ intN ,

a compact oriented 4-manifold with boundary. Now ν identifies dP6 \ ∂ ∼= W \D ∼= (C∗)2 and restricts
to a homeomorphism of P0 onto W \ intNW , where NW := ν(N ) is, by the preceding remark, a regular
neighbourhood of D in W deformation retracting onto D; moreover P0 ↪→ dP6 \ ∂ is a deformation retract,
so P0 ≃ (C∗)2 ≃ T2.

We compare the pairs homologically, by homotopy equivalence and excision. Since D ↪→ NW is a
deformation retract, the five lemma gives Hk(W,D) ∼= Hk(W,NW); excising the interior of a smaller regular
neighbourhood N ′W ⊂ intNW of D gives

Hk(W,NW) ∼= Hk
(
W \ intN ′W , NW \ intN ′W

) ∼= Hk(P0, ∂P0),
the last isomorphism because the collar between the two neighbourhoods deformation retracts the pair
onto (P0, ∂P0). Hence

Hk(W,D) ∼= Hk(P0, ∂P0) ∼= H4−k(P0) = H4−k((C∗)2) = Z, Z2, Z, 0
for k = 4, 3, 2 and k ≤ 1, the middle isomorphism being Lefschetz duality for the manifold with boundary
P0. Thus (W,D) has one relative 2-cell, two relative 3-cells and one relative 4-cell, dual to the cells of T2.

Both boundary maps of the pair vanish, because the generators of Hk(W,D) lift to absolute cycles.
Indeed, by Proposition 7.2, TB = c(TB × {pt}) meets W \ D in (TB \ Θ) × {pt}, which represents the
generator of H2(W,D) ∼= H2(P0): under the Lefschetz duality H2(P0, ∂P0) ∼= H2(P0) the pairing with
H2(P0) ∼= H2(T2) = Z is the intersection pairing, the generator of H2(P0) is the compact torus Tf ⊂W \D ∼=
(C∗)2, and in (C∗)2 ∼= (TB \ Θ) × Tf the "Log-section” (TB \ Θ) × {pt} meets the level torus {y = y0}
transversally in one point, so the intersection number is ±1; as the pairing H2(P0, ∂P0)× H2(P0) → Z

is perfect between free groups of rank 1, a class pairing to ±1 is a generator. Likewise the two 3-cycles
c(TB × S1

ŵ), c(TB × S1
δ̂
) meet W \ D in the relative cycles (TB \ Θ) × S1

ν (ν = ŵ, δ̂), whose intersection
numbers with the circles {y0} × S1

µ generating H1(P0) = H1(Tf ) are ±det(ν, µ), a unimodular matrix; so
they represent a basis of H3(W,D) ∼= H1(P0) = H1(T2). Hence

H1(W) ∼= H1(D) = Z2, 0→ H2(D)→ H2(W)→ Z→ 0,

H3(W) ∼= Z2, H4(W) = Z,
all extensions being of free groups, which gives the stated groups and generators.

Finally π1(W) ∼= π1(N′0) = Λ. By Lemma 7.3(i) the inclusion W ↪→ N′0 is a deformation retract, and
the computation of π1 in Lemma 7.4 is stated for N0, so we argue with N′0 directly: N′0 = Y≤η/Γ is a free
properly discontinuous quotient, and its covering space Y≤η is simply connected, as follows. By Lemma 7.9
the inclusion Y0 ↪→ Y≤η′ is that of a strong deformation retract for every 0 < η′ ≤ η0. Shrinking ε so that
ε ≤ η0 (this leaves N′0, W and the statement unchanged, and Corollary 4.8 holds for every ε), we may
write Yε =

⋃
η′<ε Y≤η′ as an increasing union of closed subspaces, each containing Y0 and retracting onto

it; consequently each inclusion Y≤η′ ↪→ Y≤η′′ (η
′ ≤ η′′) induces an isomorphism on π1, both composites

with Y0 ↪→ (·) being isomorphisms. Since π1 commutes with such increasing unions, the inclusions induce
isomorphisms

π1(Y≤η) ∼= π1(Y0) ∼= π1(Yε) = 1
by Corollary 4.8. (Equivalently, N′0 ↪→ N0 is a homotopy equivalence and one may quote Lemma 7.4.) And
e(W) = e(dP6)− e(∂) + e(D) = 6− 6 + 2 = 2.

Proposition 7.12. For every q the map c∗ : Hq(F) → Hq(W) is surjective with kernel (
∧q M0 − I)

∧q Λ;
dually

spq := c∗ : Hq(W) −→ Hq(F) =
∧q V

is injective with image (
∧q V)T0 . Explicitly

VT0 = ⟨γ, u⟩, (
∧3 V)T0 = ⟨γuw, γuδ⟩,

(
∧2 V)T0 = ⟨γu, γδ, uw, γw− uδ⟩,

and sp2(T∨B) = γ ∧ u, sp2(C̄∨k ) = ±
(
b2

k γδ− a2
k uw + akbk(γw− uδ)

)
, where νk := det(nk, ·) = (ak, bk) in
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the basis (w, δ) of Λ∨tor. In degree 2 the two factors of the splitting F0
t0
∼= TB × Tf of Proposition 7.2 have

H1(Tf ) = Λtor = ⟨ŵ, δ̂⟩ and H1(TB × {pt}) = ⟨γ̂, û⟩ ⊂ Λ exactly (not merely modulo Λtor). Indeed, in
the coordinates (ϕ, y) of Yt0

∼= Tf ×R2 the section TB × {ϕ0} is the graph ϕ = ϕ0 exp(2πiKt0(B+
|t0|)
−1y)

(Lemma 7.10, the map Ξ), and along the loop y 7→ y0 + sB+
|t0|λ̄, s ∈ [0, 1], which represents λ̄ ∈ Λ = H1(TB),

the phase advances by exactly Kt0 λ̄ = Re(Z0
t0

λ̄); so the lift of this loop to the universal cover of F0
t0

has displacement Z0
t0

λ̄ with no Λtor-component (compare the formula for the Γ0-action, λ̄ · (ϕ, y) =

(ϕe2πiKt0 λ̄, y + B+
|t0|λ̄)), and in the marking Π0

t0
= [Z0

t0
| I] its class is the basis vector λ̄ ∈ ⟨γ̂, û⟩. We orient

the factors so that [TB × {pt}] = γ̂ ∧ û and [Tf ] = ŵ ∧ δ̂ in ∧2Λ = H2(F); these classes are transported
to F by Ḡ−1, which is the identity on H1 = Λ (Lemma 7.5(c)). With this choice of orientation the image
in H2(W,D) ∼= Z of the class [TB] = c∗[TB × {pt}] ∈ H2(W) is a generator (Proposition 7.11), and with
respect to it the mixed classes β⊗ v (β ∈ H1(TB), v ∈ H1(Tf )) have vanishing TB-component in H2(W):
they are carried into D.

Proof. Since T0 = I + N with Nγ = Nu = 0, Nw = −u, Nδ = γ, direct computation on
∧2 V gives

γu 7→ γu, γw 7→ γw− γu, γδ 7→ γδ,
uw 7→ uw, uδ 7→ uδ− γu, wδ 7→ wδ− γw− uδ + γu,

whence the stated invariants and (
∧2 T0 − I)

∧2 V = ⟨γu, γw + uδ⟩; degrees 1, 3 are similar. The invariant
lattices have ranks 2, 4, 2 in degrees 1, 2, 3, i.e. exactly bq(W).

Now c∗ in the model of Proposition 7.2. In degree 1 every circle of Tf can be pushed into a vertex of Θ,
where it collapses, while TB

∼−→ TB; thus c∗ : Λ→ H1(W) = Λ is the projection.
In degree 2, the splitting identifies H2(F) =

∧2 Λ with
∧2 Λ⊕ (Λ⊗Λtor)⊕

∧2 Λtor, the outer summands
being generated by [TB × {pt}] = γ̂ ∧ û and [Tf ] = ŵ ∧ δ̂ as stated. One has c∗[Tf ] = 0 (the fibre torus
collapses to a point over a vertex of Θ) and c∗[TB × {pt}] = [TB] by definition. For β ∈ H1(TB) = Λ and
v ∈ H1(Tf ) = Λtor we claim

c∗(β⊗ v) =
3

∑
k=1

νk(B0β) νk(v) [C̄k], (7.9)

B0 : Λ ∼−→ Λtor being the unimodular shear of §2; in particular the mixed classes have no [TB]-component,
as asserted. This is read off the cell description of Proposition 7.2, using a cellular representative of β (the
edges ek are not cycles, so a cellular representative, rather than a count of transversal crossings of Θ, is
what computes the class). Give TB the CW structure with 1-skeleton Θ (two vertices, the three edges ek,
each oriented from the first vertex to the second) and a single 2-cell, namely the open hexagon TB \Θ dual
to the unique vertex of TA2 /Λtor; its attaching word traverses each ek twice with opposite signs, so the
cellular ∂2 vanishes and

H1(TB) = H1(Θ) =
{

∑k mkek : ∑k mk = 0
}

.

Thus β is represented by a unique cellular cycle ∑k mk(β)ek. To identify mk(β), let fk ⊂ TB be the image of
a triangulation edge of direction nk; it is a closed loop (all vertices of TA2 are identified in TB), of homology
class nk ∈ Λtor = H1(TB), and by duality it meets Θ transversally in exactly one point, an interior point of
ek. Intersecting the two cycles β and fk in TB therefore gives

mk(β) = ± β · fk = ±det(B0β, nk) = ±νk(B0β),
the class of β in H1(TB) = Λtor being B0β and the intersection form being det in a basis of Λtor; orienting
the edges ek suitably (the coefficient functional mk, like νk = det(nk, ·), is defined only up to the sign
fixed by an orientation of ek, resp. of nk) we may and do take mk(β) = νk(B0β). Consequently β⊗ v is
represented by the 2-cycle ∑k νk(B0β) (ek × S1

v) in F = TB × Tf , a cycle supported over Θ and hence carried
by c into D (this is the vanishing of its [TB]-component). By Proposition 7.2, c maps ek × Tf onto C̄k,
collapsing S1

nk
over e◦k and all of Tf over the two endpoints; so the annulus ek × S1

v is carried onto C̄k
∼= S2

by a map which collapses both boundary circles to the triple points P, Q and equals, over e◦k , the product of
ide◦k with S1

v ↪→ Tf → Tf /S1
nk

. Since H1(Tf /S1
nk
) = Λtor/Znk

∼= Z via det(nk, ·) = νk, that map has degree
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±νk(v) with respect to the complex orientation of C̄k, with a sign depending only on k, which we absorb
into the orientation of [C̄k]; thus c∗[ek × S1

v] = νk(v)[C̄k], and (7.9) follows.
Surjectivity in degree 2: as B0 is unimodular it suffices that Λtor ⊗Λtor → Z3, x⊗ v 7→ (νk(x)νk(v))k,

be onto: with n1 = ŵ, n2 = δ̂− ŵ, n3 = −δ̂ we get ν1 = (0, 1), ν2 = (−1,−1), ν3 = (1, 0), and (x, v) =
(ŵ, ŵ), (δ̂, δ̂), (ŵ, δ̂) give (0, 1, 1), (1, 1, 0), (0, 1, 0), of determinant ±1; together with c∗[TB × {pt}] = [TB]
this gives all of H2(W). In degree 3, c∗[TB × S1

v] = v ∈ Λtor ∼= H3(W) and classes containing [Tf ] die, so c∗
is onto; degrees 0, 4 are clear.

Finally c∗ ◦
∧q M0 = c∗: the geometric monodromy h of f over ∆∗ε becomes homotopic to the identity

after inclusion into N′0. Indeed, the fibre transport of F once around the circle |t| = |t0| inside N′0 is a
homotopy F × [0, 1] → N′0 from the inclusion F ↪→ N′0 to its composite with h (it is a homotopy inside
N′0 ≃W, not an isotopy of F, and no flow on all of N′0 is claimed); composing with the retraction r of N′0
onto W gives c ≃ c ◦ h. Hence (

∧q M0 − I)
∧q Λ ⊆ ker c∗; both are saturated (the first by the computation

above, the second because Hq(W) is free) of rank (4
q)− bq(W), hence equal. Dualising (all groups free)

gives the statements for spq, the displayed formulas being the transposes.

A second proof of the injectivity of spq and of im spq = (∧qV)T0 , independent of the retraction of §7.2,
by nearby cycles on W, is given in Appendix B (Theorem B.1); the identification spq = c∗, the generators of
H2(W) and the degree-2 normalisations above are not re-proved there.

7.4 The multiple fibres, and the index 2 at p2

Recall ΛA1 = ⟨ε, δ̂⟩, ε = γ̂ + 2û− 4ŵ, ΛA2 = ⟨ε′, δ̂⟩, ε′ = γ̂ + 3û− 3ŵ. Call (v1, v2) ∈ ΛA1 ×ΛA2 admissible
if 3 ∤ ℓ1 and ℓ2 is odd, ℓj := γ(vj); by §5 this is exactly freeness of ⟨g̃log

j ⟩. Our data (v1, v2) = (ε,−ε′) give
(ℓ1, ℓ2) = (1,−1). Note that admissibility says exactly gcd(ℓj, mj) = 1.

Lemma 7.13. Let (v1, v2) be admissible. Then
(A1 − I)Λ = {aγ̂ + bû + cŵ + dδ̂ : a = 0, 2b + c + 3d = 0},
(A2 − I)Λ = {aγ̂ + bû + cŵ + dδ̂ : a = 0, b + c + 2d = 0},

both saturated of rank 2, and ΛAj := Λ/(Aj − I)Λ ∼= Z2 via λ 7→ (γ(λ), ψj(λ)) with ψ1 = 2u + w + 3δ,
ψ2 = u + w + 2δ. Consequently

H1(Sj) =
(
ΛAj ⊕Zĝj

)
/
(
mj ĝj − [vj]

) ∼= Z2

is torsion free, H∗(Sj) = (Z, Z2, Z2, Z2, Z), and H2(Sj) ∼= Z2 carries a unimodular even form of determi-
nant −1.

Proof. The descriptions of (Aj − I)Λ follow by direct computation from A1γ̂ = γ̂ + 6û− 6ŵ− 2δ̂, A1û =

−ŵ + δ̂, A1ŵ = û− ŵ, A1δ̂ = δ̂ and the analogous formulas for A2 (§2); the annihilator of (Aj − I)Λ is
⟨γ, ψj⟩ and (γ, ψj) : Λ→ Z2 is onto. The presentation of H1(Sj) is the abelianisation of π1(Sj) (Lemma 7.4);
it is torsion free iff gcd(ℓj, ψj(vj), mj) = 1, which holds since 3 ∤ ℓ1, ℓ2 odd. As Sj is bielliptic (§5),
b1 = b2 = 2, e = 0 [BHPV, Ser]; the torsion of H2(Sj) equals that of H1(Sj) = 0, so H2(Sj) ∼= Z2 is
unimodular, and even, since KSj is numerically trivial and x2 ≡ x · KSj (mod 2) by Wu’s formula; an even
unimodular lattice of rank 2 is the hyperbolic plane, hence of signature 0 and determinant −1. By universal
coefficients Hq(Sj) is torsion free for all q.

Proposition 7.14. Let πj : F → Sj be the mj-fold covering. Then π∗j : Hq(Sj) → Hq(F) is injective with

image of finite index k(q)j in (
∧q V)Tj , where

k(1)1 = 3, k(2)1 = 1, k(3)1 = 1, k(4)1 = 3,

k(1)2 = 4, k(2)2 = 2, k(3)2 = 2, k(4)2 = 4.
The cokernels in degrees 1, 2 are cyclic, generated by the classes of γ and of q := uw + 6γδ; the cokernel in
degree 3 is cyclic generated by the class of γuw whenever 4 | ε2(v2), in particular for our data v2 = −ε′.
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Explicitly, with ε1 = 2u + w + 3δ, ε2 = u + w + 2δ,
π∗1 H1(S1) = ⟨3γ, ε1⟩,
π∗2 H1(S2) = {xγ + yε2 : 4 | xℓ2 + y ε2(v2)}.

Proof. Injectivity holds as πj∗π
∗
j = mj and Hq(Sj) is torsion free (Lemma 7.13); the image lies in the

invariants by equivariance.
Degree 1. A homomorphism π1(Sj) → Z is a pair (ξ, n), ξ ∈ VTj , mjn = ξ(vj), pulling back to ξ; so

π∗j H1(Sj) = {ξ ∈ VTj : mj | ξ(vj)}, with VT1 = ⟨γ, ε1⟩, VT2 = ⟨γ, ε2⟩ (§2). As ε1(ε) = 0, ε1(δ̂) = 3, for
v1 = aε + bδ̂ one has (xγ + yε1)(v1) = xℓ1 + 3yb, and 3 | ξ(v1) ⇐⇒ 3 | x since 3 ∤ ℓ1: index 3, cokernel
[γ]. Similarly ε2(ε′) = 0, ε2(δ̂) = 2 give the stated sublattice, of index 4 with cokernel [γ] since ℓ2 is a unit
mod 4.

Degree 2. With values in
∧4 V = Z vol, vol = γuwδ, one has (

∧2 V)T1 = ⟨γε1, q⟩, (∧2 V)T2 = ⟨γε2, q⟩
with γε1 ∧ q = 3 vol, γε2 ∧ q = 2 vol, q ∧ q = 12 vol: Gram matrices

(
0 3
3 12

)
,
(

0 2
2 12

)
, determinants −9,−4.

Since ⟨π∗j a, π∗j b⟩ = mj⟨a, b⟩ and H2(Sj) is unimodular, (k(2)j )2 = m2
j /|det|, i.e. 9/9 = 1 and 16/4 = 4. If

q = π∗2 a then 12 = q ∧ q = 4(a · a), so a · a = 3, contradicting evenness (Lemma 7.13); hence the cokernel
Z/2 is generated by [q].

Degrees 3, 4. In degree 4, π∗j is multiplication by mj. In degree 3 use the perfect pairing H1 × H3 → Z:
(
∧3 V)T1 = ⟨γuw, ζ1⟩, ζ1 = −uwδ + 2γwδ + 4γuδ; (

∧3 V)T2 = ⟨γuw, ζ2⟩, ζ2 = −uwδ + 3γwδ + 3γuδ; the
pairings with (γ, ε j) have matrices

( 0 −1
−3 0

)
,
( 0 −1
−2 0

)
, determinants −3,−2, so k(1)j k(3)j |det| = m2

j gives

k(3)1 = 1, k(3)2 = 2. For the generator of the degree-3 cokernel at p2 assume 4 | ε2(v2); then ε2 ∈ π∗2 H1(S2)
by the degree-1 description (for v2 = −ε′ one has ε2(v2) = 0, so this holds). All pairings of π∗2 H1(S2) with
π∗2 H3(S2) lie in 4Z, being m2 = 4 times pairings on S2, while ⟨ε2, γuw⟩ = −2 /∈ 4Z; hence γuw /∈ π∗2 H3(S2)
and the cokernel Z/2 is generated by [γuw].

Remark 7.15. For a map φ of free finitely generated abelian groups, coker(φ∨) ∼= Ext(coker φ, Z) ⊕
Hom(ker φ, Z); so π2∗ : H2(F) → H2(S2) has image of index 2, whereas π1∗ is onto. This produces
H0(B, R2 f∗Z) = Z · 2q rather than Z · q in Proposition 7.26.

7.5 The fundamental group

By §6, X = J ∪ N0 ∪ N1 ∪ N2. Write π1(B◦) = F(a1, a2), a0 := (a1a2)−1 (the ai being the clockwise meridians
of Convention 3.17), and let ρ̂i ∈ π1(J) be the lift of ai along the holomorphic zero-section, so

π1(J) = Λ ⋊ F(ρ̂1, ρ̂2), ρ̂iλρ̂−1
i = Aiλ, ρ̂1ρ̂2ρ̂0 = 1.

Two identifications enter below, one at p1, p2 and one at p0. Both are computed from the gluings of
§6, and a different answer would change the homotopy type: altering a gluing by a fibrewise translation
tλ (λ ∈ Λ) changes ℓj by mjγ(λ) (with m0 := 1), hence changes p = 12ℓ0 − 4ℓ1 − 3ℓ2 of Theorem 7.17 by
±12γ(λ). The computations are the following.

At pj. Let U = A(j)
0 × ∆sj → Nj be the covering of Lemma 7.4, with deck generator

g̃log
j (x, z) = (Ajx + vj/mj, ζz), ζ = e−2πi/mj

(the disc factor as forced by sj ◦ gj = ζ jsj, §5), and ĝj ∈ π1(Mj) the lift of g̃log
j fixed there, so that ĝ

mj
j = tvj in

π1(Sj) (Proposition 5.6: (g̃log
j )mj = tvj ). By Lemma 6.5(ii) the holomorphic zero-section ς j is g̃log

j -invariant;
consequently the transport of ς j once around the meridian of pj is a generator of the deck group, with no
residual fibre translation, so that the gluing Gj carries ρ̂j to ĝ ε

j with ε ∈ {±1}. The relation is

ρ̂
mj
j = tεvj (j = 1, 2)

with ε = ±1 a global sign fixed by Convention 3.17; no further fibre translation enters, by Lemma 6.5(ii).
Here ε records only which generator, and is determined by the orientation of the meridians: the meridians
used here and in §3 are the clockwise ones. With those meridians one has ε1 = ε2 = +1; and — this is
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the point — the equality ε1 = ε2 is not a convention at all, but is forced simultaneously at p1 and at p2
by Lemma 7.16 below. Consequently the relative sign of ℓ1 and ℓ2 in p is fixed once and for all, and
|p| = |12ℓ0 − 4ℓ1 − 3ℓ2| is independent of every orientation convention. The same convention orients the
toric meridian at p0, so ε enters ℓ0, ℓ1, ℓ2 by one and the same global sign: passing from the clockwise to the
counterclockwise meridians replaces (ℓ0, ℓ1, ℓ2) by (−ℓ0,−ℓ1,−ℓ2) and p by −p. This changes neither |p|
nor any statement below, Theorems 7.17 and 7.22 depending on p only through |p|. With Convention 3.17,
then,

ρ̂
mj
j = tvj (j = 1, 2),

consistently with the presentation of Lemma 7.4. The content of the preceding paragraph is that no further
fibre translation tλ intervenes, and that the relative signs of ℓ0, ℓ1, ℓ2 are those displayed; this is what fixes
ℓ1, ℓ2, hence |p| below.

At p0. The toric meridian differs from ρ̂0 by a fibre translation, ã0 = tµρ̂0 with µ ∈ Λ/Λtor unique; set
ℓ0 := γ(µ) (well defined, as γ vanishes on Λtor). For the tautological gluing G0 of §6 one has µ = 0, i.e.
ℓ0 = 0. Indeed, by Proposition 4.7(iv) together with Lemma 6.5(i), the holomorphic zero-section over the
punctured disc at p0 corresponds, under the toric description of §4, to the closed disc through the point
(1, 1), i.e. to {x = (1, 1), |t| ≤ η} ⊂ Yε; its boundary circle over |t| = η is precisely the toric meridian ã0
of Lemma 7.4 (oriented clockwise, by the same Convention 3.17), whence ρ̂0 = ã0 and µ = 0. A general
fibrewise affine regluing at p0 shifts ℓ0 as described above and so realises every ℓ0 ∈ Z.

Thus, inside the common group π1(J) = Λ ⋊ F(ρ̂1, ρ̂2), the three meridians of p1, p2, p0 are
m1 = ρ̂1, m2 = ρ̂2, m0 = ã0 = tµρ̂0 = tµρ̂−1

2 ρ̂−1
1 , (7.10)

the gluings G1, G2, G0 identifying them with ĝ1 ∈ π1(M1), ĝ2 ∈ π1(M2) and the toric meridian of π1(M)
respectively.

Lemma 7.16 (Sign lemma). For j = 1, 2 let ε j ∈ {±1} be defined by the relation that the filling Nj imposes
on the zero-section lift ρ̂j of the clockwise meridian of pj,

ρ̂
mj
j = tε jvj in π1(Nj ∖ mjSj)→ π1(Nj), m1 = 3, m2 = 4.

Then ε1 = ε2, and with the conventions of this paper ε1 = ε2 = +1. Consequently, for the tautological
gluing at p0 (ℓ0 = 0),

|π1(X)| = |H1(X)| =
∣∣ 4γ(v1) + 3γ(v2)

∣∣
independently of every orientation convention: for our data (v1, v2) = (ε,−ε′) this is |4− 3| = 1, and for
the comparison threefold X′ with (v1, v2) = (ε,+ε′) it is |4 + 3| = 7.

Proof. A sign could enter at four places: (S1) the rotation sense of gj at zj; (S2) the translation part +vj/mj

of g̃log
j ; (S3) the regluing section ς j and its drift; (S4) the identification of the meridian lift with a power of

the deck generator. We show that at each place the same sign enters for j = 1 and for j = 2; only (S1) has
mathematical content, (S2)–(S4) being the observation that §5–§7.5 apply one formula with j as a parameter.

(S1) The two elliptic generators rotate in the same sense, and this is forced. By Proposition 2.11(ii), ∆ is
the orientation-preserving subgroup of the reflection group of the hyperbolic triangle ABC with angles
π/3, π/4, 0 and vertices in counterclockwise order; x = σbσc and y = σcσa are the counterclockwise rotations
about A and B by 2π/3 and 2π/4, z = σaσb is parabolic, xyz = 1, and ∆ = ⟨x⟩ ∗ ⟨y⟩ ∼= Z/3 ∗Z/4. The
paper sets g1 := x−1, g2 := y−1 — the two rotations are reversed simultaneously — so that g′1(z1) =
e−2πi/3 = ζ1, g′2(z2) = e−2πi/4 = ζ2 and g0 := (g1g2)−1 is parabolic (conjugate to z−1).

That “simultaneously” is forced. Since the quotient has exactly one cusp (Proposition 2.11(iii); cf. [Bea83,
Ch. 10]), the parabolic elements of ∆ are exactly the conjugates of the non-zero powers of z = (xy)−1, i.e. of
the cyclically reduced words (xy)n and (y−1x−1)n = (y3x2)n (n ≥ 1); and two cyclically reduced words in
a free product are conjugate if and only if they are cyclic permutations of one another. Suppose one tried
the mixed assignment (g1, g2) = (x−1, y). Then g0 = (g1g2)−1 = y−1x = y3x, a cyclically reduced word of
syllable length 2, which is not a cyclic permutation of xy (permutations xy, yx) nor of y3x2 (permutations
y3x2, x2y3), hence not conjugate to any (xy)±n: g0 is not parabolic. The symmetric mixed assignment
(g1, g2) = (x, y−1) is excluded in the same way: there g0 = (xy−1)−1 = yx−1 = yx2, again cyclically reduced
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of syllable length 2 and not a cyclic permutation of xy or of y3x2, hence not conjugate to any (xy)±n.
(Conjugates hy±1h−1 are not at issue here, since g1 and g2 are the rotations about the vertices A and B of the
fixed fundamental triangle, not arbitrary conjugates of them.) Geometrically, rot(A,−2π/3) ◦ rot(B,+2π/4)
is hyperbolic. Since §3 needs g0 parabolic — τ ◦ g0 = τ − 1, and g0 generates the cusp stabiliser used to
build the coordinate s at p0 (Proposition 2.11(iii)) — the rotation senses of g1 and g2 must agree.

Which sense is then fixed at z1. The law τ ◦ g1 = R1 ◦ τ with R1(τ) = 1− 1/τ, τ a local biholomorphism
at z1 with τ(z1) = ρ = eiπ/3 (Proposition 3.6: τ − ρ has order 1 at z1), gives on differentiating g′1(z1) =
R′1(ρ) = ρ−2 = e−2πi/3: clockwise. At z2 no independent check is available from τ alone: there τ − i
vanishes to order 2, so from τ ◦ g2 = S ◦ τ with S(τ) = −1/τ one obtains, comparing the quadratic terms,
only

g′2(z2)
2 = S′(i) = −1, i.e. g′2(z2) = ±i,

both signs being compatible with the order-2 vanishing of τ − i; this is exactly why the coupling through
g0 matters. Hence within the paper there is precisely one consistent choice, the printed one: ζ1 = e−2πi/3,
ζ2 = e−2πi/4, both clockwise, which is Convention 3.17.

(S2) The deck transformation. For both j one and the same formula is used (§5),

g̃log
j (z, ζ) =

(
gjz, Rgj(z)ζ + Π(gjz) vj/mj

)
,

i.e. (z, x) 7→ (gjz, Ajx + vj/mj) in flat coordinates, with translation part +vj/mj; and (g̃log
j )mj = tvj

(Proposition 5.6), because ∑i<mj
Ai

j(vj/mj) = vj for vj ∈ ΛAj — the same computation for both j.

(S3) Regluing and the zero section. The regluing is by the translation σj = +
log sj
2πi Π(z)vj, so that the zero

section of J appears in Nj-coordinates as ς j = −σj = −
log sj
2πi Π(z)vj; it is g̃log

j -invariant (Lemma 6.5(ii))

precisely because log sj ◦ gj = log sj − 2πi/mj, i.e. because ζ j = e−2πi/mj by (S1):

Rgj ς j(z) + Π(gjz)
vj
mj

= − log sj(z)
2πi Π(gjz)vj +

1
mj

Π(gjz)vj = −
log sj(z)−2πi/mj

2πi Π(gjz)vj = ς j(gjz).

Had ζ j been e+2πi/mj for one j, this identity would fail for that j with the printed σj — one would need σj of
the opposite sign there — and the drift below would flip for that j alone; this is the mechanism by which
(S1) propagates. The drift is the one computed in Lemma 6.5(ii): along sj = ϱeiθ , θ : 0→ 2π (so that tj runs
mj times counterclockwise), ς j changes by −Π(z)vj, i.e. the section drifts by −vj in H1 = Λ — for both j.

(S4) From the drift to the relation. In U = A(j)
0 × ∆sj → Nj the disc {x0} × ∆sj is a normal disc to Sj, so

its boundary — the loop “sj once around counterclockwise at constant flat coordinate x0” — is trivial in
π1(Nj). By (S3) the zero-section lift of the mj-fold counterclockwise meridian equals (constant-x0 loop)·t−vj ;
hence ρ̂

mj
j,ccw = t−vj , and for the clockwise meridian of Convention 3.17

ρ̂
mj
j = t+vj (j = 1, 2), i.e. ε1 = ε2 = +1.

Equivalently, in the phrasing used above: through z 7→ zmj the clockwise base meridian lifts to a path along
which sj turns by −2π/mj, ending at g̃log

j (x0, z0) because g̃log
j multiplies sj by ζ j = e−2πi/mj ; so ρ̂j 7→ ĝ+1

j

and ρ̂
mj
j 7→ ĝ

mj
j = tvj — the exponent +1 being the same for both j precisely because ζ1 and ζ2 are both of

the form e−2πi/mj , by (S1).
From ε1 = ε2 to |p|. With x = ρ̂1, y = ρ̂2 and c the image of γ̂, the relations imposed in Theorem 7.17

read x3 = cγ(ε1v1), y4 = cγ(ε2v2), xy = cℓ0 , whence

|π1(X)| =
∣∣∣∣det

(
3 −ε1γ(v1)
4 ε2γ(v2)− 4ℓ0

)∣∣∣∣ = ∣∣12ℓ0 − 4ε1γ(v1)− 3ε2γ(v2)
∣∣.

For the tautological gluing at p0 one has ℓ0 = 0, and with ε1 = ε2 =: ε this is |ε| · |4γ(v1) + 3γ(v2)| =
|4γ(v1) + 3γ(v2)|, independently of every orientation convention (reversing the global Convention 3.17
replaces (ℓ0, ℓ1, ℓ2) by (−ℓ0,−ℓ1,−ℓ2) and leaves |p| unchanged; no convention changes one of ε1, ε2 without
the other, (S2)–(S4) being one formula and (S1) coupling the two rotation senses through g1g2g0 = 1). Since
γ(ε) = γ(ε′) = 1 (§2), the data (v1, v2) = (ε,−ε′) give (γ(v1), γ(v2)) = (1,−1) and |p| = |4− 3| = 1, while
(v1, v2) = (ε,+ε′) gives (1, 1) and |p| = 7. Had one instead ε1 = −ε2, the two roles would simply swap;
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this is excluded by the above.

Theorem 7.17. Let (v1, v2) be admissible, ℓj = γ(vj), ℓ0 as above. Then

π1(X) =
〈
c, x, y

∣∣ c central, xy = cℓ0 , x3 = cℓ1 , y4 = cℓ2
〉
,

this group is abelian, and π1(X) ∼= Z/|p| with p := 12ℓ0− 4ℓ1− 3ℓ2; moreover gcd(p, 12) = 1, in particular
p ̸= 0. For (ℓ0, ℓ1, ℓ2) = (0, 1,−1) one has p = −1 and π1(X) = 1; for comparison, the threefold X′ with
v2 = +ε′ has (ℓ0, ℓ1, ℓ2) = (0, 1, 1), p = −7 and π1(X′) ∼= Z/7.

Proof. Van Kampen applied to X = J ∪ N0 ∪ N1 ∪ N2 (thickened; all intersections are connected, being
T4-bundles over annuli). By Lemma 7.4 and (7.10), attaching Nj imposes ρ̂

mj
j = tvj (j = 1, 2), and attaching

N0 imposes λ = 1 for λ ∈ Λtor together with ã0 = 1, i.e. ρ̂1ρ̂2 = tµ. Thus

π1(X) =
〈
Λ, ρ̂1, ρ̂2

∣∣ ρ̂jλρ̂−1
j = Ajλ, ρ̂

mj
j = tvj , ρ̂1ρ̂2 = tµ, Λtor = 1

〉
.

The normal closure of Λtor under ⟨A1, A2⟩ is ker γ = ⟨û, ŵ, δ̂⟩ (by A1ŵ = û− ŵ), so the image of Λ is
Zc, c the image of γ̂, central because γ is ⟨T1, T2⟩-invariant; with x := ρ̂1, y := ρ̂2 this is the displayed
presentation.

From y = x−1cℓ0 the group is generated by the commuting x, c, hence abelian, with relation matrix in
the basis (x, c)

R =

(
3 −ℓ1
4 ℓ2 − 4ℓ0

)
, det R = −p

(second row: x4 = c4ℓ0−ℓ2). The first elementary divisor is gcd(3, 4, . . . ) = 1, so the group is Z/|p|. Finally
p ≡ −(4ℓ1 + 3ℓ2) (12) with 3 ∤ 4ℓ1 + 3ℓ2 (as 3 ∤ ℓ1) and 2 ∤ 4ℓ1 + 3ℓ2 (as ℓ2 is odd), so gcd(p, 12) = 1.

7.6 Integral homology by Mayer–Vietoris

We use X = N′0 ∪ X◦, N′0 ∩ X◦ = M, and set Kk := ker
(

Hk(M)→ Hk(N′0) = Hk(W)
)
.

Lemma 7.18. Hk(M)→ Hk(W) is surjective for all k, and with j : M ↪→ X◦ there are short exact sequences
0→ Hk(X◦)/j∗Kk → Hk(X)→ ker

(
j∗|Kk−1

)
→ 0.

Moreover K1 = Z[ã0] and K2 = ⟨ξŵ, ξ δ̂⟩, where for ν ∈ Λtor

ξν := a∗
(
[S1

ν]× [ã0]
)
∈ H2(M)

is the 2-torus swept by S1
ν along the toric meridian ã0 of Lemma 7.4 (a the fibrewise translation action).

Proof. The composite Hk(F) → Hk(M) → Hk(W) is c∗, surjective by Proposition 7.12; hence the second
map is surjective and Mayer–Vietoris for (N′0, X◦) splits as displayed. By the Wang sequence of M→ S1,
Hk(M) is an extension of ker(M0− I)|∧k−1 Λ by coker(M0− I)|∧k Λ, so H∗(M) is free of ranks (1, 3, 6, 6, 3, 1);
against b∗(W) = (1, 2, 4, 2, 1) this gives rk Kk = 1, 2, 4, 2 for k = 1, 2, 3, 4.

[ã0] maps to the generator of ker(M0 − I)|H0(F) = Z, hence spans a saturated rank-one subgroup, and
it bounds in N′0 since the disc {x = x0, |t| ≤ η} ⊂ Y≤η descends (§4); so K1 = Z[ã0].

For K2, note first that the classes ξν depend on the chosen lift of the base circle: replacing ã0 by ã0tλ

changes ξν by the image of ν ∧ λ ∈ ∧2 Λ = H2(F), i.e. by an element of coker(
∧2 M0 − I). We always use

the toric meridian. A direct computation from M0γ̂ = γ̂− δ̂, M0û = û + ŵ, M0ŵ = ŵ, M0δ̂ = δ̂ gives
(
∧2 M0 − I)

∧2 Λ = ⟨ŵ ∧ δ̂, γ̂ ∧ ŵ + û ∧ δ̂⟩,
so in particular ŵ ∧ δ̂ ∈ im(∧2M0 − I): the fibre torus Tf is null-homologous already in M (a fortiori in
N′0).

Now work in the toric chart Uσ0
∼= C3 of YF attached to the triangle
σ0 = cone

(
(0, 1), (e1, 1), (e2, 1)

)
,

i.e. we take v = 0: this is what makes the identification of the boundary torus below literal, the second
generator being then the toric meridian on the nose (for a general v it would be the toric meridian composed
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with the translation tv, which changes the class only by an element of im(
∧2 M0 − I)). With t = z1z2z3,

consider the solid torus
Σ1 := {|z1| ≤ ρ, |z2| = r, z3 = c}, ρ r |c| = η,

so that |t| = |z1| r |c| ≤ η on Σ1, with equality exactly on ∂Σ1 = {|z1| = ρ, |z2| = r, z3 = c}. Thus Σ1
lies in Y≤η and descends into N′0, with ∂Σ1 ⊂ {|t| = η} descending into M. Its boundary is the 2-torus
spanned by (0, 1) and (e1, 1), i.e. by ŵ = e1 and the toric meridian: this is ξŵ, and it bounds in N′0; the pair
(0, 1), (e2, 1) gives ξ δ̂ in the same way. Under the Wang surjection H2(M)→ ker(M0 − I)|Λ = Λtor one has
ξν 7→ ν, so ⟨ξŵ, ξ δ̂⟩ is saturated of rank 2 = rk K2.

Cover D′ by two closed discs D′1, D′2 with D′j ∩ Σ = {pj} and {|tj| ≤ η} ⊂ int D′j, meeting in a band
disjoint from Σ, and put Xj := f−1(D′j), so that

X◦ = X1 ∪ X2, X1 ∩ X2 = f−1(band) ≃ F,
the band being contractible and missing Σ. Since f is a fibre bundle over D′j \ {pj} ⊃ D′j \ {|tj| < η}
(Lemma 7.4(i)), the radial retraction of D′j onto {|tj| ≤ η} lifts to a deformation retraction of Xj onto the
tube N′j , hence onto Sj by Lemma 7.3(i); so H∗(Xj) ∼= H∗(Sj). Put

αk :
∧k Λ = Hk(F)→ Hk(S1)⊕ Hk(S2), x 7→ (π1∗x,−π2∗x).

Lemma 7.19. Let (v1, v2) be admissible. Then:

(a) H1(X◦) = coker α1
∼= Z, generated by c (the common image of γ̂) and ḡ1, ḡ2 with 3ḡ1 = ℓ1c, 4ḡ2 = ℓ2c;

an isomorphism is Φ1 : (c, ḡ1, ḡ2) 7→ (12, 4ℓ1, 3ℓ2), and j∗[ã0] = ℓ0c− ḡ1 − ḡ2, so Φ1(j∗[ã0]) = p.

(b) ker α1 = Zν0, ν0 := −û− ŵ + δ̂.

(c) coker α2 ∼= Z, and a generator of Hom(coker α2, Z) is Φ := ⟨A, ·⟩ for a class A ∈ H2(X◦) restricting
to 2q on F.

(d) H5(X◦) = 0.

Proof. (a) H1(Sj) is given by Lemma 7.13. The composite

Λ→ ΛA1 ⊕ΛA2
∼= Z4, λ 7→ (γλ, ψ1λ,−γλ,−ψ2λ)

has image ⟨(1, 0,−1, 0), (0, 1, 0, 0), (0, 0, 0, 1)⟩ (use û− ŵ 7→ (0, 1, 0, 0), ŵ 7→ (0, 1, 0,−1)), with cokernel Z

generated by c, and mj ḡj = [vj] reads 3ḡ1 = ℓ1c, 4ḡ2 = ℓ2c. The relation matrix
(
−ℓ1 3 0
−ℓ2 0 4

)
has 2× 2 minors

3ℓ2,−4ℓ1, 12 of gcd 1 by admissibility, so the quotient is Z; and Φ1 = (12, 4ℓ1, 3ℓ2) kills both relations and
is onto because gcd(12, 4ℓ1, 3ℓ2) = 1: 3 ∤ ℓ1 gives gcd(12, 4ℓ1) = 4, and ℓ2 odd gives gcd(4, 3ℓ2) = 1. Finally
ã0 = tµρ̂−1

2 ρ̂−1
1 gives j∗[ã0] = ℓ0c− ḡ1 − ḡ2 and Φ1(j∗[ã0]) = 12ℓ0 − 4ℓ1 − 3ℓ2 = p.

(b) ΛAj ↪→ H1(Sj) is injective, so ker α1 = (A1 − I)Λ ∩ (A2 − I)Λ = {a = 0, 2b + c + 3d = 0 =

b + c + 2d} = Z · (0,−1,−1, 1) by Lemma 7.13.
(c) For the perfect pairings, α2 is the transpose of ψ : H2(S1)⊕ H2(S2) →

∧2 V, (a, b) 7→ π∗1 a− π∗2 b;
hence by Remark 7.15

coker α2 ∼= Ext(coker ψ, Z)⊕Hom(ker ψ, Z).
By Lemma A.4 (which computes the sublattices themselves), L1 := π∗1 H2(S1) = ⟨γε1, q⟩ and L2 :=
π∗2 H2(S2) = {aγε2 + bq : a ≡ b (2)}. That Lemma is stated there for v2 = −ε′; its proof uses v2 only
through the differential

d2(γ ∧ η2) = ℓ2[η2]− 2c2[γ] ̸= 0,
written in the notation of Lemma A.4, where η2 is the class fixed by (A.6) (Lemma A.1) and c2 de-
notes the δ̂-coefficient c of v2 of Proposition 5.6, so that η2(v2) = 2c2; the non-vanishing holds for
every admissible v2 because ℓ2 is odd, so the description of L2 is valid for every admissible pair. Then
ker ψ ∼= L1 ∩ L2 ⊆ (

∧2 V)G = Zq, and q /∈ L2, 2q ∈ L2, so ker ψ ∼= Z, generated by the pair (a, b)
with π∗1 a = π∗2 b = 2q. Also L1 + L2 = ⟨γε1, γε2, q⟩, spanned in the basis (γu, γw, γδ, uw, uδ, wδ) by
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(1, 0, 1, 0, 0, 0), (0, 1, 1, 0, 0, 0), (0, 0, 6, 1, 0, 0), saturated (minor on columns 1, 2, 4 equals 1); so coker ψ is
torsion free and coker α2 ∼= Z. By Mayer–Vietoris (a, b) comes from A ∈ H2(X◦) with A|F = 2q, whose
functional on coker α2 ⊆ H2(X◦) generates the dual.

(d) In the Mayer–Vietoris sequence of X◦ = X1 ∪ X2 the term H5(X1)⊕ H5(X2) = H5(S1)⊕ H5(S2) = 0
vanishes (Sj being a closed 4-manifold, Lemma 7.13), and α4 : [F] 7→ (3[S1],−4[S2]) is injective; hence
H5(X◦) = 0.

Remark 7.20. Concretely, in the basis (θj, ηj) of H2(Sj) with intersection form
(

0 1
1 0

)
coming from the Gysin

sequence of the free S1
δ̂
-action, α2 has columns

(2,−4,−2, 3), (1,−2,−2, 3), (3, 0,−4, 0), (0, 1, 0,−1), 0, 0,
of rank 3, with two 3× 3 minors 2 and −3, confirming coker α2 ∼= Z; Φ = (4, 2, 3, 2) annihilates all columns,
and π2∗H2(F) = ⟨2θ2, η2⟩ has index 2.

Lemma 7.21 (sweeping). Let S1 act smoothly and freely on a smooth manifold Z (possibly with boundary),
so that p : Z→ Z/S1 is a smooth principal S1-bundle, oriented along its fibres by the orbit direction, i.e.
by the standard generator [S1] ∈ H1(S1), and let p! : Hk+1(Z)→ Hk(Z/S1) be integration over the fibre for
that orientation. Normalise the slant product by〈

[S1]\α, y
〉
=
〈
α, [S1]× y

〉 (
α ∈ Hk+1(S1 × Z), y ∈ Hk(Z)

)
.

With a : S1 × Z→ Z the action map, define
sw : Hk(Z)→ Hk+1(Z), sw(y) := a∗

(
[S1]× y

)
.

Then ⟨A, sw(y)⟩ = ⟨ιA, y⟩ for A ∈ Hk+1(Z), where ιA := p∗p!A. Moreover the fibrewise translation by
δ̂ ∈ Λ⟨A1,A2⟩ defines such a smooth free S1-action on the compact manifold with boundary X◦, whose
restriction to F is translation, so that ι|H∗(F) = ιδ̂, contraction with δ̂. (The opposite choice of generator [S1]
reverses the fibre orientation and changes ι by a global sign, immaterial below.)

Proof. First, by naturality and the above normalisation of the slant product,
⟨A, a∗([S1]× y)⟩ = ⟨a∗A, [S1]× y⟩ = ⟨[S1]\a∗A, y⟩.

Next, [S1]\a∗A = p∗p!A. Indeed, for a free action the map S1 × Z → Z ×Z/S1 Z, (θ, z) 7→ (θz, z), is a
diffeomorphism, so (pr2, a) identifies the trivial circle bundle pr2 : S1 × Z → Z with the pullback of
the oriented principal circle bundle p : Z → Z/S1 along p, the map a covering p; the fibre orientations
correspond (both are the orbit direction, oriented by [S1]). Integration over the fibre commutes with such
base change, whence (pr2)! a∗A = p∗p!A; and for the product bundle pr2, integration over the fibre is, with
the above normalisation of the slant product and of the fibre orientation, precisely [S1]\(·). This proves the
first assertion.

Since δ̂ is ⟨A1, A2⟩-invariant and the transition maps Rg are linear, translation by tδ̂ (t ∈ R/Z) is well
defined and smooth on J and on N1, N2. On J it is translation by tδ̂ in the fibre torus (Λ⊗R)/Λ, free
because δ̂ is primitive. On Nj it suffices to check freeness on Sj = A(j)

0 /⟨α⟩, α(x) = Ajx + vj/mj: the image
of x is fixed by tδ̂ iff

(Ak
j − I)x +

(
∑i<k Ai

j
) vj

mj
+ tδ̂ ∈ Λ for some 0 ≤ k < mj.

Applying the Aj-invariant form γ, which kills δ̂, gives kℓj/mj ∈ Z; as gcd(ℓj, mj) = 1 by admissibility this
forces k = 0, and then tδ̂ ∈ Λ, i.e. t = 0. The same computation applies on the nearby fibres of Nj, so the
action is smooth and free on X◦, which is a compact manifold with boundary M.

Finally, the inclusion i : F ↪→ X◦ of a smooth fibre is S1-equivariant, and both a∗ and the slant product
are natural, so i∗(ιA) = ιF(i∗A), where ιF = p∗F pF! is the corresponding operator for the translation action
on F. On the torus F = (Λ⊗R)/Λ this action is that of the subcircle Rδ̂/Zδ̂; pF : F → F/S1

δ̂
is a torus

quotient, H∗(F) =
∧∗ V is computed by translation-invariant forms, p∗F is the inclusion of

∧∗(δ̂⊥), and
integration of an invariant form over the (oriented) orbit circles is contraction with δ̂. Hence ιF = p∗F pF! = ιδ̂
on H∗(F). For the fixed points of the finite subgroups µn ⊂ S1

δ̂
see Remark 9.25.
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Theorem 7.22. For every admissible (v1, v2) and every ℓ0, with p = 12ℓ0 − 4ℓ1 − 3ℓ2,
H∗(X; Z) =

(
Z, Z/p, Z/p, Z/p, Z/p, 0, Z

)
, e(X) = e(W) = 2.

In particular (ℓ0, ℓ1, ℓ2) = (0, 1,−1) gives |p| = 1 and H∗(X; Z) ∼= H∗(S6; Z), while for comparison the
threefold X′ with v2 = +ε′ has all groups in degrees 1, . . . , 4 equal to Z/7.

Proof. Degree 1. H1(X) = π1(X)ab = Z/|p| by Theorem 7.17; consistently, Lemma 7.18 gives H1(X) =
H1(X◦)/j∗K1 = Z/Φ1(j∗[ã0]) and ker(j∗|K1) = 0 since p ̸= 0.

Degree 2. Hence H2(X) = H2(X◦)/j∗K2. Mayer–Vietoris for X◦ = X1 ∪ X2 gives

0→ coker α2 → H2(X◦) ∂−→ ker α1 → 0, coker α2 ∼= Z, ker α1 = Zν0.
For ν ∈ Λtor the torus ξν is cut by X1 ∩ X2 ≃ F into two cylinders, and transporting them gives

∂(j∗ξν) = ±(I − A−1
1 )ν = ±(I − A2)ν

(the two agree on Λtor because A1A2 = M−1
0 acts trivially there). Since A2ŵ = −û + δ̂, ∂(j∗ξŵ) = ∓ν0

generates ker α1, while ∂(j∗ξ δ̂) = 0; so j∗ξ δ̂ ∈ coker α2, and since j∗ξŵ maps onto a generator of ker α1, the
quotient

H2(X) = H2(X◦)/j∗K2 = coker α2
/

Z j∗ξ δ̂

is cyclic, of order |Φ(j∗ξ δ̂)|, coker α2 ∼= Z being infinite cyclic with Φ generating its dual (Lemma 7.19(c)).
Now ξ δ̂ = sw([ã0]), so Φ(j∗ξ δ̂) = ⟨ιA, j∗[ã0]⟩ by Lemma 7.21. The class ιA ∈ H1(X◦) restricts on F to

ιδ̂(2q) = ∓12γ

(with q = uw + 6γδ: ιδ̂(uw) = 0 and ιδ̂(γ ∧ δ) = ∓γ, the sign depending only on the convention
for contracting a 2-form, and being immaterial below since Φ is anyhow defined up to sign). But
H1(X◦) = Hom(H1(X◦), Z) = ZΘ with Θ = Φ1 and Θ|F = 12γ (since λ 7→ γ(λ)c on H1). As restriction
to F is injective on H1(X◦), ιA = ∓Θ and

Φ(j∗ξ δ̂) = ∓Φ1(j∗[ã0]) = ∓p,
so H2(X) ∼= Z/|p| (cyclic by the preceding display) and j∗|K2 is injective.

Degrees 3, 4, 5. H1(X), H2(X) are finite, so b1 = b2 = 0, and Poincaré duality with universal coefficients
on the closed oriented 6-manifold X gives

H1(X) = Hom(H1, Z) = 0,

H5(X) ∼= H1(X) = 0,

H4(X) ∼= H2(X) ∼= Ext(H1, Z) = Z/p.
Moreover X \W → B \ {p0} is proper with all fibres of Euler number 0 (smooth 2-tori and the bielliptic
S1, S2), so e(X) = e(W) = 2 by Proposition 7.11; then 2 = 1 + 0 + 0− b3 + 0 + 0 + 1 gives b3 = 0 and
H3(X) ∼= H3(X) ∼= Ext(H2, Z) = Z/p.

Remark 7.23. Degree 4 also follows from Lemma 7.18: K4 is generated by the 3-tori Tγ̂ŵδ̂, Tûŵδ̂ swept
along the toric meridian, ∂(Tγ̂ŵδ̂) generates ker α3, and pairing the second generator against coker α4 =

(Z[S1]⊕Z[S2])/(3,−4)
(4,3)−−→ Z gives again ∓p.

7.7 A second computation: the integral Leray spectral sequence

Remark 7.24. H∗(X; Z) is computed twice. The second computation — Theorem 7.17 (with Lemma 7.16),
§7.4, §7.7 and Appendix B, together with Corollary 4.8 — (for admissible pairs with 4 | ε2(v2), in particular
for X) does not use §7.2 (Proposition 7.2) or Proposition 7.11; §7.2 is used by the first computation (§§7.3–
7.6), for the explicit collapse map c and the degree-2 normalisations of Proposition 7.12, and, through
Proposition 7.12 and Lemma A.2(6), in §9 (Proposition 9.13, Lemma 9.12(iv)); the recognition of X as S6

(Theorem 7.17, Corollary 7.29, §8) does not use it. The description of H∗(W) and of the collapse in the
Main Theorem still rests on §7.2.
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We recompute H∗(X; Z) from Ea,b
2 = Ha(B, Rb f∗Z), independently of §7.6. Near p0 this subsection

uses exactly one thing: that Rq f∗Z → j∗ j∗Rq f∗Z is an isomorphism near p0, i.e. that spq : Hq(W; Z) =
(Rq f∗Z)p0 → Hq(F; Z) is injective with image (∧qV)T0 . This is Theorem B.1 of Appendix B, proved
there from the toric local models by nearby cycles, without the retraction of §7.2 (it is also the invariants
statement of Proposition 7.12). The other inputs — the local data at p1, p2 (Lemma 7.13, Proposition 7.14),
the meridian relations (7.10) of §7.5, and Lemma 7.25 together with the Mayer–Vietoris computation of
ker f ∗ inside Proposition 7.27 (both proved in this subsection) — are independent of the Mayer–Vietoris
computation of §7.6, so that the conclusion H2(X; Z) ∼= H3(X; Z) ∼= Z/|p|, and with it H2(X; Z) = 0 when
|p| = 1 (by universal coefficients: Hom(H2, Z) is a summand of H2(X) = 0 and Ext(H2, Z) a summand of
H3(X) = 0), is obtained without any appeal to §7.6. By proper base change (Rq f∗Z)p = Hq( f−1(p); Z);
the specialisation map at p0 is the sheaf map spq of Appendix B, and at pj it is π∗j , since N′j retracts
radially onto Sj (Lemma 7.3(i) for Nj, which does not involve §7.2). Write Lq :=

∧q R1 f∗Z|B◦ , j : B◦ ↪→ B,
G := ⟨T1, T2⟩, and Hk(Rq) := Hk(B, Rq f∗Z). In this subsection (v1, v2) denotes an admissible pair with
4 | ε2(v2) — in particular the pair (ε,−ε′) of §6, for which ε2(−ε′) = 0 —, this being the hypothesis under
which Proposition 7.14 identifies the degree-3 cokernel at p2; Propositions 7.26 and 7.27 are stated for such
pairs.

Lemma 7.25. Let L be a local system of free finitely generated Z-modules on B◦ = B \ Σ, with monodromy
group G acting on the stalk M.

(i) H2(B, j∗L) ∼= MG, the coinvariants.

(ii) These isomorphisms are compatible with cup products: if L′,L′′ are two such local systems with
stalks M′, M′′ and L′⊗L′′ has stalk M′⊗M′′, then under H0(B, j∗L′) = (M′)G, H2(B, j∗L′′) ∼= (M′′)G
and H2(B, j∗(L′ ⊗L′′)) ∼= (M′ ⊗M′′)G the cup product is x ⌣ [y] = [x⊗ y], and symmetrically for
H2 ⊗ H0.

Proof. (i) From 0 → j!L → j∗L →
⊕

p∈Σ MGp → 0 (skyscrapers, which have no higher cohomology) one
gets H2(B, j!L) ∼= H2(B, j∗L), and H2(B, j!L) = H2

c (B◦,L) ∼= H0(B◦,L) = MG by Poincaré duality with
local coefficients on the oriented surface B◦ [Hat02, §3.H] (see also [Bre97, Ch. V]).

(ii) Each step of the composite in (i) — restriction to B◦, the duality isomorphism H2
c (B◦,L) ∼= H0(B◦,L),

and the identification H0(B◦,L) = MG — is natural in L and compatible with coefficient pairings.
Concretely, the duality isomorphism is cap product with the fundamental class [B◦] ∈ Hlf

2 (B◦), and cap
product with a fixed class is natural in the coefficient system and satisfies the projection formula

(x ⌣ α) ⌢ [B◦] = x ⌢
(
α ⌢ [B◦]

)
, x ∈ H0(B◦,L′), α ∈ H2

c (B◦,L′′),
the right-hand operation being the coefficient action y 7→ x ⊗ y on H0 (for cup/cap products with
coefficient pairings and for Poincaré duality with local coefficients see [Hat02, §3.H], [Bre97, Ch. V]).
Passing to H0(B◦,L′′) = (M′′)G, the action of a G-invariant x ∈ M′ is [y] 7→ [x⊗ y], which is well defined
precisely because x is G-invariant. This is the asserted compatibility.

Proposition 7.26. Rq f∗Z is the subsheaf of j∗Lq determined by the three specialisation lattices; near p0 the
inclusion is an equality for all q, and the quotient Qq is the skyscraper

Q1 = Z/3⊕Z/4 (at p1, p2, generated by [γ]),

Q2 = Z/2, Q3 = Z/2 (at p2, generated by [q], [γuw]),

Q4 = Z/3⊕Z/4.
Consequently

H0(B, R1) = 12Zγ, H0(B, R2) = Z · 2q,

H0(B, R3) = Z · 2γuw, H0(B, R4) = 12Z · vol,

H2(B, Rq) = (
∧q V)G = Z[δ̄], Z[γδ], Z[uwδ], Z (q = 1, 2, 3, 4),
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and H1(B, R1) = H1(B, R2) = 0. The isomorphisms H2(B, Rq) ∼= (
∧q V)G are compatible with cup products

in the sense of Lemma 7.25(ii) — that is, they are induced by the naturality of Poincaré duality H2
c
∼= H0

with respect to coefficient pairings; this is what is used in Proposition 7.27.

Proof. The sheaves and cokernels are described by Theorem B.1 (at p0; in particular Qq
p0 = 0) and Propo-

sition 7.14 (at p1, p2); the generator [γuw] of Q3 is the one of Proposition 7.14, stated there under the
hypothesis 4 | ε2(v2), which holds for our v2 = −ε′. From 0→ Rq → j∗Lq → Qq → 0,

0→ H0(Rq)→ (
∧q V)G → ⊕iQ

q
i → H1(Rq)→ H1(j∗Lq)→ 0,

and H2(Rq) ∼= H2(B, j∗Lq) ∼= (
∧q V)G by Lemma 7.25(i), the skyscraper quotient having no H2; the

cup-product compatibility is Lemma 7.25(ii), the inclusion Rq ⊂ j∗Lq being a map of sheaves of rings
up to the evident pairings. Here (

∧q V)G = Zγ, Zq, Zγuw, Z vol, and the coinvariants are VG = Zδ̄
(as (T1 − I)V + (T2 − I)V = ⟨γ, u, w⟩), (∧2 V)G = Z[γδ] with [uw] = 6[γδ] (the sum of the images is
the saturated lattice ⟨γu, γw, uδ, wδ, uw− 6γδ⟩), (∧3 V)G = Z[uwδ]; all torsion free. For q = 1 the map
Zγ → Z/3⊕Z/4 is onto with kernel 12Zγ, for q = 2 the map Zq → Z/2 is onto; hence H1(Rq) ∼=
H1(B, j∗Lq) =: Kq (parabolic cohomology). Normalising a cocycle on π1(B◦) = F(t1, t2) so that c(t2) = 0
(possible as c(t2) ∈ (T2 − I)M), with residual freedom MT2 , and using c(t0) = −T0c(t1), one finds

Kq ∼=
(T1 − I)M ∩ (T0 − I)M

(T1 − I)MT2
, M =

∧q V.

For q = 1: (T1 − I)V = ⟨2γ + u + w, 2γ− u⟩ and (T0 − I)V = ⟨γ, u⟩ meet in Z(2γ− u) = Z(T1 − I)ε2, so
K1 = 0. For q = 2: (

∧2 T1 − I)
∧2 V = ⟨γu, γw, 2uδ + wδ, uw + uδ− wδ− 6γδ⟩ while (

∧2 T0 − I)
∧2 V =

⟨γu, γw + uδ⟩; an element aγu + b(γw + uδ) lies in the former only if b = 0 (compare the uw, uδ, wδ
coefficients), so the intersection is Zγu = Z(

∧2 T1 − I)(γε2) and K2 = 0.

Proposition 7.27. d0,1
2 (12γ) = ±p ω, d0,2

2 (2q) = ±p ωδ̄, d0,3
2 (2γuw) = ±p ω[γδ], with one and the same

sign in the three formulas and ω generating H2(B; Z). Consequently
H1(X; Z) = 0, H2(X; Z) ∼= H3(X; Z) ∼= Z/|p|,

in agreement with Theorems 7.17 and 7.22.

Proof. d0,1
2 (12γ) is the obstruction to lifting the section 12γ to H1(X; Z). Over N0 a lift exists since γ ∈ VT0

(Theorem B.1, together with the Leray sequence of f over D0, H2(D0; f∗Z) = 0); over Nj one exists since
12γ ∈ π∗j H1(Sj) (Proposition 7.14), and any lift Θj satisfies mjΘj(ĝj) = 12ℓj, i.e. Θj(ρ̂j) = 12ℓj/mj, equal to
4ℓ1, 3ℓ2, while Θ0(ã0) = 0 because ã0 is null-homotopic in N0 (Corollary 4.8(ii)). Evaluating the discrepancy
on ã0 = tµρ̂−1

2 ρ̂−1
1 gives d0,1

2 (12γ) = ±(12ℓ0 − 4ℓ1 − 3ℓ2)ω.
Two remarks on this computation. First, E2,0

2 = H2(B; Z) = Zω and, since only d0,•
2 can be nonzero,

E2,0
∞ = E2,0

3 = coker d0,1
2 = im

(
f ∗ : H2(B)→ H2(X)

)
; equivalently

im d0,1
2 = ker

(
f ∗ : H2(B; Z)→ H2(X; Z)

)
.

Second, this kernel is computed by Mayer–Vietoris, as follows (no Čech computation on a cover of B
by non-acyclic pieces is involved). Let U := D0 ⊔ D1 ⊔ D2 be the disjoint union of small open discs
around p0, p1, p2 and let V be a neighbourhood of B \⋃i D′i (with D′i ⋐ Di), so that B = U ∪V, U ∩V is
a disjoint union of three annuli and V is homotopy equivalent to a pair of pants. Since H1(U) = 0 and
H2(U) = H2(V) = 0, Mayer–Vietoris gives an isomorphism

H1(U ∩V)/ im H1(V)
∼−−→ H2(B; Z) = Zω;

evaluating on the three (clockwise) meridians identifies H1(U ∩ V) = Z3, and H1(V) → Z3 is injective
with image the sum-zero sublattice (the three boundary meridians of the pair of pants compose to 1), so the
class of (n0, n1, n2) is ±(n0 + n1 + n2)ω. Now the section 12γ lifts over f−1(V) to a class ΘV (possible since
H2(V) = 0) and over f−1(Di) to the Θi above, and d0,1

2 (12γ) is the class of the triple of differences Θi −ΘV
on the three annuli. Writing αi := ΘV(ρ̂i) and using ã0 = tµρ̂−1

2 ρ̂−1
1 , whence ΘV(ã0) = 12ℓ0 − α1 − α2, the

three meridian values of the differences are
4ℓ1 − α1, 3ℓ2 − α2, −(12ℓ0 − α1 − α2),
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of sum −(12ℓ0 − 4ℓ1 − 3ℓ2) = −p; hence d0,1
2 (12γ) = ±p ω, as computed above.

For the other differentials use multiplicativity of the Leray spectral sequence, together with the cup-
product description of the E2-terms in Proposition 7.26 (Lemma 7.25(ii), i.e. the naturality of the duality
H2

c
∼= H0 with respect to coefficient pairings); the generator 2γuw of H0(B, R3) is the one provided there,

the hypothesis 4 | ε2(v2) of Proposition 7.14 being satisfied for our v2 = −ε′. Normalise the sign by
d0,1

2 (12γ) = p ω and write d2(2q) = p′ωδ̄, d2(2γuw) = p′′ω[γδ]. From (12γ)(2q) = 12(2γuw), the Leibniz
rule with the sign (−1)deg = −1 of the total degree 1 of 12γ, and [q] = 12[γδ], one gets

12p′′ = 24p− 12p′, i.e. p′′ = 2p− p′.

From (2q)(2γuw) ∈ E0,5
2 = 0 together with the pairings E2,1

2 × E0,3
2 → E2,4

2
∼= Z and E0,2

2 × E2,2
2 → E2,4

2 , both
±2 on generators, one gets |p′| = |p′′|. The case p′′ = −p′ would give p = 0, excluded; hence p′ = p′′ = p,
which is the assertion (with the common sign).

Since Ea,b
2 = 0 for a ≥ 3, only d0,•

2 can be nonzero, so H1(X) = ker d0,1
2 = 0 and

H2(X) : E2,0
∞ = Z/p, E1,1

∞ = 0, E0,2
∞ = ker(×p) = 0,

H3(X) : E2,1
∞ = VG/pVG = Z/p, E1,2

∞ = E0,3
∞ = 0.

Remark 7.28. Both routes single out the same arithmetic: p ≡ −(4ℓ1 + 3ℓ2) (12) is local data at p1, p2
(admissibility being exactly smoothness of X at the multiple fibres), while ℓ0 is the free gluing parameter at
p0; thus |p| = 1 iff (ℓ1 mod 3, ℓ2 mod 4) ∈ {(1, 3), (2, 1)}, realised by (0, 1,−1) and not by (0, 1, 1).

Corollary 7.29. For the threefold X of §6 (v1 = ε, v2 = −ε′, tautological gluing at p0) one has (ℓ0, ℓ1, ℓ2) =
(0, 1,−1), p = −1, and

π1(X) = 1, H∗(X; Z) ∼= H∗(S6; Z), e(X) = c3(X)[X] = 2.

Proof. π1(X) = 1 is Theorem 7.17 with |p| = 1. By Propositions 7.26 and 7.27, H1(X; Z) = 0 and
H2(X; Z) ∼= H3(X; Z) ∼= Z/|p| = 0. By universal coefficients Hom(H2(X), Z) ⊂ H2(X) = 0 and
Ext(H2(X), Z) ⊂ H3(X) = 0, so H2(X) = 0; H1(X) = π1(X)ab = 0. By Poincaré duality on the closed
oriented 6-manifold X, H4(X) ∼= H2(X) = 0 and H5(X) ∼= H1(X) = 0; the rank of H3(X) is that of
H3(X) = 0 and its torsion is that of H4(X) ∼= H2(X) = 0, so H3(X) = 0. Hence H∗(X; Z) ∼= H∗(S6; Z)
and e(X) = 2; finally c3(X)[X] = e(X), since the top Chern class of TX is the Euler class of the underlying
oriented real vector bundle [Hir, §4.10]. This argument uses §7.4, §7.5 (with Lemma 7.4), §7.7, Appendix B
and Corollary 4.8 only — in particular not §7.2, Proposition 7.11 or §7.6; Theorem 7.22 gives the same
groups by the first route.

8 Recognition: X is diffeomorphic to S6.

Throughout this section X denotes the compact complex threefold constructed in §6, regarded as a closed
smooth 6-manifold and oriented by its complex structure.

Theorem 8.1. X is diffeomorphic to S6.

Lemma 8.2. Let M be a closed smooth simply connected n-manifold, n ≥ 2, with H̃∗(M; Z) ∼= H̃∗(Sn; Z).
Then M is homotopy equivalent to Sn.

Proof. By the Hurewicz theorem [Hat02, Thm. 4.32], applied inductively in degrees 2, . . . , n, one gets
πi(M) = 0 for i ≤ n− 1 and an isomorphism πn(M)

∼−→ Hn(M; Z) ∼= Z. Let φ : Sn → M represent a class
mapping to a generator. By naturality of the Hurewicz map φ∗ is an isomorphism on Hn, hence (the
remaining reduced groups vanishing) on all integral homology. Both spaces are simply connected and
of the homotopy type of CW complexes: this is clear for Sn, and for the closed topological manifold M it
is [Hat02, Cor. A.12]. Hence φ is a homotopy equivalence by the homology Whitehead theorem [Hat02,
Cor. 4.33].
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Proof of Theorem 8.1. By Theorem 6.2, X is a compact complex manifold of dimension 3, so its underlying
smooth manifold is closed of real dimension 6; by Theorem 7.17 and Corollary 7.29 (equivalently The-
orem 7.22), π1(X) = 1 and H∗(X; Z) ∼= H∗(S6; Z). Lemma 8.2 with n = 6 shows that X is a homotopy
6-sphere. By Smale’s generalised Poincaré theorem in dimensions ≥ 5 [Sma61, Thm. A], X is homeomor-
phic to S6 and is a twisted sphere. By the h-cobordism theorem [Mil65], for n ≥ 5 the h-cobordism classes of
oriented homotopy n-spheres coincide with their oriented diffeomorphism classes, and by Kervaire–Milnor
[KM63, Lem. 4.5, Thm. 1.1] these classes form a finite abelian group Θn under connected sum, with Θ6 = 0
[KM63, §7]. Hence X is orientation-preservingly diffeomorphic to S6 with one of its two orientations; as S6

carries an orientation-reversing self-diffeomorphism (a reflection of R7), X is diffeomorphic to S6, and the
diffeomorphism may be taken orientation-preserving for the complex orientation.

Remark 8.3. The proof uses only π1(X) = 1 (Theorem 7.17) and H∗(X; Z) ∼= H∗(S6; Z) (Corollary 7.29
or Theorem 7.22); H∗(X; Z) is computed twice in §7: once by the Mayer–Vietoris route, which uses the
retraction and collapse of §7.2, and once by the Leray route of §7.7 with Appendix B, which together with
Theorem 7.17 and Corollary 4.8 does not use §7.2; the recognition of X as S6 therefore does not depend on
Proposition 7.2.

Remark 8.4. It is the diffeomorphism, not merely the homeomorphism of [Sma61], that is needed for the
statement of §1: transporting the complex structure of X through any diffeomorphism X → S6 yields an
integrable almost complex structure on the standard smooth S6 whose complex manifold is biholomorphic
to X.

Corollary 8.5. e(X) = 2 and c3(X) = ⟨c3(TX), [X]⟩ = 2, where [X] is the fundamental class for the complex
orientation.

Proof. From Corollary 7.29 (or Theorem 7.22), e(X) = ∑(−1)ibi(X) = 2; equivalently e(X) = e(W) + 0 + 0
as in §7, the multiple fibres 3S1, 4S2 contributing e(Sj) = 0 (Sj bielliptic, Theorem 5.4) and the remaining
fibres of f being 2-tori. For a compact complex n-fold, cn(TX) is the Euler class of the underlying oriented
real tangent bundle, so ⟨cn(TX), [X]⟩ = e(X) [Hir, §4.10]; take n = 3.

Remark 8.6. In particular c3(X) ̸= 0, and this non-vanishing is what rules out a(X) = 2 in §9, while the
vanishing b2(X) = 0 obtained in §7 rules out a(X) = 3.

9 Complex-analytic invariants of X.

Throughout, f : X → B = P1 is the map of §6 and the notation is that of §2–§5: Σ = {p0, p1, p2},
B◦ = B ∖ Σ, Fb = f−1(b) = C2/Π(z)Λ for b = π(z) ∈ B◦, W = f−1(p0), f ∗pj = mjSj with Sj bielliptic.
Write σ1 := 6µγ + τu + w, σ2 := βγ + µu + δ for the rows of Π = [Z | I], viewed in V ⊗C = Hom(Λ, C),
so σi(λ) = (Πλ)i and

F1(z) := ⟨σ1(z), σ2(z)⟩ = H0(Ω1
Fπ(z)

) ⊂ H1(Fπ(z), C).

Put e := dζ1 ∧ dζ2, the flat relative 2-form on T . As usualM(Y) denotes the field of meromorphic functions
of a compact complex space Y, and a(Y) = trdegCM(Y).

Theorem 9.1. Let X and f be as in §6. Then:

(i) a(X) = 1, M(X) = f ∗M(B), f is the algebraic reduction of X, and the very general fibre of f has
algebraic dimension 0;

(ii) f∗OX = OB, R1 f∗OX ∼= O ⊕O(−1), R2 f∗OX ∼= O(−1); hence h0,0 = h0,1 = 1, h0,2 = h0,3 = 0;

(iii) f∗ωX/B
∼= OB(1) and KX ∼= f ∗O(−1)⊗O(2S2); in particular KX is not a torsion line bundle;

(iv) c1(X) = c2(X) = 0 in H∗(X; Z); c1c2 = 0, c3 = e(X) = 2, χ(OX) = 0, χ(Ω1
X) = −1, χ(TX) = 1;
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(v) h0(TX) = 1 and Aut0(X) = C∗, acting fibrewise, with fixed locus one of the three double curves of W
(a smooth rational curve through both triple points) and normal weights (+1,−1);

(vi) H0(X, Ωp
X) = 0 for p = 1, 2, 3, i.e.

h1,0 = h2,0 = h3,0 = 0
(the case p = 3 being consistent with h0,3 = 0 in (ii) by Serre duality); together with (ii), (iv) and Serre
duality this determines every Hodge number of X in terms of the single integer h1,2 = h2,1, namely
h1,1 = h2,2 = h1,2 + 1 and hp,0 = h0,q = 0 for p ≥ 1, q ≥ 2.

Parts (i)–(vi) are proved in §§9.1–9.7. The Hodge number h1,2 = h2,1 is not computed here; see
Remark 9.21.

9.1 The algebraic dimension

In this subsection we prove Theorem 9.1(i). The argument rests on the period description of the smooth
fibres (§2, §3) and on elementary facts about complex 2-tori; neither §7 nor [CDP20] enters (see Remark 9.9).

Notation. Write
∧• V for the exterior algebra of V = Hom(Λ, Z), let (γ̂, û, ŵ, δ̂) be the basis of Λ dual

to the basis (γ, u, w, δ) of V, and put
vol := γ ∧ u ∧ w ∧ δ ∈ ∧4 V ∼= Z.

For E, E′ ∈ ∧2 V write E ∧ E′ = (E · E′) vol and E2 := E · E; under the marking of §3,
∧2 V = H2(Fb; Z)

for b = π(z) ∈ B◦, the product ( · ) being the cup product evaluated on ± the fundamental class (only
non-vanishing statements will be used, so the orientation is immaterial). A class E ∈ ∧2 V is written

E = Eγu γ ∧ u + Eγw γ ∧ w + Eγδ γ ∧ δ + Euw u ∧ w + Euδ u ∧ δ + Ewδ w ∧ δ, Eij ∈ Z.
Finally set

η := u ∧ w + 6 γ ∧ δ ∈ ∧2 V.
We shall use the following specialisations to the generators g0, g2 of ∆ of the laws (τ2), (µ1), (β1) of §2,
valid on all of hz:

τ ◦ g0 = τ − 1, µ ◦ g0 = µ, β ◦ g0 = β + 1,

τ ◦ g2 = −1/τ, µ ◦ g2 = 1 + µ/τ, β ◦ g2 = β− 3− 6µ2/τ.
(9.1)

Lemma 9.2 (Néron–Severi groups of the smooth fibres). Let z ∈ h◦z , b = π(z), and E ∈ ∧2 V = H2(Fb; Z).
Then

E ∈ NS(Fb) := H2(Fb; Z) ∩ H1,1(Fb) ⇐⇒ PE(z) = 0,
where PE is the holomorphic function on hz

PE := Eγu − Eγw τ − Eγδ µ + 6Euw µ + Euδ β + Ewδ (6µ2 − τβ).

Proof. For a complex torus H2(Fb; C) =
∧2(V ⊗C) and Hp,q =

∧p F1 ∧∧q F1; in particular H2,0 = C σ1 ∧ σ2

and H0,2 = C σ̄1 ∧ σ̄2. Since L(z) = Π(z)Λ is a lattice of full rank (Theorem 3.4), F1 ⊕ F1 = V ⊗ C, so
σ1, σ2, σ̄1, σ̄2 is a basis of V ⊗C and

σ̄1 ∧ σ̄2 ∧ σ1 ∧ σ2 ̸= 0 in
∧4(V ⊗C).

Let E be real (e.g. integral) and write E = E2,0 + E1,1 + E0,2. As dim F1 = 2 we have
∧3 F1 = 0, so

E2,0 ∧ σ1 ∧ σ2 = 0 and E1,1 ∧ σ1 ∧ σ2 = 0; writing E0,2 = c σ̄1 ∧ σ̄2 we get
E ∧ σ1 ∧ σ2 = c σ̄1 ∧ σ̄2 ∧ σ1 ∧ σ2.

Hence E is of type (1, 1) if and only if E ∧ σ1 ∧ σ2 = 0.
Now compute, from σ1 = 6µγ + τu + w and σ2 = βγ + µu + δ,

σ1 ∧ σ2 = (6µ2 − τβ) γ ∧ u− β γ ∧ w + 6µ γ ∧ δ− µ u ∧ w + τ u ∧ δ + w ∧ δ.
The non-zero products of complementary basis bivectors are

γu ∧ wδ = vol, γw ∧ uδ = −vol, γδ ∧ uw = vol,
uw ∧ γδ = vol, uδ ∧ γw = −vol, wδ ∧ γu = vol,
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(all other products of two distinct basis bivectors vanish), whence

E ∧ σ1 ∧ σ2 =
(

Eγu · 1− Eγw · τ − Eγδ · µ + Euw · 6µ + Euδ · β + Ewδ(6µ2 − τβ)
)

vol = PE(z) vol.

Lemma 9.3 (linear independence of the period functions). If a, b, c, d, e ∈ C satisfy
a + b τ + c µ + d β + e (6µ2 − τβ) ≡ 0 on hz,

then a = b = c = d = e = 0. Consequently, for E ∈ ∧2 V,
PE ≡ 0 ⇐⇒ E ∈ Zη.

Proof. By (9.1),
(6µ2 − τβ) ◦ g0 = 6µ2 − (τ − 1)(β + 1) = (6µ2 − τβ) + (β− τ + 1).

Evaluating the relation at g0z and subtracting the relation at z gives
−b + d + e (β− τ + 1) ≡ 0.

If e ̸= 0 this makes β− τ constant, which is impossible because (β− τ) ◦ g0 = β− τ + 2. Hence e = 0 and
d = b, and the relation becomes

a + b(τ + β) + cµ ≡ 0.
By (9.1), (τ + β) ◦ g2 = −1/τ + β− 3− 6µ2/τ and µ ◦ g2 = 1 + µ/τ; evaluating at g2z, subtracting, and
multiplying by −τ we obtain

6bµ2 + c(τ − 1)µ + b(τ2 + 3τ + 1)− cτ ≡ 0. (9.2)
Evaluating (9.2) at g0z and subtracting (9.2) (use µ ◦ g0 = µ, τ ◦ g0 = τ − 1, and (τ − 1)2 + 3(τ − 1) + 1 =
τ2 + 3τ + 1− 2(τ + 1)) gives

cµ + 2b(τ + 1)− c ≡ 0.
If c ̸= 0 this reads µ = 1− 2b(τ + 1)/c; applying g0 and using µ ◦ g0 = µ, τ ◦ g0 = τ − 1 yields 2b/c = 0,
i.e. b = 0. If c = 0 it gives b = 0 directly. So in both cases b = 0, and (9.2) becomes c (µτ − µ− τ) ≡ 0. If
c ̸= 0 then µ = τ/(τ − 1), while applying g0 gives µ = (τ − 1)/(τ − 2); equating, τ(τ − 2) = (τ − 1)2, i.e.
0 = 1. Hence c = 0, and then a = 0; finally d = b = 0.

For the consequence: by Lemma 9.2,
PE = Eγu + (−Eγw)τ + (6Euw − Eγδ)µ + Euδβ + Ewδ(6µ2 − τβ),

so PE ≡ 0 if and only if Eγu = Eγw = Euδ = Ewδ = 0 and Eγδ = 6Euw, i.e. if and only if E =
Euw (u ∧ w + 6 γ ∧ δ) = Euw η.

Lemma 9.4 (η is an indefinite (1, 1)-class). For every z ∈ h◦z one has η ∈ NS(Fπ(z)), η2 = 12, and the
hermitian form Hη of η on C2 is non-degenerate of signature (1, 1). Consequently, for every integer n ̸= 0,

(nη)2 = 12n2 ̸= 0, Hnη = n Hη is non-degenerate and indefinite.

Proof. (1, 1). For E = η one has Euw = 1, Eγδ = 6 and all other Eij = 0, so Pη = −6µ + 6µ ≡ 0 and
Lemma 9.2 applies. (This is the Lagrangian relation Z11 = 6µ of §2.)

Self-intersection. η ∧ η = 2 · 6 (u ∧ w) ∧ (γ ∧ δ) = 12 vol, since u ∧ w ∧ γ ∧ δ = γ ∧ u ∧ w ∧ δ.
Signature. Regard η as an alternating form on Λ: η(û, ŵ) = 1, η(γ̂, δ̂) = 6, and η vanishes on the

remaining pairs of basis vectors. Its inverse η∨ is the alternating form on V with
η∨(u, w) = −1, η∨(γ, δ) = − 1

6 ,
vanishing on the remaining pairs.

We first record the exact relation between the hermitian form and the Gram matrix. By Appell–Humbert
and the Riemann bilinear relations (see e.g. [BL04, Ch. 2–4]), a class E ∈ NS is the imaginary part of a
unique hermitian form HE on C2; write HE(ζ, ζ ′) = ∑a,b(HE)abζa ζ̄ ′b in the linear coordinates ζ1, ζ2 on C2

dual to σ1, σ2, so that dζa = σa in V ⊗C. Put
GE :=

(
i E∨(σa, σ̄b)

)
a,b=1,2, E∨ the inverse of E.
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Then, as a 2-form, Im HE = 1
2i ∑a,b(HE)ab dζa ∧ dζ̄b, i.e.

E = − i
2 ∑

a,b
(HE)ab σa ∧ σ̄b;

hence in the basis (σ1, σ2, σ̄1, σ̄2) of V ⊗C the matrix of E is
(

0 A
−AT 0

)
with A = − i

2 HE, whose inverse is(
0 −(AT)−1

A−1 0

)
, so that E∨(σa, σ̄b) = −2i (H−1

E )ab. Therefore

GE = 2 H−1
E , equivalently HE = 2 GE

−1
;

in particular HE and GE are simultaneously non-degenerate and have the same signature.
A direct computation with σ1 = 6µγ + τu + w, σ2 = βγ + µu + δ gives

η∨(σ1, σ̄1) = −τ + τ̄ = −2i Im τ, η∨(σ1, σ̄2) = −µ + µ̄ = −2i Im µ, η∨(σ2, σ̄2) = − β−β̄
6 = − i

3 Im β,
so that

Gη =

(
2 Im τ 2 Im µ

2 Im µ 1
3 Im β

)
, det Gη = 2

3 Im τ Im β− 4(Im µ)2 = 2
3 Im τ · D,

with D = Im β− 6(Im µ)2/ Im τ. By Theorem 3.4, Im τ > 0 and D < 0 on hz, so det Gη < 0: the real
symmetric 2× 2 matrix Gη is non-degenerate with eigenvalues of opposite signs, i.e. of signature (1, 1),
and by the relation above the same holds for Hη = 2G−1

η (Gη being real). For instance at τ = iT, µ = 0,
β = −iT (so D = −T < 0) one finds Gη = diag(2T,−T/3) and Hη = 2G−1

η = diag(1/T,−6/T).

Proposition 9.5. The set
C := {z ∈ h◦z : NS(Fπ(z)) ̸= Zη}

is countable, and a(Fπ(z)) = 0 for every z ∈ h◦z ∖ C.

Proof. By Lemmas 9.2 and 9.4, Zη ⊆ NS(Fπ(z)) for every z, and

C =
⋃

E∈∧2 V∖Zη

{z ∈ h◦z : PE(z) = 0}.

For E /∈ Zη the holomorphic function PE is not identically zero on the connected domain hz (Lemma 9.3),
so its zero set is discrete, hence countable; and

∧2 V ∼= Z6 is countable. Thus C is countable.
Let now z /∈ C, put T := Fπ(z), and suppose a(T) ≥ 1. By the structure theory of the algebraic reduction

of a complex torus ([LB99, Ch. 2]; see also [BHPV, Ch. IV,VI]) there is a subtorus T1 ⊂ T such that
p : T → Ta := T/T1 is the algebraic reduction and Ta is an abelian variety of dimension a(T).

• If a(T) = 2 then T = Ta is an abelian surface; let h ∈ NS(T) be the class of an ample line bundle.
Then Hh is positive definite, whereas h = nη for some n ̸= 0 and Hnη is indefinite by Lemma 9.4:
contradiction.

• If a(T) = 1 then Ta is an elliptic curve and T1 is a 1-dimensional subtorus; the class φ := p∗[pt] ∈
NS(T) of a fibre satisfies φ2 = 0. Moreover φ is the Poincaré dual of the fibre class [T1] ∈ H2(T; Z),
so for a flat Kähler form ω on T one has∫

T
φ ∧ω =

∫
T1

ω > 0,

whence φ ̸= 0. But φ = nη with n ̸= 0 forces φ2 = 12n2 ̸= 0 (Lemma 9.4): contradiction.

Hence a(T) = 0.

Lemma 9.6. Let g ∈ M(X) and suppose that g|Fb is constant for uncountably many b ∈ B◦. Then g = f ∗φ
for a (unique) φ ∈ M(B) = C(t).

Proof. Let |P| ⊂ X be the polar divisor of g (a hypersurface containing the indeterminacy locus of g) and
put

Ω := f−1(B◦)∖ |P|,
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a connected open subset of X on which g is holomorphic and f is a submersion. Only finitely many fibres
are contained in |P| (each is then a union of irreducible components of |P|); for every other b ∈ B◦ the
set Fb ∩Ω is a connected 2-dimensional closed submanifold of Ω, dense in Fb, and g|Fb is a well-defined
meromorphic function on Fb.

Let
Z := {x ∈ Ω : (dg ∧ f ∗dt)(x) = 0} ⊂ Ω,

an analytic subset, where t denotes a local holomorphic coordinate on B (the condition is independent of
the choice). If g|Fb is constant then Fb ∩Ω ⊂ Z.

Assume Z ̸= Ω. Then Z is a proper analytic subset of the connected 3-fold Ω, so each of its irreducible
components has dimension ≤ 2, and there are at most countably many components (Ω is second countable).
Each Fb ∩Ω contained in Z is an irreducible closed analytic subset of Z of dimension 2, hence is contained
in, and therefore equal to, one of the (finitely or countably many) 2-dimensional components; distinct b
give disjoint, hence distinct, components. So only countably many b would have g|Fb constant, contrary to
hypothesis.

Hence Z = Ω, i.e. dg annihilates ker d f at every point of Ω; as the sets Fb ∩Ω are connected, g is
constant on each of them, and g = φ ◦ f on Ω with φ a function on B◦ minus the finite set of the bad b’s.
The function φ is holomorphic there: locally φ = g ◦ s for a holomorphic local section s of the submersion
f |Ω.

It remains to see that φ is meromorphic at each of the finitely many remaining points t0 ∈ B. Choose
x ∈ f−1(t0) and local coordinates centred at x; since the germs of f−1(t0) and of |P| at x are hypersurface
germs, there is a holomorphic disc κ : (∆, 0)→ (X, x) with κ(∆) ̸⊂ |P| and f ◦ κ non-constant, say f ◦ κ(s) =
t0 + sk · (unit) in a local coordinate at t0. Then g ◦ κ is meromorphic on ∆, and g ◦ κ = φ ◦ ( f ◦ κ) off a
discrete subset of ∆. Consequently |g ◦ κ(s)| ≤ C|s|−M near 0 for some M, whence |φ(t)| ≤ C′|t− t0|−M/k

on a punctured neighbourhood of t0; so (t− t0)N φ is bounded for N ≫ 0 and extends holomorphically by
Riemann’s theorem, i.e. φ is meromorphic at t0. Thus φ ∈ M(B) = C(t) and g = f ∗φ on the dense open
set Ω, hence everywhere.

Proposition 9.7. a(X) = 1,M(X) = f ∗M(B), and f is the algebraic reduction of X.

Proof. Let g ∈ M(X) with polar divisor |P|. By Proposition 9.5 the set π(C) ⊂ B◦ is countable, and only
finitely many fibres are contained in |P|; since B is uncountable, there are uncountably many b ∈ B◦ with

a(Fb) = 0 and Fb ̸⊂ |P|.
For such b the restriction g|Fb is a meromorphic function on the compact connected torus Fb, hence constant.
By Lemma 9.6, g ∈ f ∗M(B). Therefore

M(X) = f ∗M(B) ∼= C(t),
the pullback f ∗ being injective because f is surjective; in particular a(X) = trdegC C(t) = 1. Finally, f is a
surjective holomorphic map onto the projective curve B with connected fibres and f ∗M(B) =M(X), i.e.
f is the algebraic reduction of X.

Corollary 9.8. The set of b ∈ B for which Fb is not a smooth fibre with NS(Fb) = Zη is contained in a
countable union of proper analytic subsets of B (i.e. is countable); for all other b,

NS(Fb) = Zη and a(Fb) = 0.
In particular the very general fibre of the algebraic reduction f has algebraic dimension 0, and carries no
non-constant meromorphic function.

Proof. Immediate from Proposition 9.5: the exceptional set is Σ ∪ π(C), a countable subset of the curve B,
and proper analytic subsets of B are exactly the finite sets.

The statement is independent of the marking used to identify H2(Fb; Z) with
∧2 V: the class η is

invariant under the monodromy group of the family over B◦ (Lemma A.1(6) of the Appendix; equivalently,
the monodromy-invariance lemma of §2), so the subgroup Zη ⊂ H2(Fb; Z), and hence the equality
NS(Fb) = Zη, does not depend on the chosen marking.
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Remark 9.9 (second proof that a(X) = 1). We record the route through [CDP20]. It yields a(X) = 1, and
hence also M(X) = f ∗M(B): indeed M(X) then has transcendence degree 1 over C, so it is algebraic
over the subfield f ∗M(B), which is algebraically closed in M(X) because f is proper and surjective
with connected fibres onto the normal curve B [Ue75, §3]; whence M(X) = f ∗M(B). It does not yield
Corollary 9.8, and it uses the topological computations of §7 and §9.4.

(a) a(X) ̸= 3. A Moishezon threefold has b2 > 0 [CDP98, Lemma 1.4], while b2(X) = 0 by §7.
(b) If a(Y) ≥ 2 for a compact connected complex manifold Y, then some non-constant h ∈ M(Y) is not

holomorphic as a map Y 99K P1. Choose algebraically independent g1, g2 ∈ M(Y). If one of them is already
non-holomorphic, we are done; otherwise Φ := (g1, g2) : Y → P1 ×P1 is holomorphic, and Φ(Y) is an
irreducible compact analytic subset (Remmert) of dimension 2 — a point or a curve (algebraic by Chow)
would give an algebraic relation between g1 and g2 — so Φ is surjective. By upper semicontinuity of
fibre dimension, S := {q : dim Φ−1(q) ≥ 2} is a proper analytic subset, and it is finite: if it contained a
curve Γ then dim Φ−1(Γ) ≥ 3 = dim Y, so Φ(Y) ⊂ Γ. Pick (a1, a2) ∈ C2 ∖ S and x ∈ Φ−1(a1, a2), and put
u := g1 − a1, v := g2 − a2 ∈ OY,x: both vanish at x, and they are coprime in the factorial ring OY,x, since a
common prime factor p would give a hypersurface germ {p = 0} ⊂ (Φ−1(a1, a2), x), which has dimension
≤ 1. Then

h :=
1

g1 − a1
+

1
g2 − a2

=
u + v

uv
is a reduced fraction at x (a prime dividing uv divides u or v, and if it also divided u + v it would divide
both), with both u+ v and uv vanishing at x; hence x is an indeterminacy point of h. (The choice (a1, a2) /∈ S
is essential: if the level sets shared a component with different multiplicities, such a sum could well be
holomorphic there.)

(c) a(X) ̸= 2. If a(X) = 2, then by (b) there is a non-constant meromorphic, non-holomorphic map
X 99K P1, so the hypotheses of [CDP20, Thm. 2.1] are met. We quote that theorem verbatim [CDP20,
Thm. 2.1, p. 679] (in it, B denotes a holomorphic vector bundle, not our base curve, and g is the meromorphic
map, not a generator of ∆):

2.1. Theorem. Let X be a 3-dimensional compact complex manifold with b2(X) = 0. Assume that there
exists a non-holomorphic meromorphic non-constant map g : X 99K P1. Let B be a holomorphic vector
bundle on X. Then
a) Hi(X, B⊗M) = 0 for i ≥ 0 and M ∈ Pic◦(X) generic.
b) χ(X, B⊗M) = 0 for all M ∈ Pic◦(X).
c) c3(X) = 0; i.e., either b1(X) = 0 and b3(X) = 2, or b1(X) = 1 and b3(X) = 0.

followed there by “Another proof has been given in [LSS18].” (loc. cit.’s [LSS18] is our [LRS]). Our X has
b2(X) = 0 (§7), so part c) would give c3(X) = 0, contradicting c3(X) = e(X) = 2 (§9.4). (See also [LRS,
Thm. 3.1].) With (a) and f ∗M(B) ⊂M(X) this gives a(X) = 1.

(d) A related holomorphic statement. Independently of the above,
if h : X → P1 is holomorphic, then h = φ ◦ f for a (unique) holomorphic φ : B→ P1. (9.3)

Indeed, L := h∗OP1(1) has c1(L) = 0 because H2(X; Z) = 0 (§7); if h|Fb were non-constant for some b ∈ B◦,
it would be surjective and D := (h|Fb)

−1(∞) would be a non-empty effective divisor with OFb(D) ∼= L|Fb .
On a compact complex torus a line bundle with vanishing first Chern class is given by a unitary character
of the lattice (Appell–Humbert, [BL04, Ch. 2]), and its sections are the entire functions θ on C2 with
θ(ζ + ℓ) = χ(ℓ)θ(ζ), which are bounded, hence constant, and non-zero only for χ ≡ 1; so OFb(D) ∼= OFb

with D ≥ 0 forces D = 0, a contradiction. Thus h is constant on the fibres over B◦ and factors through the
proper map f with connected fibres onto the normal curve B [Ue75, §3].

(e) Caveat. X contradicts [CDP20, Cor. 2.3], the failure being located in [CDP20, Thm. 2.2] (see §10);
using [CDP20, Thm. 2.1] is legitimate only insofar as its proof is independent of that step (it is, and [LRS]
reproves it). The proof of Proposition 9.7 uses neither §7 nor [CDP20].
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9.2 Automorphy factors and the canonical bundle

Recall [Pg | Rg] = Π(gz)M−1
g , i.e.

Rg(z)Π(z)λ = Π(gz) Agλ (λ ∈ Λ), Ag := M−1
g . (9.4)

Lemma 9.10. (i) Rg0 ≡ I, det Rg1 = −1/τ, det Rg2 = 1/τ; moreover Rgj(zj) fixes e2 = Π(zj)δ̂ and has
second eigenvalue ζ

aj
j , with (a1, a2) = (2, 1); in particular det Rgj(zj) = ζ

aj
j and 0 < aj < mj.

(ii) On J′j the form s
k j
j eφj dsj ∧ e, with k j := mj − 1− aj (so k1 = 0, k2 = 2) and eφj a suitable unit on

∆j, is invariant under ⟨g̃log
j ⟩ and descends to a section of KNj whose divisor is k jSj; it is a generator of

KNj precisely where it does not vanish, i.e. everywhere if k j = 0 and on Nj ∖ Sj if k j > 0. Consequently
KN1
∼= ON1 , KN2

∼= ON2(2S2), and KN0
∼= ON0 .

Proof. (i) By (9.4) the columns of Rg(z) are Π(gz)Agŵ and Π(gz)Agδ̂. With A1ŵ = û− ŵ, A1δ̂ = δ̂ and
A2ŵ = −û + δ̂, A2δ̂ = δ̂ a direct computation gives, writing τ♯ = τ(gjz), µ♯ = µ(gjz),

Rg1 =
(

τ♯−1 0
µ♯ 1

)
, Rg2 =

(
−τ♯ 0

1−µ♯ 1

)
,

so det Rg1 = (τ − 1)/τ − 1 = −1/τ and det Rg2 = −τ(g2z) = 1/τ; for g0, M0ŵ = ŵ, M0δ̂ = δ̂ and
(τ, µ, β) ◦ g0 = (τ − 1, µ, β + 1) give Rg0 = I. As δ̂ is Aj-invariant, Rgj(zj)e2 = e2; in the basis (e1, e2) =

(Πŵ, Πδ̂) the matrix Rgj(zj) is lower triangular with (2, 2)-entry 1, so its second eigenvalue is its (1, 1)-entry
— the vector e1 itself need not be an eigenvector — namely τ(z1)− 1 = ρ− 1 = e2πi/3 = ζ2

1 for j = 1 and
−τ(z2) = −i = ζ2 for j = 2. Since the (2, 2)-entry is 1, the determinant equals this second eigenvalue ζ

aj
j ,

and (a1, a2) = (2, 1) satisfies 0 < aj < mj = (3, 4)j.

(ii) On J′j = (∆j × C2)/Λ the form dsj ∧ e is Λ-invariant and nowhere zero, and since g̃log
j (z, ζ) =

(gjz, Rgj(z)ζ + Π(gjz)vj/mj) and the dsj-components die against dsj,

(g̃log
j )∗

(
F dsj ∧ e

)
= (F ◦ gj) χ(sj) dsj ∧ e, χ := ζ j det Rgj .

Here χ is nowhere zero on ∆j with ∏i<mj
χ(ζ i

js) = 1; writing χ = χ(0)eψ, ψ(0) = 0, the Z/mj-invariant
part of ψ vanishes, so φ(s)− φ(ζ js) = ψ(s) is solvable in O(∆j), and F = skeφ satisfies F(ζ js)χ(s) = F(s)

exactly when ζk
j χ(0) = 1. By (i) χ(0) = ζ

1+aj
j , so k ≡ k j; the holomorphic invariant forms F dsj ∧ e are

thus exactly those with F ∈ sk j eφj · O(Dj), O(Dj) being the invariant functions. Since ⟨g̃log
j ⟩ acts freely

(§5), J′j → Nj is étale, the invariant form descends, and its divisor is k jSj (the reduced divisor {sj = 0}
on J′j being the preimage of Sj). For N0: all rays of F lie at height 1, so t−1(0) = ∑v Dv is reduced and

Ω0 := dx1
x1
∧ dx2

x2
∧ dt generates KYF

; it is invariant under torus translations and under the shears Φλ̄ (as
det φλ̄ = 1), hence under all Ψλ̄, and descends.

Proposition 9.11. K := f∗ωX/B is invertible of degree 1. The multivalued frame e of K|B◦ has automorphy
factor det Rg, generates K at p0, and vanishes at pj to order aj/mj, i.e. 2/3 at p1, 1/4 at p2. Moreover
KX ∼= f ∗O(−1)⊗O(2S2), and KX is not a torsion line bundle.

Proof. K is torsion free of rank 1 on the smooth curve B, hence invertible; e is Λ-invariant with g̃∗e =
det Rg · e by (9.4). Near p0, Ω0 = (2πi)2dt ∧ e under E0 (as xi = e2πiζi ), so e generates K there by
Lemma 9.10(ii). Near pj, Lemma 9.15(c) together with the computation in the proof of Lemma 9.10(ii)

says that the holomorphic ⟨g̃log
j ⟩-invariant 3-forms on J′j are the F ds ∧ e with F ∈ sk j eφjO(Dj); here e

is unchanged under the regluing map hj of §5, by Lemma 9.16(i) (whose proof is independent of the
present proposition), so the comparison of the two descriptions over D∗j is legitimate, and dividing by
f ∗dtj = mjsmj−1ds shows that a unit times s−aj e generates K at pj, the asserted exponent.

Degree. Let F be the function of Lemma 3.10: F is holomorphic on hz, satisfies the automorphy law
F(gz) = ȷg(z)−1F(z) (g ∈ ∆),
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is nowhere zero on h◦z , vanishes to order aj in the linearising coordinate sj at the elliptic point zj (j = 1, 2),
and has a simple pole at the cusp in the coordinate tc. Since g̃∗e = det Rg e = ȷ−1

g e (Lemma 9.10(i) and
Lemma 9.14(ii)), the product

e := F−1e
is ∆-invariant, i.e. a section of K over B◦, and it is nowhere vanishing there, both F and e being nowhere
zero on h◦z . Its behaviour at the three remaining points is read off from the frames just determined. At
pj the frame of K is s−aj e, and e = (saj F−1) · (s−aj e) with saj F−1 a unit at s = 0; so e extends across pj and
generates K there. At p0 the frame is e, and F−1 is a unit times tc; so e extends across p0 with a simple zero.
Hence e is a global section of K with

div(e) = p0, so K ∼= OB(p0) = OB(1), degK = 1.
The elliptic-surface reading (not used below). The degree just computed agrees with the elliptic-surface

reading of the same data, the fibre types being forced by the monodromy together with e(Y) = 12. Let
Y → B be the relatively minimal elliptic surface with this homological monodromy — of orders 3 and 4 at
p1, p2 (orders in SL2(Z), the sign of the lift being fixed by Lemma 9.14) and unipotent at p0 — so that its
j-invariant is jY = 1728 t; its Hodge bundle has degree e(Y)/12. Here jY is holomorphic on B ∖ {p0} and τ
is holomorphic on h◦z with Im τ > 0, so the period map does not degenerate over B◦: Y has no singular
fibres outside Σ = {p0, p1, p2}; the only pole of jY is at p0 and is simple, so the fibre there is of type I1
or I∗1 (n = ordp0(jY)∞ = 1); and the fibres over p1, p2 are the ones attached to the elliptic points ρ, i with
monodromy of orders 3 and 4, hence of type IV or IV∗ at p1 and I I I or I I I∗ at p2. The corresponding local
Euler numbers are 1 or 7, 4 or 8, and 3 or 9, and (1, 8, 3) is the unique choice with e(Y) = 12 degK = 12;
these are precisely the numbers 1 at the cusp and 12aj/mj = 8, 3 at the two elliptic points.

Canonical bundle. Put L := KX ⊗ O(−2S2). By Lemma 9.10 and KX|Fb
∼= O for b ∈ B◦, L restricts

trivially to every fibre with its scheme structure; here h0(OmjSj) = 1 because OmjSj is filtered with quotients
OSj(−kSj), 0 ≤ k < mj, and OSj(−Sj) has order exactly mj in Pic0(Sj) (§5). By Grauert’s theorem [GrRe],
[BaSt], M := f∗L is invertible and f ∗M→ L an isomorphism. Since f∗O(2S2) = OB (0 ≤ 2 < m2),

K = f∗
(
KX ⊗ f ∗K−1

B
)
= M(2),

so deg M = −1 and KX = f ∗M⊗O(2S2).
Non-torsion. As divisors 4S2 = f ∗p2, so O(8S2) ∼= f ∗O(2) and

K⊗4
X
∼= f ∗O(−4)⊗ f ∗O(2) = f ∗O(−2).

If K⊗n
X
∼= OX for some n ≥ 1, then f ∗O(−2n) ∼= K⊗4n

X
∼= OX, whereas h0(X, f ∗O(−2n)) =

h0(B,O(−2n)) = 0 by f∗OX = OB (Proposition 9.13) and h0(OX) = 1. Hence KX is not torsion.

9.3 Direct images of OX and the numbers h0,q

We first compute the coherent cohomology of the degenerate fibre W and compare it with constant
coefficients. Recall from §4 the normalisation ν : dP6 →W of the (non-simple) normal-crossing surface W:
dP6 is a smooth rational surface containing the hexagon ∂ = C1 ∪ · · · ∪ C6 of (−1)-curves in cyclic order,
with vertices pi,i+1 := Ci ∩ Ci+1 (indices mod 6), ν is injective off ∂, and ν identifies Ci with Ci+3; the double
locus is D = D1 ∪D2 ∪D3 with

Dk := ν(Ck) = ν(Ck+3) ∼= P1 (k = 1, 2, 3),
and W has exactly two triple points P, Q. Put ιk : Dk ↪→W and

ν+k := ν|Ck : Ck
∼−−→ Dk, ν−k := ν|Ck+3 : Ck+3

∼−−→ Dk.
We also recall from §4 the combinatorial labelling used below: ρ1, . . . , ρ6 are the six lattice points adjacent
to the origin in the A2-triangulation TA2 , taken in cyclic order,

ρ1 = e1, ρ2 = e1 − e2, ρ3 = −e2, ρ4 = −e1, ρ5 = e2 − e1, ρ6 = e2

(indices mod 6, so that ρi+3 = −ρi and ρi+1 − ρi = ρi+2); Ci ⊂ dP6 is the toric curve attached to the cone
over the edge [0, ρi], and O{0,ρi ,ρi+1} denotes the torus-fixed point attached to the cone over the triangle
{0, ρi, ρi+1}, so that pi,i+1 = Ci ∩ Ci+1 = O{0,ρi ,ρi+1}.
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Lemma 9.12. (i) Define C-linear sheaf maps on W by ν♯( f ) = f ◦ ν,
δ0( f )k :=

(
f |Ck

)
◦ (ν+k )−1 −

(
f |Ck+3

)
◦ (ν−k )−1 on Dk (k = 1, 2, 3),

δ1(g1, g2, g3) :=
(

g1(P)− g2(P) + g3(P), g1(Q)− g2(Q) + g3(Q)
)

(over an open U ⊆W the P-component is present only if P ∈ U, and likewise for Q). Then

0 −→ OW
ν♯−−→ ν∗OdP6

δ0−−→
3⊕

k=1

ιk∗ODk

δ1−−→ CP ⊕CQ −→ 0 (9.5)

is an exact sequence of sheaves on W, and the same formulas define an exact sequence

0 −→ CW −→ ν∗CdP6

δ0−−→
3⊕

k=1

ιk∗CDk

δ1−−→ CP ⊕CQ −→ 0, (9.6)

the inclusions of constants giving a termwise map (9.6)→(9.5).
(ii) hq(W,OW) = 1, 2, 1 for q = 0, 1, 2; more precisely Hq(W,OW) is the q-th cohomology of the

simplicial cochain complex C → C3 → C2 of the dual complex of W (one vertex, three edges D1,D2,D3,
two triangles P, Q), which is the standard two-triangle CW structure of a real 2-torus.

(iii) The map H1(W; C) → H1(W,OW) induced by CW ⊂ OW is an isomorphism, and H2(W; C) →
H2(W,OW) is surjective and injective on ker

(
ν∗ : H2(W; C)→ H2(dP6; C)

)
; that is, a class α ∈ H2(W; C)

with ν∗α = 0 has zero image in H2(W,OW) if and only if α = 0.
(iv) The cup product Λ2H1(W,OW)→ H2(W,OW) is an isomorphism.

Proof. Combinatorics of ν. By §4 the gluing Ci → Ci+3 is induced by the shear Ψλ̄ with B0λ̄ = −ρi, which
carries the vertex pi,i+1 = O{0,ρi ,ρi+1} to O{−ρi ,0,ρi+1−ρi} = O{0,ρi+3,ρi+2} = pi+2,i+3, using ρi+1 − ρi = ρi+2 and
−ρi = ρi+3. Hence the six vertices fall into two classes according to parity,

P = ν(p12) = ν(p34) = ν(p56), Q = ν(p23) = ν(p45) = ν(p61),
and these are the two triple points. The three branches of W at P are the germs b1, b2, b3 of dP6 at p12, p34, p56,
with b1 ⊃ C1, C2, b2 ⊃ C3, C4, b3 ⊃ C5, C6; consequently

D1 = b1 ∩ b2 (C1 ⊂ b1, C4 ⊂ b2), D2 = b1 ∩ b3 (C2 ⊂ b1, C5 ⊂ b3), D3 = b2 ∩ b3 (C3 ⊂ b2, C6 ⊂ b3),
so that each pair of branches meets along exactly one Dk and the local model of W at P is {xyz = 0} ⊂ C3

(as it must be, since t = z0z1z2 at the corresponding toric point and the Γ-quotient is a local isomorphism).
At Q the branches are c1, c2, c3, the germs at p23, p45, p61, with c1 ⊃ C2, C3, c2 ⊃ C4, C5, c3 ⊃ C6, C1, so that

D1 = c3 ∩ c2, D2 = c1 ∩ c2, D3 = c1 ∩ c3.
At a point of Dk ∖ {P, Q} the model is {xy = 0} ×C, the two branches carrying Ck and Ck+3; elsewhere W
is smooth.

(i) δ1δ0 = 0. Let f be a section of ν∗OdP6 near P and let f1, f2, f3 be its values at p12, p34, p56, i.e. on
the branches b1, b2, b3. By the table above, δ0( f )1(P) = f1 − f2 (the + from C1 ⊂ b1, the − from C4 ⊂ b2),
δ0( f )2(P) = f1 − f3 and δ0( f )3(P) = f2 − f3, so

δ1δ0( f )(P) = ( f1 − f2)− ( f1 − f3) + ( f2 − f3) = 0.
At Q, with f ′i the value on ci, one gets δ0( f )1(Q) = f ′3 − f ′2, δ0( f )2(Q) = f ′1 − f ′2, δ0( f )3(Q) = f ′1 − f ′3,
and ( f ′3 − f ′2)− ( f ′1 − f ′2) + ( f ′1 − f ′3) = 0. Thus the single global sign convention ("+ on Ck, − on Ck+3",
and δ1 = g1 − g2 + g3 at both triple points) makes (9.5) a complex; it is the Čech differential of the
branch covering in the orderings (b1, b2, b3) at P and (c1, c3, c2) at Q (the sign pattern of δ0 at Q being the
tournament c1 > c3 > c2).

(i) Exactness. This is local, and by the description above there are three kinds of points. (Equivalently,
one may quote the gluing Lemma of §10, which presents OW as the fibre product of ν∗OdP6 over the ODk ;
the computations below are its local form, and we give them in full.)

(a) W smooth at x: ν is biholomorphic near x and the remaining terms of (9.5) vanish near x, so the
sequence reduces to 0→ O =−−→ O → 0.

(b) x ∈ Dk ∖ {P, Q}: the model is A := C{x, y, z}/(xy) with branches A1 = C{y, z} (x = 0) and
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A2 = C{x, z} (y = 0) and double curve A12 = C{z}, and (9.5) becomes

0→ A→ A1 ⊕ A2
(a,b) 7→a|y=0−b|x=0−−−−−−−−−−−→ A12 → 0.

Injectivity holds because (x) ∩ (y) = (xy) in C{x, y, z}. If a(0, z) = b(0, z), then f := a(y, z) + b(x, z)−
a(0, z) lies in C{x, y, z} and restricts to a on {x = 0} and to b on {y = 0}, so the image is the whole kernel;
and (g(z), 0) 7→ g gives surjectivity.

(c) x = P (or Q): the model is A = C{x, y, z}/(xyz) with branches A1 = C{y, z}, A2 = C{x, z},
A3 = C{x, y}, double curves A12 = C{z}, A13 = C{y}, A23 = C{x}, triple point A123 = C, and by the
combinatorial table (9.5) becomes (after the relabelling of branches recorded above)

0→ A→
⊕

i

Ai
d0−−→

⊕
i<j

Aij
d1−−→ C→ 0, d0( f )ij = fi| − f j|, d1(g) = g12(0)− g13(0) + g23(0).

Injectivity: (x) ∩ (y) ∩ (z) = (xyz). Exactness at
⊕

Ai: suppose fi = f j on each line Lij and put

f := f3(x, y) +
[

f1(y, z)− f1(y, 0)
]
+
[

f2(x, z)− f2(x, 0)
]
−
[

f2(0, z)− f2(0, 0)
]
.

Then f |z=0 = f3; f |x=0 = f3(0, y) + f1(y, z) − f1(y, 0) = f1(y, z) because f3(0, y) = f1(y, 0) on L13; and
f |y=0 = f3(x, 0) +

[
f1(0, z)− f1(0, 0)

]
+ f2(x, z)− f2(x, 0)−

[
f2(0, z)− f2(0, 0)

]
= f2(x, z), using f3(x, 0) =

f2(x, 0) on L23 and f1(0, z) = f2(0, z) on L12. Exactness at
⊕

Aij: d1d0 = 0 was checked above; conversely,
if g12(0)− g13(0) + g23(0) = 0, put f3 := 0, f1(y, z) := g13(y) + g12(z)− g12(0), f2(x, z) := g23(x). Then
f1| − f3| = g13 on L13, f2| − f3| = g23 on L23, and on L12, f1| − f2| = g13(0) + g12(z)− g12(0)− g23(0) =
g12(z) by the relation. Finally (c, 0, 0) 7→ c gives surjectivity of d1.

In each of (a), (b), (c) the same computation with O replaced by germs of locally constant functions is
the statement that 0 → C → C → 0, 0 → C → C2 → C → 0, 0 → C → C3 → C3 → C → 0 are exact, i.e.
the reduced simplicial cochain complexes of a point, a 1-simplex and a 2-simplex; so (9.6) is exact as well,
and the termwise inclusions of constants commute with ν♯, δ0, δ1 by construction.

(ii). By (i), OW is quasi-isomorphic to the complex K• :=
[
ν∗OdP6 →

⊕
k ιk∗ODk → CP ⊕CQ

]
placed

in degrees 0, 1, 2. The maps ν and ιk are finite, so Hq(W, ν∗OdP6) = Hq(dP6,OdP6) = (C, 0, 0) (dP6 is a
smooth rational surface) and Hq(W, ιk∗ODk) = Hq(P1,O) = (C, 0). Hence in the hypercohomology spectral
sequence Ep,q

1 = Hq(W, Kp)⇒ Hp+q(W,OW) all rows q ≥ 1 vanish and

Hn(W,OW) = Hn(Γ(W, K•)
)
, Γ(W, K•) : C

d0=0−−−→ C3 d1−−→ C2, d1(a1, a2, a3) = (a1 − a2 + a3)(1, 1);
here d0 = 0 because a constant function on dP6 has equal restrictions to Ck and Ck+3. This complex is
precisely the simplicial cochain complex of the dual complex described in the statement, and

h0(OW) = 1, h1(OW) = dim ker d1 = 2, h2(OW) = dim coker d1 = 1,
so χ(OW) = 0, the same numbers as for a smooth fibre.

(iii). Run the same spectral sequence for (9.6): its row q = 0 is the same complex Γ(W, K•) (all the pieces
dP6, Dk, {P}, {Q} being compact and connected), its row q = 1 vanishes (H1(dP6; C) = H1(P1; C) = 0),
and its row q = 2 is H2(dP6; C) = C4 → ⊕

k H2(Dk; C) = C3 → 0. The comparison map of spectral
sequences induced by C→ O is the identity on row 0 and zero on the rows q ≥ 1 (whose targets vanish).

In total degree 1 the only surviving term on either side is E1,0
2 = ker d1, and the comparison is the

identity there; hence H1(W; C)→ H1(W,OW) is an isomorphism (both spaces being ker d1
∼= C2). In total

degree 2, H2(W,OW) = E2,0
2 = coker d1, while for C-coefficients E2,0

∞ = coker d1 as well (the only possibly
incoming differential is d2 from E0,1

2 = 0), E1,1
∞ = 0, and E0,2

∞ ⊆ H2(dP6; C) with edge map the restriction ν∗.
Writing F• for the filtration of H2(W; C), we therefore have

ker ν∗ = F1H2(W; C) = F2H2(W; C) = E2,0
∞ = coker d1,

and the comparison map carries this subspace isomorphically onto E2,0
2 = H2(W,OW). In particular

H2(W; C)→ H2(W,OW) is surjective and injective on ker ν∗, which is (iii).
(iv). The sheaf inclusion CW ⊂ OW induces a ring homomorphism H•(W; C) → H•(W,OW), by

naturality of the cup product. Let γ, u ∈ H1(W; Z) be the basis of Proposition 7.12 (so that sp1(γ, u) =
(γ, u) ∈ VT0), and let γ0,1, u0,1 be their images in H1(W,OW); by (iii) these form a basis of H1(W,OW). By
Proposition 7.12, γ ∪ u = T∨B ̸= 0, the class dual to TB in the basis ([D1], [D2], [D3], [TB]) of H2(W). Now
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H2(dP6; Z) ∼= Z4 is generated by the classes [C1], . . . , [C6] of the six hexagon (−1)-curves alone (they span,
subject to two relations), and ν∗[Ci] = [Di mod 3], on which T∨B vanishes; hence, by the projection formula,
ν∗(T∨B) = 0. By (iii), a non-zero class in ker ν∗ has non-zero image in H2(W,OW); hence

γ0,1 ∪ u0,1 = image of γ ∪ u ̸= 0 in H2(W,OW).
As h2(OW) = 1 and Λ2H1(W,OW) is spanned by γ0,1 ∧ u0,1, the cup product Λ2H1(W,OW)→ H2(W,OW)
is an isomorphism.

Proposition 9.13. f∗OX = OB, R1 f∗OX ∼= O ⊕O(−1), R2 f∗OX ∼= O(−1). Consequently h0,0 = h0,1 = 1,
h0,2 = h0,3 = 0, h3,3 = h3,2 = 1, h3,1 = h3,0 = 0.

Proof. f is proper with connected fibres onto the normal curve B, so f∗OX = OB.
Step 0: flatness, and the topological input. The map f is flat. Indeed, X is a connected complex manifold, B

a smooth curve and f non-constant, hence open; equivalently, for each x ∈ X no non-zero germ in OB, f (x)
vanishes identically near x, so OX,x is torsion free — and therefore flat — over the discrete valuation
ring OB, f (x). The same applies to the restrictions f0 : N0 → D0 and f |Nj : Nj → Dj. Moreover the scheme-
theoretic fibre of f0 over p0 is the reduced divisor W: all rays of F lie at height 1, so t−1(0) = ∑v Dv is
reduced (Lemma 9.10(ii)), hence so is its quotient W.

The following topological fact will be used:

(T) The inclusion W ↪→ N0 induces an isomorphism on fundamental groups, both equal to Λ̄: N0 = Yε/Γ
with π1(Yε) = 1 (Corollary 4.8), and W = t−1(0)/Γ with t−1(0) simply connected, being a deformation
retract of a tube {|t| < ρ} ⊂ Y (Lemma A.2(6), a statement upstairs) which is simply connected by the
argument of Corollary 4.8; Γ acts freely on both and the inclusion is Γ-equivariant. Hence restriction
H1(N0; C) → H1(W; C) is an isomorphism, both being Hom(Λ̄, C). Moreover, by Proposition 7.12,
for b ∈ D∗0 the restriction

H1(W; C)
sp1

−−→ H1(Fb; C) = V ⊗C (9.7)
is injective with image VT0 ⊗C = Cγ⊕Cu, carrying the basis γ, u of H1(W; C) of Lemma 9.12(iv) to
γ, u ∈ V.

Step 1: local freeness and base change. Over B◦ the fibres are complex 2-tori with hq(OFb) = (1, 2, 1). Near
p0 the fibre of the proper flat map f0 over p0 is the reduced surface W, again with hq(OW) = (1, 2, 1) by
Lemma 9.12(ii). Hence b 7→ hq( f−1(b),O) is constant on B◦ ∪ {p0} for every q, and Grauert’s theorem
[GrRe], [BaSt, III.§3] applies there: Rq f∗OX is locally free of rank 1, 2, 1 on B◦ ∪ {p0} and every base-change
map

Rq f∗OX ⊗ k(b) −→ Hq( f−1(b),O), q = 0, 1, 2,
is an isomorphism, compatibly with cup products. Near pj the scheme fibre is the non-reduced mjSj and we

argue instead on the cover: Nj = J′j /⟨g̃
log
j ⟩ with f̃ : J′j → ∆j smooth and proper, and taking Z/mj-invariants

is exact, so with π(s) = smj ,

Rq f∗ONj =
(
π∗Rq f̃∗OJ′j

)Z/mj ;

decomposing Rq f̃∗O into eigenframes and using π∗O∆j =
⊕

r<mj
srODj , these invariants are free of ranks

1, 2, 1. Thus all Rq f∗OX are locally free on B, of ranks 1, 2, 1; write G := R1 f∗OX.
Step 2: R2 f∗OX and deg G. Relative duality [RRV] gives R2 f∗OX ∼= K−1 ∼= O(−1) by Proposition 9.11.

The hypotheses are met: f is flat (Step 0) and proper, its fibres — including the non-reduced ones mjSj

— are Gorenstein, since X is smooth and f flat, so that ωX/B = KX ⊗ f ∗K−1
B is invertible and is a relative

dualising sheaf, and the sheaves Rq f∗OX are locally free by Step 1; hence relative duality applies. We claim
that the relative cup product Λ2G→ R2 f∗OX is an isomorphism; as both sides are line bundles it suffices
to check non-vanishing at each point of B.

Over B◦ this is, by the base change of Step 1, the isomorphism Λ2H1(OFb)
∼= H2(OFb) on a complex

2-torus. At p0 it is, again by base change, the map Λ2H1(W,OW) → H2(W,OW), an isomorphism by
Lemma 9.12(iv).
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At pj we work on the cover. Linearise the action of the cyclic group Z/mj on the free O(∆j)-module
R1 f̃∗OJ′j

of rank 2 (average over the group) and choose a frame v1, v2 on which the generator acts by

constants ν1, ν2; then it acts on the frame v1 ∧ v2 of Λ2 by ν1ν2. (Such an eigenframe exists, and may
be chosen so as to contain a prescribed invariant nowhere-vanishing section v1: after averaging, the
generator acts semilinearly over s 7→ ζ js and induces on the fibre at s = 0 a linear map of order dividing
mj, hence diagonalisable; diagonalise it with first eigenvector the value v1(0) ̸= 0, lift the remaining
eigenvector arbitrarily and average it against its eigenvalue — the resulting eigensections still form a
frame by Nakayama.) A section c(s)vi is invariant iff c(s) = νic(ζ js), i.e. iff c ∈ sriO(Dj) with the unique
ri ∈ {0, . . . , mj − 1} such that νiζ

ri
j = 1; likewise the invariants of Λ2 are generated by sr(v1 ∧ v2) with

r ∈ {0, . . . , mj − 1}, r ≡ r1 + r2 (mod mj). Now:

• r1 = 0 for a suitable v1: by Step 3 below, γ0,1 is an invariant nowhere-zero section of R1 f̃∗O over ∆j,
which we take as v1 (so ν1 = 1; this is legitimate by the parenthetical remark above);

• r = aj: indeed Λ2R1 f̃∗O ∼= R2 f̃∗O ∼= ( f̃∗ωJ′j /∆j
)−1, and f̃∗ωJ′j /∆j

has the frame e on which the generator

acts by det Rgj , of value ζ
aj
j at s = 0 (Lemma 9.10(i)); hence the generator acts on the dual frame by

ζ
−aj
j and r is determined by ζ

−aj
j ζ r

j = 1, i.e. r = aj, which lies in {0, . . . , mj − 1} because 0 < aj < mj

(Lemma 9.10(i)).

Therefore r2 ≡ r1 + r2 = r = aj (mod mj) with r2, aj ∈ {0, . . . , mj − 1}, so
r1 + r2 = aj < mj, r2 = aj = r,

and v1 ∧ (sr2 v2) = sr(v1 ∧ v2): the cup product carries the invariant frame of Λ2(R1 f∗ONj

)
to the invariant

frame of R2 f∗ONj , i.e. it is an isomorphism at pj (no "carrying" mod mj occurs, precisely because
r1 + r2 < mj).

Hence Λ2G ∼= R2 f∗OX ∼= O(−1) and deg G = −1.
Step 3: γ0,1 away from p0. The class γ ∈ V is T1- and T2-invariant, hence a flat section of R1 f∗Z over

B◦, and its image γ0,1 in G|B◦ = (V ⊗O)/F1 is holomorphic and nowhere zero there, since aσ1 + bσ2 = γ
forces a = b = 0 (compare the w- and δ-coefficients). At p1, p2 the local system pulls back to the constant
system on the disc ∆j (the monodromy of gj having been unwound there), γ is a constant, hence invariant,
section of it, and the same comparison of coefficients at z = zj gives γ0,1(zj) ̸= 0; as J′j → Nj is étale, γ0,1 is
an invariant nowhere-zero section of R1 f̃∗OJ′j

over ∆j and descends to a nowhere-zero section of G over Dj.

Step 4: γ0,1 and u0,1 at p0. The inclusion C ⊂ ON0 induces an O-linear map
R1 f0∗CN0 ⊗OD0 −→ R1 f0∗ON0 = G|D0 ,

defined on all of D0, and restriction of cohomology classes to the fibres gives H1(N0; C)→ H0(D0, R1 f0∗C).
By (T) the restriction H1(N0; C) → H1(W; C) is an isomorphism, so the basis γ, u of H1(W; C) of
Lemma 9.12(iv) lifts to classes cγ, cu ∈ H1(N0; C) and produces holomorphic sections

γ0,1, u0,1 ∈ H0(D0, G)

over the whole disc. Their values at p0 are computed by the base-change isomorphism G ⊗ k(p0) ∼=
H1(W,OW) of Step 1 together with the functoriality of C ⊂ O for W ⊂ N0: they are the images of cγ|W = γ
and cu|W = u under

H1(W; C) −→ H1(W,OW),
which is an isomorphism by Lemma 9.12(iii). Hence γ0,1(p0), u0,1(p0) form a basis of G ⊗ k(p0); in
particular γ0,1(p0) ̸= 0, so Oγ0,1 ⊂ G is a subbundle near p0, and (γ0,1, u0,1) is a holomorphic frame of G
on a neighbourhood of p0. Finally, over D∗0 the section γ0,1 just constructed coincides with the one of Step
3: by (9.7) the restriction of cγ to Fb is γ ∈ V, whose image in (V ⊗O)/F1 is the section of Step 3. So the
two constructions glue to one global section γ0,1 of G over B, nowhere vanishing.

Step 5: conclusion. By Steps 3 and 4, γ0,1 is a nowhere-vanishing global section of G, so Oγ0,1 ⊂ G is a
subbundle (over B◦ by the chart condition of §3, at pj via the covers, at p0 by Step 4), with quotient the
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line bundle Λ2G ⊗ (Oγ0,1)−1 ∼= Λ2G ∼= O(−1) by Step 2. As Ext1(O(−1),O) = H1(P1,O(1)) = 0, the
extension splits: G ∼= O ⊕O(−1).

Since dim B = 1, Leray gives 0 → H1(Rq−1 f∗OX) → Hq(OX) → H0(Rq f∗OX) → 0, whence h0,0 = 1,
h0,1 = h0(G) = 1, h0,2 = h1(G) + h0(O(−1)) = 0, h0,3 = h1(O(−1)) = 0; Serre duality gives the h3,q.

9.4 Chern numbers and Riemann–Roch

By §7 we have H2(X; Z) = 0 and H4(X; Z) = 0, so c1(X) = c2(X) = 0 integrally, and every Chern number
involving c1 or c2 vanishes; Gauss–Bonnet and §7 give

c3(X) = e(X) = e(W) + e(3S1) + e(4S2) = 2 + 0 + 0.
Hirzebruch–Riemann–Roch [Hir], [AS] gives χ(OX) = 1

24 c1c2 = 0, matching 1 − 1 + 0 − 0 = 0 from
Proposition 9.13; for TX one has ch(TX) = 3 + 1

2 c3, td(X) = 1, so χ(TX) = 1
2 c3 = 1. By Serre duality

χ(Ω3
X) = −χ(OX) = 0 and χ(Ω2

X) = −χ(Ω1
X), so 2 = c3 = ∑p(−1)pχ(Ωp

X) = −2χ(Ω1
X), i.e. χ(Ω1

X) = −1.
This proves Theorem 9.1(iv).

9.5 Holomorphic forms on X

In this subsection we prove Theorem 9.1(vi):
H0(X, Ωp

X) = 0 (p = 1, 2, 3).
The method is elementary and explicit: a holomorphic form on X is pulled back to the three uniformisations
of §6 — the cover hz ×C2 of J, the étale covers J′j → Nj of §5, and the toric cover Yε → N0 of §4 — where its
coefficients become functions of z alone, subject to an automorphy law under ∆ and to vanishing conditions
at the three points of Σ; the resulting objects are sections of negative line bundles on P1.

Convention. Throughout §9.5 a dot denotes d/dz on hz (so τ̇ = dτ/dz, Π̇ = dΠ/dz, ġ(z) the derivative
of the Möbius transformation g ∈ ∆); primes are reserved for derivatives in the base coordinates tc, tj. We
write ζ = (ζ1, ζ2) for the fibre coordinates on hz ×C2, c = (c1, c2) and b = (b1, b2) for row vectors, so that
c · dζ = c1dζ1 + c2dζ2, and

Tλ(z, ζ) := (z, ζ + Π(z)λ) (λ ∈ Λ), g̃(z, ζ) := (gz, Rg(z)ζ) (g ∈ ∆),
so that T |U = (U ×C2)/Λ for U ⊆ hz open, and J = (T |h◦z )/∆.

Step 0: the automorphy factor

Lemma 9.14. (i) For every g ∈ ∆ the matrix Rg(z) is lower triangular with second column e2:

Rg(z) =
(

rg(z) 0
∗ 1

)
, rg = det Rg,

and rg1 = −1/τ, rg2 = 1/τ, rg0 = 1.
(ii) Put ȷg := r−1

g , so ȷg1 = −τ, ȷg2 = τ, ȷg0 = 1. Then ȷ is a cocycle, ȷgh(z) = ȷg(hz) ȷh(z), and

ȷg(z) = cgτ(z) + dg, g 7−→
(

ag bg
cg dg

)
, g1 7→

( −1 1
−1 0

)
, g2 7→

(
0 −1
1 0

)
,

the lift with ȷg2 = +τ of the homomorphism ∆ → PSL2(Z) of §3. Consequently, for the holomorphic
1-form dτ = τ̇ dz on hz,

g∗(dτ) = ȷ−2
g dτ (g ∈ ∆).

(The letter j is reserved for the modular invariant; the automorphy cocycle is ȷ.)
(iii) τ̇(z) ̸= 0 for z ∈ h◦z ; hence Ż(z) =

(
6µ̇ τ̇

β̇ µ̇

)
̸= 0 for z ∈ h◦z , and {τ̇ = 0} is contained in the discrete

set hz ∖ h◦z of elliptic points.

Proof. (i) By (9.4) the second column of Rg(z) is Π(gz)Agδ̂ = Π(gz)δ̂ = e2, because δ̂ spans Λ⟨A1,A2⟩ and
Π = [Z | I]. Hence Rg is lower triangular with (2, 2)-entry 1, and det Rg = (Rg)11 =: rg. The values on
g0, g1, g2 are those of Lemma 9.10(i).
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(ii) From [Pg | Rg] = Π(gz)M−1
g and (9.4) one gets Rgh(z) = Rg(hz)Rh(z), so r and ȷ = r−1 are cocycles.

A homomorphism ∆→ PSL2(Z) admits several lifts to SL2(Z) (on the free product ∆ = Z/3 ∗Z/4 the
signs on the two factors may be chosen independently, subject to the orders); we take the lift determined
by g1 7→

( −1 1
−1 0

)
, g2 7→

(
0 −1
1 0

)
, i.e. the one with ȷg2 = +τ. This is a homomorphism on ∆ = Z/3 ∗Z/4

because the two matrices have orders 3 and 4, and it lifts τ ◦ gi = (aiτ + bi)/(ciτ + di). Therefore
(g, z) 7→ cgτ(z) + dg is also a cocycle (by the ∆-equivariance of τ), and it agrees with ȷg on the generators
g1, g2; hence everywhere. The last formula is the usual derivative rule for Möbius transformations:
g∗(dτ) = d(τ ◦ g) = (cgτ + dg)−2dτ.

(iii) Let z ∈ h◦z . Then π is a local biholomorphism at z and π(z) ∈ B◦, so d
dz (t ◦ π)(z) ̸= 0 and

1728 t(π(z)) /∈ {0, 1728}. By j ◦ τ = 1728 t ◦ π (j the modular invariant) the value τ(z) is not PSL2(Z)-
equivalent to ρ or i, so the standard fact j′(w) ̸= 0 off the PSL2(Z)-orbits of ρ, i gives j′(τ(z)) ̸= 0;
differentiating j ◦ τ = 1728 t ◦ π yields τ̇(z) ̸= 0.

Step 1: normal form of invariant forms on the covers

Lemma 9.15. Let U ⊆ hz be open and connected and let θ be a holomorphic p-form on T |U , p ∈ {1, 2, 3};
denote again by θ its pullback to U ×C2. We use the following two facts established earlier: L(z) = Π(z)Λ
is a lattice of full rank in C2 for every z ∈ hz (Theorem 3.4), and τ̇ ̸= 0 on h◦z (Lemma 9.14(iii)). Then there
are holomorphic functions on U such that

(a) θ = a(z) dz + c(z) · dζ, (b) θ = dz ∧
(
b(z) · dζ

)
, (c) θ = c(z) dz ∧ dζ1 ∧ dζ2

for p = 1, 2, 3 respectively; moreover in case (a) one has c(z)Ż(z) = 0 for all z ∈ U.
If in addition U is invariant under a subgroup ∆′ ⊆ ∆ and θ is invariant under g̃ for all g ∈ ∆′, then for

g ∈ ∆′:
(a) c(gz)Rg(z) = c(z), a(gz)ġ(z) = a(z), c(gz)Ṙg(z) = 0; (9.8)
(b) b(gz)Rg(z)ġ(z) = b(z); (9.9)
(c) c(gz) ġ(z)det Rg(z) = c(z). (9.10)

Proof. We have T∗λdz = dz and T∗λdζ = dζ + Π̇(z)λ dz.
(a) Write θ = a(z, ζ)dz + c(z, ζ) · dζ. Then T∗λθ =

(
a ◦ Tλ + (c ◦ Tλ)Π̇λ

)
dz + (c ◦ Tλ) · dζ, so Tλ-invariance

for all λ ∈ Λ gives first c(z, ζ + Π(z)λ) = c(z, ζ); for fixed z the lattice L(z) = Π(z)Λ ⊂ C2 is of full rank
(Theorem 3.4), so the entire functions ci(z, ·) are constant: c = c(z). Secondly

a(z, ζ + Π(z)λ)− a(z, ζ) = −c(z)Π̇(z)λ (λ ∈ Λ), (9.11)
whose right-hand side does not depend on ζ; hence each ∂a/∂ζi is L(z)-periodic, so constant in ζ, and
a(z, ζ) = a(z) + K(z) · ζ with a, K holomorphic on U. Then (9.11) reads

K(z)Π(z)λ = −c(z)Π̇(z)λ (λ ∈ Λ),
an identity between R-linear functions of λ, hence valid for λ ∈ Λ⊗R. Restrict to Λtor ⊗R: there Π(z)λ
runs through R2 ⊂ C2 and Π̇(z)λ = 0, because Π = [Z | I] and Λtor = ⟨ŵ, δ̂⟩. Thus the C-linear form K(z)
vanishes on R2, so K ≡ 0; feeding this back, c(z)Π̇(z)λ = 0 for all λ ∈ Λ, i.e. c(z)Ż(z) = 0.

(b) Write θ = a(z, ζ)dζ1 ∧ dζ2 + dz∧ (b(z, ζ) · dζ). With p := Π̇(z)λ one has T∗λ(dζ1 ∧ dζ2) = dζ1 ∧ dζ2 +
dz ∧ (−p2dζ1 + p1dζ2), so invariance gives a ◦ Tλ = a, hence a = a(z) as in (a), and

b(z, ζ + Π(z)λ)− b(z, ζ) = −a(z) (−p2, p1).
Exactly as above b is affine in ζ with vanishing linear part (restrict to Λtor ⊗R, where p = 0), and then
a(z)Ż(z) = 0. By Lemma 9.14(iii), τ̇ ̸= 0 off a discrete set, so a ≡ 0 and θ = dz ∧ (b(z) · dζ).

(c) T∗λ(dz ∧ dζ1 ∧ dζ2) = dz ∧ dζ1 ∧ dζ2, so the coefficient is L(z)-periodic, hence a function of z.
Finally g̃∗dz = ġ(z)dz and g̃∗dζ = Rg(z)dζ + Ṙg(z)ζ dz. In case (a),

g̃∗θ =
(
a(gz)ġ(z) + c(gz)Ṙg(z)ζ

)
dz + c(gz)Rg(z) · dζ,

and comparison of the dζ-part, and of the dζ-free part for all ζ, gives (9.8). In case (b), g̃∗θ = ġ(z) dz ∧(
b(gz)Rg(z) · dζ

)
, giving (9.9); in case (c), g̃∗θ = c(gz)ġ(z)det Rg(z) dz ∧ dζ1 ∧ dζ2, giving (9.10).
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By Lemma 9.14(i), writing c = (c1, c2) and b = (b1, b2), the relations (9.8)–(9.10) say in coordinates:
c2 ◦ g = c2, (b2 dz) is ∆′-invariant,
if c2 ≡ 0 : c1(gz)rg(z) = c1(z),
if b2 ≡ 0 : g∗(b1dz) = ȷg b1dz,
g∗(c dz) = ȷg c dz in case (c).

(9.12)

Step 2: matching the charts, and regularity at Σ

Lemma 9.16. Let θ ∈ H0(X, Ωp
X), p ∈ {1, 2, 3}, and let a, c (p = 1), b (p = 2), c (p = 3) be the coefficients on

h◦z of the pullback of θ to h◦z ×C2, as in Lemma 9.15 applied to U = h◦z . Then:
(i) c (p = 1), b (p = 2) and c (p = 3) extend holomorphically to all of hz, and the relations

c(gz)Rg(z) = c(z), c(gz)Ṙg(z) = 0 (from (9.8)), (9.9), (9.10)
hold on hz for all g ∈ ∆. If moreover p = 1 and c ≡ 0, then a extends holomorphically to hz as well and the
remaining relation a(gz)ġ(z) = a(z) of (9.8) holds on all of hz; in general that relation is asserted only on
h◦z , where a is defined.

(ii) On the cusp neighbourhood Ur with coordinate s (tc ◦ π = e2πis, s ◦ g0 = s− 1) put

ã := a
dz
ds

, b̃ := b
dz
ds

, c̃ := c
dz
ds

(p = 3),

so that θ = ã ds + c · dζ, θ = ds ∧ (b̃ · dζ), θ = c̃ ds ∧ dζ1 ∧ dζ2 respectively. Then c, ã, b̃, c̃ are g0-invariant,
hence holomorphic functions of tc on 0 < |tc| < r, and

c(tc) = O(tc), ã(tc) = O(tc) (p = 1);

b̃(tc) = O(tc) (p = 2);
c̃(tc) = O(tc) (p = 3),

where O(tc) means: extends holomorphically across tc = 0 and vanishes there.

Proof. (i) Regularity at p1, p2. By §5 the quotient map J′j = T |∆j → Nj by ⟨g̃log
j ⟩ is étale, so θ|Nj pulls back to

a holomorphic p-form on J′j and hence to a Λ-invariant p-form on ∆j ×C2. By Lemma 9.15 (with U = ∆j)

its coefficients a(j), c(j), b(j) are holomorphic on all of ∆j. Over D∗j the two descriptions of θ are compared

by the regluing map hj of §5, translation by the section σj(z) =
log sj
2πi Π(z)vj, for which

h∗j dz = dz, h∗j dζ = dζ + σ̇j(z) dz.

Hence h∗j
(
a dz + c · dζ

)
= (a + c · σ̇j)dz + c · dζ, h∗j

(
dz ∧ (b · dζ)

)
= dz ∧ (b · dζ) and h∗j

(
c dz ∧ dζ1 ∧ dζ2

)
=

c dz ∧ dζ1 ∧ dζ2: in all three cases the coefficients c, b, c of Lemma 9.15 are unchanged; in particular h∗j e = e
for the relative 2-form e = dζ1 ∧ dζ2. Therefore c = c(j), b = b(j) on ∆∗j , and these functions extend
holomorphically across zj; the same holds at every point of the ∆-orbit of zj by the relations for c, b. If
p = 1 and c ≡ 0, then h∗j is the identity on such forms and a = a(j) extends likewise. The stated relations
persist on hz (resp., for a when c ̸≡ 0, on h◦z ) by continuity.

(ii) The cusp. Since Rg0 = I, ȷg0 = 1 and s ◦ g0 = s− 1, the relations (9.8)–(9.10) for g = g0 say precisely
that c, ã, b̃, c̃ are invariant under s 7→ s− 1; so they are holomorphic functions of tc = e2πis on the punctured
disc. The gluing of J and N0 over D∗0 is tautological via

E0(z, ζ) =
(
e2πiζ1 , e2πiζ2 , e2πis(z)) = (x1, x2, t),

dζk =
1

2πi
dxk

xk
, ds =

1
2πi

dt
t

,

and Yε → N0 = Yε/{Ψλ̄} is étale; so θ pulls back to a holomorphic p-form Θ on Yε whose restriction to
Yε ∩ TN′ is given by the above substitution.

Fix a maximal cone σ ∈ F, the cone over a triangle of TA2 with vertices v0, v1, v2 ∈ Z2. The generators
uk := (vk, 1) form a Z-basis of N′ (the triangles of TA2 are unimodular), so Uσ

∼= C3 with coordinates
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wk := χmk
, (mk) the dual basis, and χm = ∏k w⟨m,uk⟩

k for all m ∈ M′. In particular

t = w0w1w2, xi = ∏
k

w(vk)i
k ,

dt
t
= ∑

k

dwk

wk
,

dxi

xi
= ∑

k
(vk)i

dwk

wk
.

Substituting:

p = 1 : Θ =
1

2πi

2

∑
k=0

(
ã(t) + c(t) · vk

)dwk

wk
,

p = 2 : Θ =
1

(2πi)2 ∑
k<l

(
b̃(t) · (vl − vk)

)dwk ∧ dwl

wkwl
,

p = 3 : Θ = ± 1
(2πi)3

c̃(t)
t

dw0 ∧ dw1 ∧ dw2,

where c · v := c1v(1) + c2v(2) and the sign in the last line comes from det(u0, u1, u2) = ±1.
Now use the coordinate lines and planes of Uσ, which lie in Yε where |t| < ε. For p = 1 restrict Θ to

{wl = 1, l ̸= k}, a disc with coordinate wk = t: the restriction is 1
2πi (ã(t) + c(t) · vk)

dt
t , holomorphic at

t = 0, so ã + c · vk = O(t) for k = 0, 1, 2. Subtracting, c(t) · (vk − v0) = O(t) for k = 1, 2; as v1 − v0, v2 − v0
is a Z-basis of Z2, c = O(t) and then ã = O(t). For p = 2 restrict to {wn = 1} for the third index n /∈ {k, l},
a bidisc with t = wkwl : holomorphy at wk = 0 (with wl = 1, so t = wk) gives b̃(t) · (vl − vk) = O(t) for
all pairs, whence b̃ = O(t) as before. For p = 3 no restriction of the form is taken: since dw0 ∧ dw1 ∧ dw2
is a frame of Ω3 on the chart Uσ

∼= C3 and Θ is holomorphic on Uσ ∩ Yε, the coefficient of Θ relative to
this frame, namely ±(2πi)−3 c̃(t)/t with t = w0w1w2, is a holomorphic function on Uσ ∩Yε; evaluating this
function along {w1 = w2 = 1}, where t = w0, shows that c̃(t)/t is holomorphic at t = 0, i.e. c̃ = O(t).

Step 3: descent through the elliptic points, and two vanishing lemmas

Lemma 9.17. Let j ∈ {1, 2}, m = mj, ζ = ζ j, and let s = sj be the linearising coordinate on ∆j (s ◦ gj = ζs,
tj ◦ π = sm).

(D0) If C is holomorphic on ∆j with C ◦ gj = C, then C is a holomorphic function of tj.

(D1) If α = A(s) ds is a holomorphic 1-form on ∆j with g∗j α = α, then A = ∑n≡−1 (m) Ansn and α =

∑l≥1
Alm−1

m t l−1
j dtj; in particular α is the pullback of a holomorphic 1-form on Dj.

(D2) If κ = C(s) ds⊗3 is a holomorphic cubic differential on ∆j with g∗j κ = κ, then C = ∑n≡−3 (m) Cnsn and
κ is the pullback of a meromorphic cubic differential on Dj with a pole of order at most 2 at pj.

Proof. g∗j ds = ζ ds, so the three invariance conditions read C(ζs) = C(s), A(ζs)ζ = A(s), C(ζs)ζ3 = C(s);
comparing Taylor coefficients gives n ≡ 0, n ≡ −1, n ≡ −3 (mod m) respectively. With t = sm, dt =
msm−1ds: for (D1), slm−1ds = tl−1dt/m; for (D2) with m = 3 and n = 3l, s3lds⊗3 = tl dt⊗3/(27s6) =
tl−2dt⊗3/27; with m = 4 and n = 4l + 1, s4l+1ds⊗3 = s4l+1dt⊗3/(64s9) = tl−2dt⊗3/64. In both cases l ≥ 0,
so the order at pj is ≥ −2.

Lemma 9.18 (weight 0). Let α be a ∆-invariant holomorphic 1-form on hz such that, on Ur, α = ã(s) ds with
ã = O(tc) in the sense of Lemma 9.16(ii). Then α = 0.

Proof. Over B◦ the map π is an unramified ∆-covering, so α descends to a holomorphic 1-form αB on B◦; by
(D1) applied at z1, z2 (the stabiliser of zj in ∆ being ⟨gj⟩), αB extends holomorphically over p1 and p2. At p0,
α = ã(tc)

dtc
2πi tc

and ã = O(tc), so αB extends holomorphically over p0 as well. Hence αB ∈ H0(P1, Ω1
P1) = 0

and α = π∗αB = 0.

Lemma 9.19 (weight +1). Let ψ be a holomorphic 1-form on hz with
g∗ψ = ȷg ψ (g ∈ ∆)

and such that, on Ur, ψ = b̃(s) ds with b̃ = O(tc). Then ψ = 0.
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Proof. Consider the holomorphic cubic differential on hz

κ := ψ⊗ ψ⊗ dτ.
By Lemma 9.14(ii), g∗κ = ȷ2g · ȷ−2

g κ = κ for all g ∈ ∆, i.e. κ is ∆-invariant. As in Lemma 9.18 it descends
over B◦ to a holomorphic cubic differential κB on B◦, and by (D2) at z1, z2 it extends meromorphically over
p1, p2 with poles of order at most 2.

At p0: write ψ = b̃ ds = tc r(tc)
dtc

2πi tc
= r(tc)

2πi dtc with r holomorphic at 0, and (§3) τ = s + h(tc), so

dτ = ds + h′(tc) dtc =
( 1

2πi tc
+ h′(tc)

)
dtc.

Hence

κB =
r(tc)2

(2πi)2

( 1
2πi tc

+ h′(tc)
)

dt⊗3
c

has a pole of order at most 1 at p0 (recall tc is a local coordinate there). Therefore
κB ∈ H0(P1, (Ω1

P1)
⊗3(2p1 + 2p2 + p0)

)
= H0(P1,O(−6 + 5)

)
= H0(P1,O(−1)) = 0.

So κ = 0. Writing ψ = b1(z) dz this means b2
1 τ̇ ≡ 0; since τ̇ ̸= 0 on h◦z (Lemma 9.14(iii)) we get b1 ≡ 0 on

h◦z , hence ψ = 0.

Step 4: the vanishing theorem

Proposition 9.20. H0(X, Ωp
X) = 0 for p = 1, 2, 3; that is, h1,0 = h2,0 = h3,0 = 0.

Proof. In each case we show that the pullback of the form to h◦z ×C2 vanishes; since J|B◦ is dense in the
connected manifold X, the form itself is then 0.

p = 1. Let ω ∈ H0(X, Ω1
X), with coefficients a, c as in Lemmas 9.15 and 9.16; thus c is holomorphic on

hz, c(gz)Rg(z) = c(z), c(z)Ż(z) = 0, and c = O(tc) at the cusp.
By Lemma 9.14(i) the second component of c(gz)Rg(z) = c(z) reads c2 ◦ g = c2: the function c2 is

∆-invariant and holomorphic on hz. By (D0) it is a holomorphic function of tj near pj (j = 1, 2), and it
is a holomorphic function of t on B◦; hence it descends to a holomorphic function on B ∖ {p0} ∼= C. By
Lemma 9.16(ii) it extends holomorphically across p0 with value 0 there. A global holomorphic function on
P1 is constant, so c2 ≡ 0.

The second column of c Ż = 0 now gives c1τ̇ + c2µ̇ = c1τ̇ = 0, and τ̇ ̸= 0 on h◦z , so c1 ≡ 0 on h◦z and
hence on hz. Thus c ≡ 0 and ω = a(z) dz upstairs, with a holomorphic on all of hz by Lemma 9.16(i) and
a(gz)ġ(z) = a(z) on hz by the same lemma; i.e. α := a dz is a ∆-invariant holomorphic 1-form on hz, and
ã = O(tc) at the cusp by Lemma 9.16(ii). Lemma 9.18 gives α = 0, i.e. ω = 0.

p = 2. Let η ∈ H0(X, Ω2
X); upstairs η = dz ∧ (b(z) · dζ) with b holomorphic on hz (Lemmas 9.15, 9.16)

and b(gz)Rg(z)ġ(z) = b(z).
The second component of this relation is b2(gz)ġ(z) = b2(z) (Lemma 9.14(i)), i.e. α := b2 dz is a

∆-invariant holomorphic 1-form on hz; by Lemma 9.16(ii) its cusp coefficient b̃2 is O(tc). Lemma 9.18 gives
b2 ≡ 0.

The first component then reads b1(gz)rg(z)ġ(z) = b1(z), i.e. ψ := b1 dz satisfies g∗ψ = ȷgψ for all g ∈ ∆;
and b̃1 = O(tc) at the cusp. Lemma 9.19 gives ψ = 0, so b ≡ 0 and η = 0.

p = 3. Let Ω ∈ H0(X, Ω3
X); upstairs Ω = c(z) dz ∧ dζ1 ∧ dζ2 with c holomorphic on hz and, by (9.10)

and det Rg = rg,
c(gz)ġ(z) rg(z) = c(z), i.e. g∗ψ = ȷg ψ for ψ := c dz.

By Lemma 9.16(ii), c̃ = O(tc) at the cusp, so Lemma 9.19 gives ψ = 0 and Ω = 0.

This proves Theorem 9.1(vi). For p = 3 the vanishing agrees with h3,0 = h0,3 = 0 from Proposition 9.13
and Serre duality (equivalently, with the non-effectivity of KX = f ∗O(−1)⊗O(2S2), Proposition 9.11); the
cases p = 1, 2 are new. The same arguments apply verbatim to the variant X′ of §6.

80



9.6 The remaining Hodge numbers

Remark 9.21 (What is proved, and the expected values). Combining Proposition 9.13, Proposition 9.20,
χ(Ω1

X) = −1, χ(Ω2
X) = 1 (§9.4) and Serre duality hp,q = h3−p,3−q, the Hodge numbers of X are
h0,0 = h3,3 = h0,1 = h3,2 = 1, hp,0 = 0 (p ≥ 1), h0,q = 0 (q ≥ 2),

hence also h3,q = 0 for q ≤ 1 and hp,3 = 0 for p ≤ 2; and
χ(Ω1

X) = h1,0 − h1,1 + h1,2 − h1,3 = −h1,1 + h1,2 = −1,

χ(Ω2
X) = h2,0 − h2,1 + h2,2 − h2,3 = −h2,1 + h2,2 = 1,

the two relations being equivalent under Serre duality. Thus every Hodge number of X is determined by
the single integer

h1,2 = h2,1 ≥ 0, via h1,1 = h2,2 = h1,2 + 1.
The remaining Hodge numbers are determined by h1,2, which we do not compute; the expected value is

h1,2 = h2,1 = 1, whence h1,1 = h2,2 = 2.
(Equivalently: dimC E1 of the Frölicher spectral sequence equals 6 + 4h1,2, expected 10.) A proof of
h1,2 = 1 would require the direct images Rq f∗Ω1

X(log D), D := W + S1 + S2, equivalently those of
E := Ω1

X(log D)/ f ∗Ω1
B(log Σ), at the three singular fibres, where Ω1

X/B has torsion along W ∪ S1 ∪ S2 and
the invariant-theoretic description on the covers J′j and on YF must be matched with the residue sequences.

Corollary 9.22. The Frölicher spectral sequence of X does not degenerate at E1. Moreover ∂ : H0,1 → H1,1

is injective, so h1,1 ≥ 1.

Proof. By Proposition 9.13, h0,1 = 1, and h1,0 = 0 by Proposition 9.20. If the spectral sequence degenerated
at E1, then b1(X) = h1,0 + h0,1 = 1. But b1(X) = 0: indeed X is simply connected by the van Kampen
computation of §7 (a computation with the fundamental groups of the four pieces J, N1, N2, N0 and of their
overlaps). This contradiction proves the first assertion.

For the second, the generator of H0,1 must die in the spectral sequence, since E0,1
∞ is a subquotient

of H1(X; C) = 0. No differential enters E0,1
r (the groups E−r,r

r vanish). The differentials leaving it are
d1 = ∂ : H0,1 → H1,1; d2 : E0,1

2 → E2,0
2 , whose target is a subquotient of H2,0 = 0 (Proposition 9.20); and dr

for r ≥ 3, with target Er,2−r
r = 0 since 2− r < 0. Hence the class must be killed by d1, i.e. ∂ is injective on

H0,1, and h1,1 ≥ h0,1 = 1.

9.7 The vertical C∗-action

Proposition 9.23. h0(X, TX) = 1 and Aut0(X) = C∗, generated by the vertical field ξ determined by
δ̂ ∈ Λ⟨A1,A2⟩ = Zδ̂; every automorphism in Aut0(X) preserves each fibre of f .

Proof. Construction. In the flat coordinates of T let ξ be the constant vertical field e2 = Π(z)δ̂; it is Λ-
invariant and, by (9.4) and Agδ̂ = δ̂, invariant under all g̃, so it descends to J. Its flow is translation by
ςe2 and factors through C/Z ∼= C∗ since e2 ∈ L(z). These translations commute with g̃log

j (whose linear
part fixes e2), so ξ extends to N1, N2; under E0 it is the one-parameter subgroup of TN′ with cocharacter
δ̂↔ e2 ∈ Λtor, acting algebraically on YF and commuting with all Ψλ̄. So ξ generates an effective fibrewise
C∗-action on X.

Verticality. For v ∈ H0(TX) write d f (v) = φ ∂t with φ ∈ H0(O(2)). Over Dj pull v back along the étale
map qj : J′j → Nj of §5; since f ◦ qj = πj ◦ f̃ with πj(s) = smj = t, the resulting field on ∆j has horizontal
part

φ(smj)m−1
j s1−mj ∂s,

which is holomorphic only if φ(pj) = 0; at a triple point of W, t = z1z2z3 and d f (v) = ∑ aizjzk vanishes, so
φ(p0) = 0. Hence φ ∈ H0(O(2)(−p0 − p1 − p2)) = 0.

Uniqueness. Vertical fields are the sections of V := f∗TX/B, which we show to be locally free of rank 2
with Oξ ⊂ V a subbundle.
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Over B◦, V consists of the holomorphic v : h◦z → C2 with v ◦ g = Rgv (the fibrewise-constant fields on a
torus), and near pj the same description holds on ∆j, the translation part of g̃log

j not acting on constant

fibre fields; so there V =
(
O(∆j)

2)Z/mj for the action v 7→ R−1
gj

(v ◦ gj), whose invariants are exactly the v
with v ◦ gj = Rgj v.

Near p0 we compute in the toric charts of §4. In Uσ
∼= C3 with coordinates w0, w1, w2 as in the proof

of Lemma 9.16(ii), the field attached to n ∈ Z2 ⊂ N′ is ∂n = ∑k⟨mk, (n, 0)⟩wk∂wk , holomorphic on Uσ

and annihilating t = w0w1w2; for n = e1, e2 these are the fields x1∂x1 , x2∂x2 of the open orbit, and they
are Ψλ̄-invariant (the shears act by elements of SL2(Z)⋉ Z2 fixing Λtor up to the translation part, which
does not act on constant torus fields) — hence they are sections of V over D0. Conversely, a section of
V over D∗0 is fibrewise constant, so of the form a1(t)x1∂x1 + a2(t)x2∂x2 with ai holomorphic on D∗0 ; in
the chart Uσ it reads ∑k ck(t)wk∂wk with ck := a1(mk)1 + a2(mk)2. Restrict to the line {w1 = w2 = 1}, on
which t = w0: the coefficient of ∂w0 is w0c0(t) = t c0(t), while the coefficients of ∂w1 , ∂w2 are c1(t) and c2(t).
Holomorphy of the field therefore forces c1 and c2 to extend holomorphically across t = 0 (for k = 0 only
t c0 is controlled, and we do not use it). Now the restrictions of m0, m1, m2 to Z2 × {0} satisfy the single
relation m0 + m1 + m2|Z2×{0} = 0 (a vector (n, 0) has height-0 coordinates with respect to u0, u1, u2) and
span the dual of Z2; hence any two of them form a basis, and in particular the two vectors

(
(mk)1, (mk)2

)
,

k = 1, 2, are linearly independent. Therefore a1, a2 themselves extend holomorphically across p0, and V is
free near p0 with frame x1∂x1 , x2∂x2 , i.e. (e1, e2).

The line Ce2 is ∆-invariant, so Oξ ⊂ V with quotient Q carrying the multivalued frame ē1. By
Lemma 9.10 the e1-component satisfies v1 ◦ g = (det Rg) v1, so the frames ē1 of Q and e of K have reciprocal
automorphy factors. At p0 both ē1 and e generate, by the previous paragraph and Proposition 9.11. At pj,
lifting to ∆j and using s ◦ gj = ζ js together with det Rgj(zj) = ζ

aj
j , a holomorphic invariant v1 is scj times

a unit with cj ∈ {0, . . . , mj − 1}, cj ≡ aj (mod mj), i.e. (c1, c2) = (2, 1); thus scj ē1 is a frame of Q at pj —
in particular Q is locally free of rank 1 there and Oξ ⊂ V is a subbundle — and ē1 has exponent −aj/mj

where e has +aj/mj. Hence Q ∼= K−1 ∼= O(−1), h0(Q) = 0, so H0(V) = Cξ and h0(TX) = 1.
The group Aut0(X). Since h0(TX) = 1, the group Aut0(X) is a connected complex Lie group of dimension

1 with Lie algebra Cξ; hence the flow of ξ gives a surjective homomorphism C→ Aut0(X), ς 7→ φς, and
Aut0(X) = C/P with P := {ς ∈ C : φς = idX} discrete. A priori P has rank 0, 1 or 2, i.e. Aut0(X) ∼= C,
C∗ or an elliptic curve; we show P = Z, which excludes both the first case (P = 0) and the third case (P
of rank 2, Aut0(X) compact). Let ς ∈ P. On the smooth fibre Fπ(z) = C2/L(z), z ∈ h◦z , the map φς is the
translation by ςe2, so ςe2 ∈ L(z) = Π(z)Λ for every z ∈ h◦z ; as Λ is discrete, Π depends continuously on
z and h◦z is connected, there is a single λ = aγ̂ + bû + cŵ + dδ̂ ∈ Λ with Π(z)λ = ςe2 for all z ∈ h◦z . Its
first component gives 6aµ + bτ + c ≡ 0 on hz, whence a = b = c = 0 by Lemma 9.3, and the second gives
ς = d ∈ Z. Conversely φ1 is the translation by e2 = Π(z)δ̂ ∈ L(z) on each fibre over B◦, i.e. the identity on
the dense open set f−1(B◦) of the connected manifold X, hence φ1 = idX and Z ⊆ P. Therefore P = Z, a
subgroup of rank 1 contained in a real line — so Aut0(X) is neither C nor an elliptic curve — and

Aut0(X) = C/Z ∼= C∗;
in particular Aut0(X) is not compact, and the C∗-action constructed above is effective.

Proposition 9.24. The fixed locus of Aut0(X) = C∗ is a single double curve D0 ⊂W, D0 ∼= P1, containing
both triple points of W; in the notation of §4 one has D0 = ν(Ce2), the double curve that is the image of
the edges of direction e2 ↔ δ̂ — D2 in the labelling of Proposition 4.6(iii), D3 in the labelling ρ1, . . . , ρ6 of
Lemma 9.12. The normal weights are (+1,−1). In particular e(XC∗) = 2 = e(X).

Proof. Fixed points and étale quotients. Each piece of X is of the form U/Γ with U → U/Γ an étale quotient
by a group Γ acting freely and properly discontinuously, and with the C-flow Φς of ξ lifted to U and
commuting with Γ; explicitly the pairs (U, Γ) are(

h◦z ×C2, Λ ⋊ ∆
)
,

(
J′j , ⟨g̃

log
j ⟩
)
(j = 1, 2),

(
Yε, {Ψλ̄}

)
,

with quotients J, Nj, N0 respectively (recall J′j = T |∆j = (∆j ×C2)/Λ). On h◦z ×C2 only the C-flow lifts,
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and not a C∗-action: the time-1 map is the translation Tδ̂ ∈ Λ, not the identity. On J′j and on Yε the lifted
flow does factor through C∗. All that is used below is that Φς commutes with Γ. If [y] ∈ U/Γ is fixed by
the whole group, then for each ς ∈ C there is a unique γς ∈ Γ with Φς(y) = γς(y); the map ς 7→ γς is
continuous into the discrete group Γ and γ0 = id, so γς = id for all ς. Hence the fixed locus downstairs is
exactly the image of the set of points of U fixed by Φς for all ς.

On T and on J′j the flow Φς is the translation by ςe2 on each fibre torus. Since e2 ̸= 0 and L(z) is a
discrete subgroup of C2, the set {ς ∈ C : ςe2 ∈ L(z)} is a discrete subgroup of C; in particular there are ς
with ςe2 /∈ L(z), for which the translation is fixed-point free. So no point of those pieces is fixed by the flow
for all ς (for special z one may well have ςe2 ∈ L(z) for some ς /∈ Z, but never for all ς), whence XC∗ ⊂W.

The fixed locus in W. On YF the action is the one-parameter subgroup of TN′ with cocharacter e2, and an
orbit Oσ, σ ∈ F, is fixed pointwise iff e2 ∈ spanR(σ). The cone over a vertex v has span R(v, 1) ̸∋ (e2, 0);
the cone over an edge [v, v + d] has span ⟨(v, 1), (d, 0)⟩, containing (e2, 0) iff d = ±e2; and e2 is an edge
direction of the A2-triangulation (directions ±e1,±e2,±(e1 − e2)). A three-dimensional cone spans R3, so
its orbit — a point — is fixed; but every triangle of TA2 has an edge of direction e2 (for {v, v + e1, v + e2}
the edge [v, v + e2], for {v + e1, v + e2, v + e1 + e2} the edge [v + e1, v + e1 + e2]), so each such point lies in
the closure of the fixed curve of that edge and contributes nothing new. Hence the fixed locus in t−1(0) is
the union of the closures of the one-dimensional orbits of the edges [v, v + e2], v ∈ Z2. The shears act on
the height-1 lattice by the translations B0λ̄, which exhaust Z2 as B0 is unimodular; hence these curves form
one orbit, with image in W a single double curve D0 ∼= P1 through P and Q (§4).

Weights. For σ = cone{(0, 0, 1), (0, 1, 1)} complete to the basis u1 = (0, 0, 1), u2 = (0, 1, 1), u3 = (1, 0, 0)
of N′, with dual vectors m1 = (0,−1, 1), m2 = (0, 1, 0); the normal coordinates of Oσ in Uσ

∼= C2 ×C∗ are
m1, m2, on which e2 = (0, 1, 0) acts with weights ⟨m1, e2⟩ = −1, ⟨m2, e2⟩ = +1. Finally e(XC∗) = e(P1) =
2 = e(X), as must hold for a C∗-action.

Remark 9.25. For every integer n ≥ 2 the finite subgroup µn ⊂ C∗ = Aut0(X) has the same fixed-point set
as C∗ itself,

Xµn = XC∗ = D0 ∼= S2.
Indeed, off W the circle S1 ⊂ C∗ acts freely: on X◦ by Lemma 7.21, and on the smooth fibres of N0 it acts by
the translations ςe2 (ς ∈ R ∖ Z), which have no fixed points since δ̂ is primitive in Λ. On W, an element of
order n in the one-parameter subgroup of TN′ with cocharacter e2 fixes the orbit of a cone σ̂ ∈ F pointwise
if and only if 1

n (e2, 0) ∈ spanR(σ̂) + N′. For the cone over a vertex v this would force 1
n e2 ∈ Zv + Z2,

which is impossible; for the cone over an edge [v, v + ρ] it holds if and only if 1
n e2 ∈ Rρ + Z2, i.e. if and

only if n | det(ρ, e2); and the point orbits of the triangles lie on the closures of the edge curves. Since the
edge directions of TA2 are ±e1,±e2,±(e1 − e2), with det(e1, e2) = det(e1 − e2, e2) = 1 and det(e2, e2) = 0,
for every n exactly the curves over the edges of direction ±e2 are fixed, and their image in W is the double
curve D0 ∋ P, Q of Proposition 9.24. In particular Xµp is a mod-p homology 2-sphere for every prime p, as
P. A. Smith’s theorem requires of a Z/p-action on a mod-p homology 6-sphere [Bre72, Ch. III]; compare
[HKP, Prop. 2.5].

Remark 9.26. Proposition 9.24 realises the first alternative of [HKP, Prop. 2.5]: for I ∼= C∗ ⊂ Aut(X) with
fixed set F, either F ∼= P1 or F is two disjoint points; had δ̂ ↔ e2 not been an edge direction of the
triangulation, the computation above would have produced the second alternative, the two triple points
P, Q with opposite tangent weights. Also h0(TX) = 1 is compatible with [HKP, Cor. 1.3] (h0(TX) ≤ 2 for
any complex structure on S6). The exclusion of a compact Aut0(X) in Proposition 9.23 is obtained directly,
from the non-constancy of the period matrix (Lemma 9.3).

9.8 Non-Kählerness

Remark 9.27. Since b2(X) = 0 (§7), X carries no Kähler metric, and no Kähler current: by the characterisation
of the Fujiki class C through the existence of a Kähler current (see [Ang18]) such a current would make X
bimeromorphic to a compact Kähler manifold, whence the ∂∂̄-lemma and b2 ≥ h1,1 ≥ 1. Also a(X) = 1 < 3
shows that X is not Moishezon.
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10 Relation to the work of Campana, Demailly and Peternell.

Throughout this section X denotes the compact complex threefold constructed in §§3–6, f : X → B = P1 the
holomorphic map of the Main Theorem, Σ = {p0, p1, p2} its critical set, W = f−1(p0), and Sj =

(
f−1(pj)

)
red,

so that f ∗(p1) = 3S1, f ∗(p2) = 4S2; none of this, and in particular not the first proof of a(X) = 1 in §§3–9,
uses [CDP20] or [CDP98], the one invocation of [CDP20] occurring in Remark 9.9, on which nothing below
depends. We use freely:

(X1) π1(X) = 1 (Theorem 7.17), H∗(X; Z) ∼= H∗(S6; Z), hence H1(X, Z) = H2(X, Z) = 0 and b1(X) =
b2(X) = 0 (Theorem 7.22); X is diffeomorphic to S6 (Theorem 8.1);

(X2) a(X) = trdegCM(X) = 1, where M(·) denotes the field of meromorphic functions; the algebraic
reduction is f , which is holomorphic with connected fibres, f∗OX = OP1 , R1 f∗OX ∼= OP1 ⊕OP1(−1)
— locally free and compatible with base change (Proposition 9.13) —, h1(X,OX) = 1 and c3(X) =
e(X) = 2 (Theorem 9.1);

(X3) W is reduced, irreducible, with normal crossings; its double locus D consists of three rational curves
through two triple points, and its normalisation η : W̃ → W is dP6, with the opposite sides of the
hexagon of (−1)-curves identified in pairs (§4);

(X4) every fibre of f over B◦ := B ∖ Σ is a complex 2-torus, and H1(F; Q)π1(B◦) has rank 1 for a general
fibre F, spanned by the primitive invariant class γ (§2); here and below we keep the notation of §2:
Λ = H1(F; Z) is the period lattice, with frame (γ̂, û, ŵ, δ̂), and V = H1(F; Z) = Hom(Λ, Z) with
frame (γ, u, w, δ). The monodromy-invariant line in H1(F; Q) = V ⊗Q is Qγ (Lemma 2.7), and
the co-invariants of H1 are Λ/ ker γ ∼= Z, detected by γ. Moreover, writing ϖ : H◦ → B◦ for the
connected covering of §3 on which the period functions are single valued — the restriction over B◦ of
the orbifold universal cover of B ∖ {p0}, not the universal cover of B◦; its fibres are countable, π1(B◦)
being countable — the fibres of f over B◦ are Xϖ(q̃) = C2/Π(q̃)Λ with period matrix

Π(q̃) =
(

6µ(q̃) τ(q̃) 1 0
β(q̃) µ(q̃) 0 1

)
(q̃ ∈ H◦; §3),

the columns being the images of γ̂, û, ŵ, δ̂, and 1, τ, µ are linearly independent over C as holomorphic
functions on H◦ (Lemma 9.3).

By (X1)–(X2), X satisfies the hypotheses of [CDP20, Theorem 2.2, p. 680] while c3(X) = 2 > 0, and X is
homeomorphic to S6 with a(X) = 1, so that the conclusion of [CDP20, Corollary 2.3, p. 680] fails for the X
constructed here (the existence of such an X being the content of this paper). The purpose of this section is
to locate, as precisely as we can, the two places in the printed arguments of [CDP20, CDP98] which do not
cover X. They are:

(i) the reduction “it suffices to show (11)” of [CDP20, §7, p. 692], by which the vanishing H0(Xc, Ω1
X|Xc ⊗

L|Xc) = 0 — i.e. hypothesis [CDP20, (1), p. 680] of [CDP20, Proposition 2.4, p. 680] — is reduced to the
vanishing of H0(S, Ω̃1

S ⊗ L|S) on the reduction S of the fibre. At the fibre W of our X the conclusion
of that reduction is unconditionally false: R2 f∗(TX ⊗ L) ̸= 0 for every L ∈ Pic(X) (Theorem 10.5), so
hypothesis [CDP20, (1)] holds for no L, [CDP20, Proposition 2.4] is vacuous for X, and the conclusions
a) and c) of [CDP20, Theorem 2.2, p. 680] fail for the X constructed here. Statement [CDP20, (11)]
itself does hold at W for every twist coming from Pic(X); what fails at W is the implication from it
(§10.4);

(ii) the monodromy line: [CDP20, Lemma 4.2, p. 684], which is [CDP98, Lemma 3.2, p. 84], together
with the last step of the proof of [CDP98, Theorem 3.1, p. 85] (quoted in, and used for, [CDP20,
Corollary 5.2, p. 688] in the torus case). The printed argument passes through the sentence “From
(1) we deduce that H1(U, Z) ≃ H1(W, Z)⊕ H1(F, Z)”, which presumes that the monodromy acts
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trivially on H1(F); in general a split extension yields only the co-invariants (Lemma 10.7), and for
X these have rank t′ = 1 instead of t = 4. Here more than a step fails: the conclusion of [CDP98,
Theorem 3.1] = [CDP20, Corollary 5.2, p. 688] fails for the X constructed here, since H1(X,OX) ∼= C

while H1(F,OF) ∼= C2, so the restriction H1(X,OX)→ H1(F,OF) is not surjective; consequently the
conclusion of [CDP20, Proposition 5.5, p. 688] (R1 f∗OX ∼= O(b1)⊕O(b2) with bj ≥ 0) fails for the X
constructed here, which has R1 f∗OX ∼= O ⊕O(−1), and the line bundle L with L|S non-torsion on
every fibre which [CDP20, Proposition 5.6, p. 689] supplies as input to [CDP20, §7] is not produced
for X by the printed argument (§10.5). This last gap, however, is repairable: such an L does exist on X
(Proposition 10.8), so that the §5 input to [CDP20, §7] can be restored for X by other means, and the
monodromy point can be repaired for X.

The scope of the discussion below is the following. What is located at each place is a step of a printed
proof ; where the conclusion of the statement itself does not fail for X, the statement may well survive by
other arguments, and this applies in particular to [CDP20, Proposition 5.6] under hypotheses different
from those of X, whose conclusion is in any case true for X (Proposition 10.8). Where the conclusion of a
statement does fail for the X constructed here this is recorded explicitly: so for [CDP20, Theorem 2.2 a), c)]
and [CDP20, Corollary 2.3] (through (i)); and at place (ii) it is not only the printed proofs but also the
conclusions of [CDP20, Lemma 4.2]=[CDP98, Lemma 3.2] (the count r = s − 1 + b1(Xc), which for X
would give r = 6, whereas the correct count is r = 3), of [CDP20, Corollary 5.2]=[CDP98, Theorem 3.1]
and of [CDP20, Proposition 5.5]

(
= [CDP98, Remark 3.8(1)]

)
which fail for the X constructed here, these

statements presupposing trivial monodromy on H1 of the fibre; as a located step, what is at issue in [CDP98,
Lemma 3.2] is the deduction (1)⇒(2), and the corrected count r = s− 1 + t′ does hold at X (§10.5). This
failure at (ii) is nevertheless repairable for the purpose of the proof of [CDP20, Corollary 2.3] at X: the input
which [CDP20, §5] is to deliver to [CDP20, §7] — a line bundle non-torsion on every fibre — exists on
X by the countability argument of Proposition 10.8, so that the monodromy point can be repaired for X.
Place (i) alone already shows that the printed proof of [CDP20, Theorem 2.2] does not apply to X, and the
reduction at W cannot be repaired; place (ii) shows in addition that the printed route by which [CDP20, §5]
delivers its input to [CDP20, §7] breaks down at X, although the input itself is available here by another
argument. Nothing below bears on the remaining cases treated in [CDP20, CDP98].

10.1 The statements under discussion

We quote [CDP20] verbatim; numbering inside quotations is that of [CDP20], and page references are to
the journal version, Compositio Math. 156 (2020), 679–696.3 For a coherent sheaf F on a reduced complex
space S we write T (F ) ⊂ F for the subsheaf of sections supported on a nowhere dense closed analytic
subset and F̃ := F/T (F ); in particular Ω̃1

S = Ω1
S/torsion.

2.2. Theorem (p. 680). “Let X be a 3-dimensional compact complex manifold with H1(X, Z) =
H2(X, Z) = 0 and algebraic dimension a(X) = 1. Assume that the algebraic reduction
f : X → C is holomorphic. Then a) Hi(X, TX ⊗ M) = 0 for i ̸= 1. b) χ(X, TX ⊗ M) ≤ 0. c)
c3(X) ≤ 0.”

2.3. Corollary (p. 680). “Let X be a 3-dimensional compact complex manifold homeomorphic to
S6. Then a(X) = 0.”

Here C ∼= P1 and M is a general element of Pic(X) = H1(X,OX), the identification being the one
furnished by the exponential sequence. In the proof of [CDP20, Cor. 2.3, p. 680] the case a(X) = 3 is
excluded at once (“Obviously, a(X) ̸= 3, otherwise X is Moishezon and therefore b2(X) ̸= 0”); a(X) = 2,
and a(X) = 1 with non-holomorphic algebraic reduction, are disposed of by [CDP20, Theorem 2.1, p. 679],
the latter written out in detail in [LRS, Theorem 3.1, Corollary 3.2], following [CDP98]. The remaining

3The journal text agrees, up to copy-editing, with arXiv:1904.11179v2; we cite the journal as the primary reference and mention
the arXiv numbering only where a statement or wording is found there alone.
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case — holomorphic algebraic reduction onto a curve, the case of our X — is treated only in [CDP20,
Theorem 2.2, p. 680], whose strategy is:

2.4. Proposition (p. 680). “Let X be a 3-dimensional compact complex manifold with b2(X) =
0 and algebraic dimension a(X) = 1. Assume that the algebraic reduction f : X → C is
holomorphic. If

(1) R2 f∗(TX ⊗ L) = 0
for some (or general) L ∈ Pic(X), then the assertions of Theorem 2.2 hold. . . . The key is to
show that the restriction L|Xc of some or the general line bundle L to any fiber is never torsion.
Then we compute directly on Xc; here the case when Xc is singular, in particular non-normal,
needs special care.”

The production of a line bundle L whose restriction to every fibre is non-torsion — the “key” just
quoted — is the task of [CDP20, §5], which we examine in §10.5; the verification of [CDP20, (1)] for such
an L occupies [CDP20, §7], which opens ([CDP20, p. 692]) by reducing H2(Xc, TX|Xc ⊗ L|Xc) = 0 by Serre
duality to H0(Xc, Ω1

X|Xc ⊗ L|Xc) = 0, and then, with S = red Xc, continues:

“Using the (co)tangent sheaf sequence 0→ N∗S → Ω1
X|S→ Ω1

S → 0 it is immediate, provided
L|S is non-torsion, that it suffices to show the statement

(11) H0(S, Ω̃1
S ⊗ L|S) = 0,

where Ω̃1
S = Ω1

S/torsion. We first treat smooth fibers S = Xc.”

(The twist is by L∗ in [CDP20, Prop. 2.4, p. 680] and by L in [CDP20, §7, p. 692], the twist by ωX from
Serre duality having been absorbed into L, as we do explicitly in Step 2 below; since L ranges over Pic(X)
this is immaterial.) Statement [CDP20, (11), p. 692] is then established for smooth fibres [CDP20, Prop. 7.1,
p. 692], for multiple fibres with smooth reduction [CDP20, Rem. 7.2], for singular reduced fibres [CDP20,
Prop. 7.3, pp. 693–695], for multiple fibres with singular reduction [CDP20, Rem. 7.4] and for reducible
fibres [CDP20, Prop. 7.5]. We shall see that for our X statement [CDP20, (11)] does hold at the fibre W,
for every twist coming from Pic(X), while hypothesis [CDP20, (1)] fails at W for every L ∈ Pic(X): the
step which does not cover X is the passage, in the sentence just quoted, from the conormal sequence to
[CDP20, (11)]. The discussion concerns the fibre W only; the multiple fibres 3S1, 4S2, and the propositions
of [CDP20, §7], which are statements about Ω̃1

S ⊗ L|S, lie outside its scope.

10.2 A lemma on reduced normal crossings fibres

In this subsection N∗S denotes a conormal sheaf; it is not the nilpotent matrix N = T0 − I of §2.

Definition 10.1 (Setting). Let X be a complex manifold of dimension 3, D ⊂ C the unit disc with coordinate
t, and g : X → D proper, surjective, holomorphic. Put S := g−1(0) and assume: (a) S is reduced, i.e. g
vanishes to order one along every irreducible component of S; (b) S has normal crossings: every p ∈ S
admits local coordinates (x, y, z) centred at p in which g = u · x, g = u · xy or g = u · xyz, with u nowhere
vanishing. We write D ⊂ S for the singular locus with its reduced structure (locally {x = y = 0},
respectively the union of the three coordinate axes), η : S̃→ S for the normalisation, and D̃ := η−1(D) with
its reduced structure. Thus S is compact, S̃ is a smooth compact complex surface (possibly disconnected),
η is finite and an isomorphism over S ∖D, and D̃ ⊂ S̃ is a divisor. Put dg := g∗(dt) ∈ H0(X , Ω1

X ).

Since S is reduced, its ideal sheaf is locally generated by g, so N∗S = OX (−S)|S ∼= OS is freely generated
by the class of g, whose image in Ω1

X |S is dg|S. A direct computation in the three local models, with Ω1
X |S

free over OS on dx, dy, dz, shows that h 7→ h dg|S is injective (for g = uxy a lift h̃ of a section killing dg|S
satisfies h̃x, h̃y ∈ (xy), so h̃ ∈ (x) ∩ (y) = (xy); for g = uxyz likewise h̃ ∈ (xyz)), whence

Ω1
S =

(
Ω1
X |S
)/
OS · dg|S. (10.1)
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Lemma 10.2 (Mayer–Vietoris sequence for a normal crossings surface). In the setting 10.1 the sequence of
sheaves on S

0 −→ OS
α−→ η∗OS̃ ⊕OD

β−→ η∗OD̃ −→ 0,

α(h) = (η∗h, h|D), β(h̃, k) = h̃|D̃ − η∗k,
(10.2)

is exact.

Proof. Both maps are OS-linear and the assertion is local. β is surjective because OS̃ → OD̃ is surjective
and η is finite; α is injective because S is reduced and η is an isomorphism over a dense open subset. For
exactness in the middle only the singular models matter. At a double point S = {xy = 0} a section of
ker β is

(
(h1(y, z), h2(x, z)), k(z)

)
with h1(0, z) = h2(0, z) = k(z), and h := h1(y, z) + h2(x, z)− h1(0, z) has

α(h) =
(
(h1, h2), k

)
; in particular OS

∼= {(h1, h2) : h1(0, z) = h2(0, z)}. At a triple point S = {xyz = 0} with
branches S1 = {x = 0}, S2 = {y = 0}, S3 = {z = 0}, the condition β = 0 determines k by the hi and
amounts to h1(0, z) = h2(0, z), h1(y, 0) = h3(0, y), h2(x, 0) = h3(x, 0); then

h := h1(y, z) + h2(x, z) + h3(x, y)− h1(0, z)− h1(y, 0)− h2(x, 0) + h1(0, 0)
satisfies h|Si = hi, hence h|D = k and α(h) is the given section.

Tensoring (10.2) with a locally free sheaf E, using finiteness of η and the projection formula, and taking
global sections gives

H0(S, E) =
{
(σ̃, σD) ∈ H0(S̃, η∗E)× H0(D, E|D) : σ̃|D̃ = η∗σD

}
. (10.3)

The conormal sequence of the divisor S gives, for a line bundle A on S,

0 −→ H0(S, N∗S ⊗ A) −→ H0(S, Ω1
X |S ⊗ A)

ρ−→ H0(S, Ω1
S ⊗ A). (10.4)

Lemma 10.3. In the setting 10.1, let A be a holomorphic line bundle on S with η∗A ∼= OS̃, let e ∈ H0(S̃, η∗A)

be nowhere vanishing, and put E := Ω1
X |S ⊗ A. Then:

(a) there is a unique s ∈ H0(S, E) with η∗s = η∗(dg|S) ⊗ e and s|D = 0, and s ̸= 0; in particular
H0(S, Ω1

X |S ⊗ A) ̸= 0;

(b) the image ρ(s) ∈ H0(S, Ω1
S ⊗ A) in (10.4) is a torsion section supported on D; it vanishes if and only

if A ∼= OS and e = η∗σ for a trivialising section σ of A. In all cases the image of s in H0(S, Ω̃1
S ⊗ A) is

zero;

(c) if S is connected and A ̸∼= OS, then H0(S, N∗S ⊗ A) = H0(S, A) = 0; consequently s does not lie in the
image of H0(S, N∗S ⊗ A)→ H0(S, E).

Proof. Two properties of dg|S, read off the local models: (i) dg|S is nowhere zero on S ∖D (for g = ux,
dg|S = u dx); (ii) dg|D = 0, since dg ∈ (x, y) ·Ω1

X for g = uxy and dg ∈ (yz, zx, xy) ·Ω1
X for g = uxyz.

(Equivalently: dg lies in c ·Ω1
X |S with c the conductor ideal, which for normal crossings is the reduced

ideal of D.)
(a) Put σ̃ := η∗(dg|S)⊗ e, σD := 0; then σ̃|D̃ = 0 by (ii), so (10.3) yields a unique s ∈ H0(S, E), non-zero

by (i) and because e is nowhere zero.
(b) On S ∖D, s = dg|S ⊗ e is a section of N∗S ⊗ A by (10.1); hence ρ(s) vanishes on a dense open set,

is supported on D and is torsion. As A is invertible, T (Ω1
S ⊗ A) = T (Ω1

S) ⊗ A, so the image of s in
H0(S, Ω̃1

S ⊗ A) is zero. If ρ(s) = 0 then by (10.4) and (10.1) there is σ ∈ H0(S, A) with s = dg|S ⊗ σ; pulling
back and using that η∗(dg|S) is nowhere zero on the dense open set S̃ ∖ D̃ gives η∗σ = e there, hence
everywhere, so σ trivialises A. The converse is clear.

(c) N∗S ∼= OS, so H0(S, N∗S ⊗ A) = H0(S, A). Let σ ∈ H0(S, A); then η∗σ = φ · e with φ constant on each
connected component of the compact surface S̃. Let Z ⊂ S be the union of the irreducible components
on which σ vanishes identically. If Z ̸= ∅ and Z ̸= S, then, S being connected and a finite union of
irreducible closed subsets, some component S′ ̸⊂ Z meets Z, say at p. Since η is finite and bimeromorphic,
the components of S̃ correspond bijectively to those of S, the one over S′ being S̃′ := η−1(S′ ∖D); as σ ̸≡ 0
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on S′, the constant φ|S̃′ is non-zero, so σ is nowhere zero on S′, contradicting σ(p) = 0. Hence σ ≡ 0 or σ
is nowhere zero; the latter gives A ∼= OS, excluded. Thus H0(S, A) = 0, and by (a) the non-zero s is not in
the image.

Remark 10.4 (the normal case). Let S ⊂ X be a reduced compact fibre of a proper map to a curve, with
S normal. If s ∈ H0(S, Ω1

X |S ⊗ A) has torsion image ρ(s), then Ω1
S is locally free on Sreg, so s|Sreg is a

section of N∗S ⊗ A, which extends across the finite set S ∖ Sreg by the second Riemann extension theorem;
so s ∈ H0(S, N∗S ⊗ A). Hence if H0(S, N∗S ⊗ A) = 0 = H0(S, Ω̃1

S ⊗ A) then H0(S, Ω1
X |S ⊗ A) = 0, and the

reduction of [CDP20, p. 692] to [CDP20, (11)] is valid. Lemma 10.3 shows that at a non-normal S this
extension argument fails.

10.3 Hypothesis (1) of [CDP20, Proposition 2.4, p. 680] fails for X

Theorem 10.5. Let X and f : X → P1 be as in the Main Theorem. Then:

(a) for every L ∈ Pic(X) one has H2(W, (TX ⊗ L)|W
)
̸= 0 and hence R2 f∗(TX ⊗ L) ̸= 0; in particular

hypothesis [CDP20, (1), p. 680] of [CDP20, Proposition 2.4, p. 680] is satisfied for no L ∈ Pic(X);

(b) for every c ∈ P1 the restriction H1(X,OX) → H1( f ∗(c),O f ∗(c)
)

to the scheme-theoretic fibre is
injective; under the isomorphism Pic(X) ∼= H1(X,OX) ∼= C, z 7→ Lz, of the exponential sequence, the
sets Λc := {z ∈ C : Lz| f ∗(c) ∼= O f ∗(c)} are countable for all c ∈ P1 and discrete for c /∈ Σ. (At c = pj
restriction gives Λpj ⊂ {z : Lz|Sj

∼= OSj}; the opposite inclusion is not claimed.)

(c) for every M = Lz with z /∈ Λc1 , c1 /∈ Σ a fixed point — that is, for general M ∈ Pic(X) — one has
H2(X, TX ⊗M) ̸= 0.

Proof. Step 1. By (X1), (X2) and the exponential sequence, Pic(X) ∼= H1(X,OX) ∼= C and c1(L) = 0 for all L,
so Pic(X) = Pic0(X). As W̃ = dP6 by (X3), H1(W̃,O) = 0 and Pic(W̃) ↪→ H2(W̃, Z); since c1(η

∗(L|W)) = 0,
η∗(L|W) ∼= OW̃ for every L ∈ Pic(X). (10.5)

Step 2. W is a divisor in X, hence Cohen–Macaulay of pure dimension 2 with invertible dualising
sheaf ωW = (ωX ⊗OX(W))|W ; since W = f ∗(p0) is reduced, OX(W) = f ∗OP1(1) restricts trivially to W,
so ωW

∼= ωX|W . By Serre–Grothendieck duality on compact complex spaces [RR, RRV], H2(W,G)∗ ∼=
H0(W,G∨ ⊗ωW) for G locally free; with G = (TX ⊗ L)|W ,

H2(W, (TX ⊗ L)|W
)∗ ∼= H0(W, Ω1

X|W ⊗ A
)
, A := (L∗ ⊗ωX)|W .

By (10.5) for L∗ ⊗ωX, η∗A ∼= OW̃ ; Lemma 10.3(a) applied to f−1(D)→ D for a disc D ∋ p0 — legitimate
by (X3) — gives H0(W, Ω1

X|W ⊗ A) ̸= 0, hence H2(W, (TX ⊗ L)|W
)
̸= 0.

Step 3. f is flat (X a connected manifold, P1 a smooth curve, f surjective) and proper, TX ⊗ L is locally
free — hence TX ⊗ L is f -flat, f being flat — and all fibres have dimension 2; cohomology and base change
in top degree [BaSt, Ch. III, §3] — the statement invoked in the proof of [CDP98, Lemma 1.5, p. 79]4 —
gives that R2 f∗(TX ⊗ L)⊗ k(c)→ H2( f ∗(c), (TX ⊗ L)| f ∗(c)

)
is an isomorphism for every c, the fibre being

the scheme-theoretic one. With Step 2 this proves (a), f ∗(p0) = W being reduced.
Step 4 (proof of (b)). For every c ∈ P1 one has OX

(
− f ∗(c)

) ∼= f ∗OP1(−1), the fibre f ∗(c) being the full
scheme-theoretic fibre (equal to Xc for c /∈ {p1, p2}, and equal to mjSj for c = pj). By the projection formula
and (X2), f∗ f ∗OP1(−1) = OP1(−1) and R1 f∗ f ∗OP1(−1) ∼= OP1(−1)⊕OP1(−2), so both outer terms of

0→ H1(P1, f∗ f ∗O(−1)
)
→ H1(X, f ∗O(−1)

)
→ H0(P1, R1 f∗ f ∗O(−1)

)
vanish; hence H1(X, f ∗OP1(−1)) = 0 and, from 0 → f ∗OP1(−1) → OX → O f ∗(c) → 0, the restriction
H1(X,OX) → H1( f ∗(c),O f ∗(c)

)
is injective, for every c including c = pj. By functoriality of the expo-

nential sequence on the compact complex space f ∗(c), Lz| f ∗(c) ∼= O f ∗(c) if and only if the image of z in
H1( f ∗(c),O f ∗(c)

)
lies in the image of the countable group H1( f ∗(c), Z

)
(a finitely generated group, f ∗(c)

4In [CDP98] this reference is cited as [BaSt76]; it is [BaSt] of the present bibliography.
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having the homotopy type of a finite complex); so Λc, a preimage under a C-linear injection of a countable
set, is countable. For c /∈ Σ, f ∗(c) = Xc is a 2-torus by (X4), that image is a lattice in H1(Xc,OXc)

∼= C2, and
Λc is its preimage under an injective map C→ C2, hence discrete. Finally, if Lz is trivial on f ∗(pj) = mjSj
then it is trivial on the closed subspace Sj, which gives the stated inclusion. In particular Λc1 ̸= C, so the
M of (c) form the complement of a countable set in Pic(X) ∼= C.

Step 5 (proof of (c)). Let M = Lz, z /∈ Λc1 , c1 /∈ Σ. By (X4) and (X1) each Xc, c /∈ Σ, is a 2-torus with
c1(M|Xc) = 0; on a complex torus a topologically trivial line bundle is trivial iff it has a non-zero section,
so by Grauert’s semicontinuity theorem {c /∈ Σ : M|Xc

∼= OXc} is a closed analytic subset of the connected
curve P1 ∖ Σ, proper by the choice of z, hence discrete. For c outside it, TXc

∼= O⊕2
Xc

and the normal
bundle is trivial, so (TX ⊗M)|Xc is an extension of M|Xc by (M|Xc)

⊕2, and all cohomology of a non-trivial
topologically trivial line bundle on a torus vanishes (compare [CDP20, Proposition 7.1(a), p. 692]); hence
H2(Xc, (TX ⊗M)|Xc

)
= 0 there.

We claim that the coherent sheaf R2 f∗(TX ⊗M) — coherent by Grauert’s direct image theorem [BaSt,
Chap. III], f being proper — has finite, in particular 0-dimensional, support. Indeed its support is a
closed analytic subset of P1, and by Step 3 together with Nakayama’s lemma it is exactly Ξ := {c ∈ P1 :
H2( f ∗(c), (TX ⊗M)| f ∗(c)

)
̸= 0}, the fibres being the scheme-theoretic ones. By the preceding paragraph

Ξ ∖ Σ is a discrete subset of P1 ∖ Σ missing c1, so Ξ ̸= P1; a proper closed analytic subset of the connected
curve P1 is finite. It is the coherence of R2 f∗(TX ⊗M) — i.e. the closedness of Ξ in all of P1 — which
rules out an accumulation of the points of Ξ ∖ Σ at Σ: such an accumulation would make the closed
analytic set Ξ infinite, hence equal to P1. By Step 2, p0 ∈ Ξ (here f ∗(p0) = W), so R2 f∗(TX ⊗ M) is
a non-zero sheaf with finite support and therefore has non-zero global sections. In the Leray spectral
sequence Ep,q

2 = Hp(P1, Rq f∗(TX ⊗M)
)
⇒ Hp+q(X, TX ⊗M) one has Ep,q

2 = 0 for p ≥ 2, so E0,2
∞ = E0,2

2 and
H2(X, TX ⊗M) surjects onto E0,2

2 ̸= 0.

Corollary 10.6. For the threefold X of the Main Theorem: (i) hypothesis [CDP20, (1), p. 680] of [CDP20,
Proposition 2.4, p. 680] holds for no L ∈ Pic(X), so [CDP20, Proposition 2.4, p. 680] is vacuous for
X; (ii) conclusion a) of [CDP20, Theorem 2.2, p. 680] fails for the X constructed here for i = 2 and
general M ∈ Pic(X); conclusion b) fails as well, for every M ∈ Pic(X), since c1(X) = c2(X) = 0 (by
H2(X; Z) = H4(X; Z) = 0) and c1(M) = 0, so that Riemann–Roch gives χ(X, TX ⊗M) = 1

2 c3(X) = 1 > 0;
and conclusion c) fails since c3(X) = 2 > 0; yet X satisfies the hypotheses of that theorem, namely
H1(X, Z) = H2(X, Z) = 0, a(X) = 1 and holomorphic algebraic reduction f ; (iii) X is diffeomorphic, in
particular homeomorphic, to S6 and has a(X) = 1, so that the conclusion of [CDP20, Corollary 2.3, p. 680]
fails for the X constructed here.

Proof. (i) and the i = 2 part of (ii) are Theorem 10.5(a),(c) with (X1), (X2); for the b) part of (ii), ch(TX⊗M) =
3 + 1

2 c3(X) and Td(X) = 1 when c1(X) = c2(X) = c1(M) = 0, whence χ(X, TX ⊗M) = 1
2 c3(X) = 1 by

(X2); the c3 part of (ii) is (X2); (iii) is (X1), (X2).

10.4 First place: the reduction to [CDP20, (11), p. 692] at the fibre W

Statement [CDP20, (11)] does hold at W for every twist coming from Pic(X). Indeed η∗Ω1
W̃

is torsion free

over OW (η finite, Ω1
W̃

locally free), so Ω1
W → η∗Ω1

W̃
kills T (Ω1

W), and the induced map Ω̃1
W → η∗Ω1

W̃
, an

isomorphism over the dense open set W ∖D with Ω̃1
W torsion free, is injective. Hence for every B ∈ Pic(X),

by the projection formula and (10.5),
H0(W, Ω̃1

W ⊗ B|W
)
↪→ H0(W̃, Ω1

W̃ ⊗ η∗(B|W)
)
= H0(W̃, Ω1

W̃

)
= 0,

as W̃ = dP6 is rational; with B = L∗ ⊗ ωX this gives H0(W, Ω̃1
W ⊗ A) = 0 for A as in Step 2. By

Theorem 10.5(b), for all z outside the countable set
⋃

n≥1
1
n Λp0 ∪

(
w +

⋃
n≥1

1
n Λp0

)
, where ωX = Lw, both

Lz|W and A are non-torsion — so the proviso “provided L|S is non-torsion” of [CDP20, §7, p. 692] is met at
W — and z may in addition be taken outside Λc1 , so that Lz is simultaneously as in Theorem 10.5(c). For
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such z, A ̸∼= OW , and Lemma 10.3(c),(a) (W irreducible, hence connected) give
H0(W, N∗W ⊗ A) = 0, H0(W, Ω̃1

W ⊗ A) = 0, H0(W, Ω1
X|W ⊗ A) ̸= 0,

exactly the situation of Remark 10.4.
Thus the step of [CDP20, §7, p. 692] which does not cover X is the reduction, in the sentence quoted

in §10.1, of the vanishing of H0(Xc, Ω1
X|Xc ⊗ L|Xc) to [CDP20, (11)]: the propositions of [CDP20, §7]

about singular and reducible fibres are statements about Ω̃1
S ⊗ L|S, i.e. instances of [CDP20, (11)], and are

untouched by what is said here, while by Lemma 10.3 and Remark 10.4 the reduction fails at a non-normal
normal crossings fibre all of whose pull-backs of line bundles from X to the normalisation are trivial: by
(X3) and Step 1, precisely the situation of W. The phrase “here the case when Xc is singular, in particular
non-normal, needs special care” of [CDP20, Proposition 2.4, p. 680] identifies the same point.

At this first place, what is located is a step of the printed proof; the obstruction which that step was
to overcome is, however, unconditional, and it is the conclusion drawn from the step which fails for the
X constructed here: by Theorem 10.5(a), R2 f∗(TX ⊗ L) ̸= 0 for every L ∈ Pic(X), so hypothesis [CDP20,
(1)] holds for no L whatsoever, [CDP20, Proposition 2.4] is vacuous at X, and the conclusions a) and c)
of [CDP20, Theorem 2.2, p. 680] fail for the X constructed here (Corollary 10.6). In particular this place
alone already shows that the printed proof of [CDP20, Theorem 2.2, p. 680], and with it that of [CDP20,
Corollary 2.3, p. 680], does not cover X, independently of anything in §10.5. No repair of the quoted
sentence can restore [CDP20, Theorem 2.2] at X; what an argument covering X would have to control
instead is described in §10.6.

A numerical symptom of the second place may be recorded here. For X the singular fibres are W, 3S1,
4S2, so s = 3 and the number of irreducible components of singular fibres is r = 3, whereas b1(Xc) = 4 for
a smooth fibre; thus [CDP20, Lemma 4.2, p. 684] would give r = s− 1 + b1(Xc) = 6. The discrepancy is
explained in §10.5.

10.5 Second place: the monodromy line, [CDP20, Lemma 4.2] = [CDP98, Lemma 3.2], and the
last step of [CDP98, Theorem 3.1]

4.2. Lemma ([CDP20, p. 684]). “Let s be the number of singular fibers and r be the numbers of
irreducible components of the singular fibers. Then r = s− 1 + b1(Xc), where Xc is a smooth
fiber.”

The proof refers to [CDP98, Lemma 3.2, p. 84] (Lemma 5.2 of the arXiv text), of which it is the special
case g = 0, b1 = 0; the two statements are the same lemma. The set-up of [CDP98] is: Y a compact
complex threefold with b2 = 0, h : Y → V ′ holomorphic onto a smooth curve of genus g with connected
fibres, Σ′ ⊂ V ′ a finite non-empty set with A = h−1(Σ′) containing all singular fibres, B′◦ := V ′ ∖ Σ′,
U = h−1(B′◦), s = card Σ′, t = b1(F) for F a general fibre, D1, . . . , Dr the components of A (in [CDP98] Σ′

is called ∆ and B′◦ is called W; we keep Σ, W, and also the letters V, Λ of (X4), for the objects of this paper):

“(1) The natural exact sequence of groups 1 = π2(W)→ π1(F)→ π1(U)→ π1(W)→ 1 is exact
and (non-canonically) split. (2) b1(U) = b1(W) + b1(F) = 2g + s− 1 + t ≤ b1(X) + s− 1 + t. (3)
r = s− 1 + t + 2g− b1(X). . . . (2) From (1) we deduce that H1(U, Z) ≃ H1(W, Z)⊕ H1(F, Z).”

The last sentence is the step we locate: a split extension of groups does not give a direct sum of
abelianisations, but a direct sum with the co-invariants of the kernel.

Lemma 10.7. Let 1→ K → G→ Q→ 1 be a split exact sequence of groups. Then Gab ∼= Qab ⊕ (Kab)Q, the
co-invariants being for the conjugation action of Q on Kab.

Proof. Choose a splitting, G = K ⋊ Q, and let K′ ⊂ K be generated by [K, K] and all k−1qkq−1 (k ∈ K, q ∈ Q).
Then K′ is normal in G: it is normalised by K since it contains [K, K], and by Q since q′[K, K]q′−1 = [K, K]
and q′(k−1qkq−1)q′−1 = k−1

1 q1k1q−1
1 with k1 = q′kq′−1, q1 = q′qq′−1. Moreover K/K′ = (Kab)Q with trivial

Q-action, so G/K′ ∼= (Kab)Q ×Q; as K′ ⊂ [G, G], Gab = (G/K′)ab ∼= (Kab)Q ⊕Qab.
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Applied to the split sequence quoted above this gives H1(U, Z) ∼= H1(B′◦, Z)⊕ H1(F, Z)π1(B′◦), the
action being the monodromy of U → B′◦; the co-invariants do not depend on the splitting, two sections
differing pointwise by elements of π1(F), whose inner automorphisms act trivially on the abelianisation.
Put

t′ := rk H1(F; Q)π1(B′◦) = dimQ H1(F; Q)π1(B′◦) ≤ b1(F) = t,
the two descriptions agreeing by duality of representations. Thus H1(U, Z) ≃ H1(B′◦, Z)⊕ H1(F, Z) holds,
as far as ranks are concerned, if and only if π1(B′◦) acts trivially on H1(F; Q), and what the argument
proves in general is

b1(U) = 2g + s− 1 + t′, hence r = b1(U)− b1(Y) = s− 1 + t′ + 2g− b1(Y)
(s ≥ 1 is needed for b1(B′◦) = 2g + s− 1; in [CDP98] Σ′ is indeed required to be “a finite non empty set”).
The identity r = b1(U)− b1(Y), used in [CDP98, Lemma 3.2(3), p. 84] (Lemma 5.2(3) of the arXiv text),
follows from the exact sequence of the pair with rational coefficients

H4(Y ; Q)→ H4(A; Q)→ H5(Y , A; Q)→ H5(Y ; Q)→ H5(A; Q) = 0,
in which H4(Y ; Q) ∼= H2(Y ; Q) = 0 by Poincaré duality and b2(Y) = 0, dimQ H4(A; Q) = r (for a compact
complex space of pure dimension 2, H4(A; Q) is freely generated by the [Di], the singular locus and the
pairwise intersections having real dimension ≤ 2), H5(Y , A; Q) ∼= H1(U; Q) by Lefschetz duality and
H5(Y ; Q) ∼= H1(Y ; Q) by Poincaré duality.

In [CDP20, Lemma 4.2, p. 684], where g = 0 and b1 = 0, the count corrected in this way reads
r = s− 1 + t′. For our X we have t′ = 1 by (X4): the invariants of H1(F; Q) = V ⊗Q form the line Qγ
(Lemma 2.7), equivalently the co-invariants of H1(F; Q) = Λ⊗Q form the line ΛQ/ ker γ ∼= Q, detected
by γ. Hence r = 3− 1 + 1 = 3, in agreement with the three irreducible singular fibres W, S1, S2, whereas
the printed count r = 6 presumes trivial monodromy; so the conclusion of [CDP20, Lemma 4.2]=[CDP98,
Lemma 3.2], and not only its printed proof, fails for the X constructed here. What is located here is
again a step of the printed proof: under hypotheses forcing t′ = t the printed conclusion of [CDP20,
Lemma 4.2]=[CDP98, Lemma 3.2] stands. That the deduction (1)⇒(2) of [CDP98, Lemma 3.2, p. 84] is not
valid in general is seen already in the projective world: let S0 = (E× F0)/G be a bielliptic surface [BHPV,
V.5] (called hyperelliptic in [CDP20]), with E, F0 elliptic curves and G finite acting on E by translations and
on F0 with F0/G ∼= P1; the first projection gives a holomorphic fibre bundle S0 → E/G with fibre F0 whose
monodromy factors through the cyclic group of order 2, 3, 4 or 6 by which G acts on F0 modulo translations,
an action without non-zero invariants on H1(F0; Q). With an elliptic curve E′ put Z := S0 × E′ over E/G;
its fibres have b1 = 4 and t′ = 2, g = 1, and removing s ≥ 1 fibres one finds by Künneth and Lemma 10.7
b1(U) = (s + 1) + 2 = s + 3, whereas 2g + s− 1 + b1(F) = s + 5. (Z is projective, so it does not satisfy the
standing hypotheses of [CDP98, CDP20]; the example bears only on the group-theoretic deduction.)

The same line in [CDP98, Theorem 3.1], and its role at X. The substitution t⇝ t′ is needed again in the last step
of the proof of [CDP98, Theorem 3.1, p. 85] (Theorem 5.1 of the arXiv text), where one reads “By 5.2(2) we
conclude that rk H0(W, R1 f∗(Z)) = t” — an appeal to the very sentence “H1(U, Z) ≃ H1(W, Z)⊕H1(F, Z)”
discussed above, and valid as printed only when the monodromy is trivial; in general it yields t′. That
theorem asserts the surjectivity of H1(Y ,O) → H1(F,OF), and it is the source of [CDP20, Corollary 5.2,
p. 688], which reads:

5.2. Corollary (p. 688). “The restriction map H1(X,OX) → H1(Xc,OXc) is surjective for all
c ∈ C.”

The hypotheses under which this is asserted are the standing hypotheses of [CDP20, §5], which
we paraphrase: X is a 3-dimensional compact complex manifold with b2(X) = 0 (in the application,
H1(X, Z) = H2(X, Z) = 0) and a(X) = 1 whose algebraic reduction f : X → C is holomorphic, the general
fibre Xc being a complex 2-torus or a Kodaira surface, and R1 f∗OX is locally free ([CDP20, Proposition 5.1]).
The proof of Corollary 5.2 reads “Suppose first that F is a Kodaira surface or a torus. Then the assertion
is Theorem 3.1 in [CDP98]; the proof works since we now know that R1 f∗(OX) is locally free”. Our X
satisfies all of these hypotheses, by (X1), (X2) and (X4). The local freeness of R1 f∗OX demanded here does
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hold for X — it is local freeness of R1 f∗OX with base change (Proposition 9.13), whose statement gives
local freeness together with a splitting; base change then follows by descending induction on q in the
cohomology-and-base-change theorem for the flat proper morphism f , all Rq f∗OX being locally free [BaSt,
Ch. III, §3] — although the printed proof of [CDP20, Proposition 5.1] passes through a step which does not
apply to X.5

At X, however, more than a step fails: the conclusion itself fails for the X constructed here. By (X2),
H1(X,OX) ∼= C (Theorem 9.1), while H1(F,OF) ∼= C2 for a smooth fibre F, a complex 2-torus by (X4);
hence the restriction

H1(X,OX) −→ H1(F,OF)

is not surjective, so the conclusion of [CDP98, Theorem 3.1]=[CDP20, Corollary 5.2, p. 688] fails for
the X constructed here. At X the statement therefore cannot be restored by repairing the monodromy
line, nor by any other argument. Consistently with this, for X the Leray spectral sequence Ep,q

2 =

Hp(P1, Rq f∗Q)⇒ Hp+q(X; Q) forces d2 : E0,1
2 → E2,0

2 = H2(P1; Q) ∼= Q to be injective (H1(X; Q) = 0) and
surjective (H2(X; Q) = 0), so H0(P1, R1 f∗Q) ∼= Q, in agreement with t′ = 1 and not with t = 4.

The consequences for [CDP20, §5] are immediate. The statement at issue is:

5.5. Proposition (p. 688). “R1 f∗(OX) ≃ O(b1)⊕O(b2) with bj ≥ 0.”

(The splitting into line bundles is Grothendieck’s on C ∼= P1, R1 f∗OX being locally free of rank 2
under the standing hypotheses; what Proposition 5.5 adds is the positivity bj ≥ 0.) Its proof reads “We
observe that R1 f∗(OX) is generically spanned by Corollary 5.2, since H1(X,OX) = H0(C, R1 f∗(OX)).
Hence bj ≥ 0”. The conclusion of [CDP20, Proposition 5.5, p. 688] fails for the X constructed here:
R1 f∗OX ∼= OP1 ⊕OP1(−1) by (X2) (§9), a summand of negative degree; so that conclusion (and likewise
that of [CDP98, Remark 3.8(1), p. 88], Remark 5.8(1) of the arXiv text) fails for the X constructed here, and
is not merely unproved there. Finally, [CDP20, Proposition 5.6, p. 689] uses the positivity of the summands
bj to produce a line bundle L ∈ Pic(X) whose restriction L|S to every fibre is non-torsion — the “key”
quoted in [CDP20, Proposition 2.4, p. 680], and the input which [CDP20, §5] is to deliver to [CDP20, §7].
That argument is unconditionally unavailable at X: the hypothesis bj ≥ 0 on which it rests fails at X.

Its conclusion, however, is true for X, by a countability argument resting on Proposition 9.13. Theo-
rem 10.5(b) shows that for each individual fibre the set of z ∈ C ∼= Pic(X) with Lz torsion on that fibre is
countable — this is what was used in §10.4 at the single fibre W — but it does not by itself produce a
single L non-torsion on all fibres simultaneously, the fibres forming an uncountable family and a union of
uncountably many countable sets needing not be proper. The periods of f supply the missing uniformity.

Proposition 10.8. There exists L ∈ Pic(X) such that L| f ∗(c) is non-torsion for every c ∈ P1 and, moreover,
L|Sj is non-torsion for j = 1, 2; indeed all z ∈ C outside the union of R with a countable set have these
properties for L = Lz.

Proof. In this proof the letters a, b, c, d are reserved for the coordinates of an integral cohomology class,
points of B◦ = P1 ∖ Σ are denoted q, and points of the covering ϖ : H◦ → B◦ of (X4) are denoted q̃.

Normalisations. By Step 1 of Theorem 10.5, Pic(X) = Pic0(X) ∼= H1(X,OX) ∼= C, z 7→ Lz. The line
bundle f ∗OP1(1) is a non-zero element of this group: by (X2) and the projection formula h0(X, f ∗OP1(1)

)
=

h0(P1,OP1(1)⊗ f∗OX
)
= h0(P1,OP1(1)

)
= 2 ̸= 1 = h0(X,OX), since f∗OX = OP1 ; hence f ∗OP1(1) ̸∼= OX,

5In that proof the classical canonical bundle formula for multiple fibres, ωX = f ∗(L)⊗OX
(
∑i(mi − 1)Fi

)
with Fi the reductions

of the multiple fibres, is applied. For X the multiplicities are m1 = 3, m2 = 4, so that formula would give the exponents
(m1 − 1, m2 − 1) = (2, 3) at S1, S2; the actual exponents differ. By Theorem 9.1, KX ∼= f ∗OP1 (−1)⊗OX(2S2), i.e. the exponents
are (0, 2), not (m1 − 1, m2 − 1) = (2, 3). Such decompositions are not unique, since OX(mjSj) = f ∗OP1 (1); but no decomposition
with exponents (2, 3) exists, for comparing f ∗OP1 (−1)⊗OX(2S2) with f ∗OP1 (k)⊗OX(2S1 + 3S2) would make OX(2S1 + S2) a
pull-back from B, whereas it is not: S1 and S2 are disjoint, so OX(2S1 + S2)|S1 = OX(S1)|2S1

is non-trivial, OX(S1)|S1 having order
exactly 3, while the restriction of a pull-back from B to a fibre component is trivial. So that printed step does not apply to X. The
statement of [CDP20, Proposition 5.1] nevertheless holds for X: local freeness is established in Proposition 9.13; base change then
follows since all Rq f∗OX are locally free [BaSt, Ch. III, §3]. This observation concerns the printed proof only, and it does not affect
the proof of [CDP20, Cor. 2.3] at X; the decisive place is (i), §10.4.
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and we may and do normalise the coordinate on Pic(X) ∼= C so that L12 = f ∗OP1(1). By Proposition 9.13
(R1 f∗OX locally free and compatible with base change) — equivalently by Theorem 10.5(b) — the restriction
ιq : C = H1(X,OX)→ H1(Xq,OXq) is C-linear and injective for every q ∈ B◦, and likewise at the remaining
fibres. For q ∈ B◦ put

Λq := ι−1
q
(
im [ H1(Xq; Z)→ H1(Xq,OXq) ]

)
⊂ C,

a discrete subgroup containing 12 (because f ∗O(1) is trivial on every fibre); since Λq is a group, Lz|Xq is
torsion if and only if z ∈ Q ·Λq.

If rk Λq = 1 then Λq ⊂ Q · 12 ⊂ R, so Q ·Λq ⊂ R: such q are harmless for z /∈ R. We must therefore
show that {q ∈ B◦ : rk Λq = 2} is countable.

The line ιq(C). For a complex torus H1(Xq; Z) → H1(Xq,OXq) is injective (its kernel is H1(Xq; Z) ∩
H1,0 = 0), so 12 ∈ Λq determines a unique non-zero λ0(q) ∈ H1(Xq; Z) with image ιq(12). Uniqueness
makes q 7→ λ0(q) a flat section of the local system R1 f∗Z over B◦. Indeed, let D ⊂ B◦ be a disc over which
R1 f∗Z is trivialised as Z4

D and over which the holomorphic vector bundle q 7→ H1(Xq,OXq) — locally free
and compatible with base change by Proposition 9.13 — is trivialised as D×C2. In these trivialisations the
map Ψ(q, λ) ∈ C2, the image of λ ∈ Z4 in H1(Xq,OXq), is real-linear in λ and real-analytic in (q, λ) (the
periods depending holomorphically on q), and for each q it extends to a real-linear isomorphism R4 → C2,
whose inverse is bounded uniformly on compact subsets of D; moreover q 7→ ιq(12) is holomorphic, in
particular continuous. Hence if qn → q in D then Ψ

(
qn, λ0(qn)

)
= ιqn(12) stays bounded, so the integral

classes λ0(qn) range over a finite subset of Z4; along a subsequence they are equal to a fixed λ′, and passing
to the limit gives Ψ(q, λ′) = ιq(12), whence λ′ = λ0(q) by uniqueness. So λ0 is locally constant, i.e. a
monodromy-invariant integral class. By (X4) the invariants of H1(F; Q) form the line Qγ, so λ0 ∈ Qγ, and

Pq := ιq(C) = C ·
(
image of γ in H1(Xq,OXq)

)
.

Since ιq is injective, rk Λq = rk{λ ∈ H1(Xq; Z) : λ 7→ Pq}; hence rk Λq = 2 forces the existence of an
integral class λ /∈ Qγ whose image lies on Pq.

The condition in periods. Work on the covering ϖ : H◦ → B◦ and use the frames and period matrix of
(X4): over q̃ ∈ H◦ the fibre is C2/Π(q̃)Λ, the images of the lattice basis γ̂, û, ŵ, δ̂ of Λ = H1(F; Z) being the
columns πγ̂ = (6µ, β), πû = (τ, µ), πŵ = (1, 0), πδ̂ = (0, 1), and λ = aγ + bu + cw + dδ ∈ V = H1(F; Z) =

Hom(Λ, Z) is the functional on Λ with λ(γ̂) = a, λ(û) = b, λ(ŵ) = c, λ(δ̂) = d. Under the de Rham
identification H1(Xq; R) = Hom(Λ, R), every real class is uniquely of the form λ = 2 Re(ξ dz1 + ζ dz2)

with (ξ, ζ) ∈ C2, its value on a lattice vector π = (π(1), π(2)) being 2 Re(ξπ(1) + ζπ(2)); its (1, 0)-part is
ξ dz1 + ζ dz2 and its image in H1(Xq,OXq)

∼= H0,1 is the conjugate ξ̄ dz̄1 + ζ̄ dz̄2. Evaluating on the four
columns of Π(q̃):

2 Re ξ = c, 2 Re ζ = d, 2 Re(ξτ + ζµ) = b, 2 Re(6ξµ + ζβ) = a. (10.6)
For λ = γ (i.e. a = 1, b = c = d = 0) the first two equations give ξ = is, ζ = it with s, t ∈ R, and the third
gives s Im τ + t Im µ = 0; since (Im τ, Im µ) ̸= (0, 0) — otherwise πû = τπŵ + µπδ̂ with τ, µ real and the
lattice would be degenerate — we get (ξ, ζ) = iϱ (Im µ,− Im τ) with ϱ ∈ R, and ϱ ̸= 0 because γ ̸= 0 (the
fourth equation of (10.6), the only one in which β occurs, then merely fixes the scale ϱ). As conjugation
preserves complex lines and (Im µ,− Im τ) is a real vector, the image of a class λ with data (ξ, ζ) lies on Pq
if and only if (ξ, ζ) is proportional to (Im µ,− Im τ), i.e. if and only if

ξ Im τ + ζ Im µ = 0.
Writing ξ = c

2 + is, ζ = d
2 + it as allowed by the first two equations of (10.6), this single complex equation

splits into
c Im τ + d Im µ = 0 and s Im τ + t Im µ = 0,

while the third equation of (10.6) reads c Re τ + d Re µ− 2(s Im τ + t Im µ) = b. The two conditions are
therefore together equivalent to c Im τ + d Im µ = 0 and c Re τ + d Re µ− b = 0, that is, to the single
holomorphic equation

c τ(q̃) + d µ(q̃)− b = 0 (q̃ ∈ H◦). (10.7)
(Neither the coefficient a nor the period β occurs, as they must not: a and β enter only through the fourth
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equation of (10.6), which imposes no constraint, and adding multiples of γ does not change the condition.
For λ = γ, (10.7) is satisfied identically, as it must be.)

Countability. By Lemma 9.3 the functions 1, τ, µ are linearly independent over C on H◦; hence (10.7)
holds identically only if b = c = d = 0, i.e. only for λ ∈ Zγ. Consequently, for each of the countably
many λ ∈ V = H1(F; Z) with (b, c, d) ̸= (0, 0, 0) — that is, for each λ /∈ Qγ — the zero set Zλ ⊂ H◦ of
(10.7) is a proper analytic subset of the one-dimensional H◦, hence discrete and countable. Therefore

⋃
λ Zλ

is countable and so is its image ϖ
(⋃

λ Zλ

)
⊂ B◦; by the previous paragraph, and since ϖ is surjective,

that image contains {q ∈ B◦ : rk Λq = 2}. For each such q the bad set Q ·Λq is countable, so these fibres
contribute only countably many bad z in all; the fibres with rk Λq = 1 contribute only z ∈ R.

The remaining fibres, and the reductions Sj. At f ∗(pj) = mjSj and at W the restrictions C→ H1( f ∗(pj),O)
and C→ H1(W,O) are injective and C-linear by base change (Theorem 10.5(b)), so {z : Lz| f ∗(pj) torsion}
and {z : Lz|W torsion} are countable. The same holds on the reductions Sj, which are the fibres occurring in
§10.4 and §6. Let φj : C = H1(X,OX) → H1(Sj,OSj) be the restriction, a C-linear map. Since c1(Lz) = 0
in H2(X; Z) = 0, also c1(Lz|Sj) = 0, so by the exponential sequence on the compact complex space
Sj the bundle Lz|Sj is trivial as soon as φj(z) = 0; thus φj = 0 would force Lz|Sj

∼= OSj for every z.
This is excluded by the multiplicity of the fibre: OX(Sj) ∈ Pic(X) = Pic0(X), say OX(Sj) = Lzj , and
OX(mjSj) = f ∗OP1(1) = L12 gives zj = 12/mj, while OX(Sj)|Sj has order exactly mj ≥ 2 in Pic(Sj) (§6); in
particular L12/mj |Sj = OX(Sj)|Sj ̸∼= OSj . Hence φj is injective, and since H1(Sj; Z) is finitely generated (Sj
having the homotopy type of a finite complex) the set

{z ∈ C : Lz|Sj torsion} = Q · φ−1
j

(
im [ H1(Sj; Z)→ H1(Sj,OSj) ]

)
is countable. Hence every z outside R together with a countable set gives L = Lz with L| f ∗(c) non-torsion
for all c ∈ P1 and L|Sj non-torsion for j = 1, 2.

Remark 10.9. The proof uses only the rank-one invariance recorded in (X4), which fixes the line Pq, and the
linear independence of 1, τ, µ (Lemma 9.3).

Two conclusions follow. First, at place (ii) it is not only the printed proofs but the conclusions of
[CDP20, Lemma 4.2]=[CDP98, Lemma 3.2] (r = s− 1+ b1(Xc) would give 6, our count gives 3), of [CDP20,
Corollary 5.2]=[CDP98, Theorem 3.1] and of [CDP20, Proposition 5.5]

(
= [CDP98, Remark 3.8(1)]

)
which

fail for the X constructed here, all three presupposing trivial monodromy on H1 of the fibre; yet this failure
is repairable for the purpose of the proof of [CDP20, Corollary 2.3] at X, since the line bundle which [CDP20,
§5] is to deliver to [CDP20, §7] does exist on X by the countability argument of Proposition 10.8, so that
the §5 input can be restored for X even though the printed route to it breaks down. Secondly, at place (i)
the situation is different: taking the very L of Proposition 10.8 — and, if one wishes, z also outside the
countable sets of §10.4 and Theorem 10.5(c) — the proviso “provided L|S is non-torsion” of [CDP20, §7,
p. 692] is met at every fibre, and nevertheless

H0(W, Ω1
X|W ⊗ (L∗ ⊗ωX)|W

)
̸= 0

by Theorem 10.5, so that R2 f∗(TX ⊗ L) ̸= 0 and hypothesis [CDP20, (1)] fails for this L as for every other.
Thus the monodromy point can be repaired for X; the reduction at the non-normal fibre cannot. The
reduction at [CDP20, p. 692], not the monodromy line, is what [CDP20, Theorem 2.2] would have to do
without at X.

10.6 What an argument excluding such an X would have had to control

With hypothesis [CDP20, (1), p. 680] unavailable, the mechanism by which the assertions about χ are
obtained — [CDP98, Corollary 1.3] with Serre duality and the Leray spectral sequence — still applies.
Recall:

“1.3 Corollary. Let X be a smooth compact threefold with b2(X) = 0 carrying an effective divisor
D. Then H0(X, B⊗ L) = 0 for generic L in Pic0(X) and every vector bundle B on X.”
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(The statement is used, and proved, in the order “for every B, for generic L depending on B”; one
generic L serving for every B would be untenable, as B = L∗ shows.) The fibres of f are effective divisors
and Pic(X) = Pic0(X) by Step 1; hence H0(X, TX ⊗M) = 0 for general M and, applied to B = Ω1

X ⊗ωX
with Serre duality, H3(X, TX ⊗M) ∼= H0(X, Ω1

X ⊗ωX ⊗M∗)∗ = 0 for general M. Thus for general M
χ(X, TX ⊗M) = −h1(X, TX ⊗M) + h2(X, TX ⊗M),

and by Theorem 10.5 and its proof h2(X, TX ⊗M) ≥ dimC

(
R2 f∗(TX ⊗M)

)
p0
> 0; so χ(X, TX ⊗M) ≤ 0 of

[CDP20, Theorem 2.2 b), p. 680] would require a compensating lower bound for h1(X, TX ⊗M). For M
as in Theorem 10.5(c) all cohomology of (TX ⊗M)|Xc vanishes for c outside a finite set Σ1 ⊃ Σ — finite
because {c /∈ Σ : M|Xc

∼= OXc} ⊂ Ξ and Ξ is finite, as shown in Step 5 of the proof of Theorem 10.5
— so by Grauert’s theorem [BaSt, Chap. III] the sheaves Rj f∗(TX ⊗ M), j = 0, 1, vanish over P1 ∖ Σ1.
Hence f∗(TX ⊗M) is torsion free (a local section over a connected U annihilated by a non-zero function
would be a section of the locally free sheaf TX ⊗M on the connected open set f−1(U) of the connected
manifold X vanishing on a non-empty open subset, hence zero) of generic rank 0, so f∗(TX ⊗M) = 0, and
R1 f∗(TX ⊗M) is a torsion sheaf; the Leray spectral sequence gives h1(X, TX ⊗M) = h0(P1, R1 f∗(TX ⊗M)

)
,

the total length of that torsion sheaf. So an argument excluding a threefold such as X — or establishing b)
and c) of [CDP20, Theorem 2.2, p. 680] for it — would have had to produce a lower bound for the torsion of
R1 f∗(TX ⊗M) at the degenerate fibres, compensating the torsion of R2 f∗(TX ⊗M) at W computed above:
information of a different kind — local deformation and obstruction data at the degenerate fibres — from
the fibrewise vanishing statements of [CDP20, §7, pp. 692–696], and not obtainable from the §5 input,
which even when restored at X (Proposition 10.8) supplies only a line bundle non-torsion on every fibre
and no control whatever of torsion at the degenerate ones. For X itself the compensation does not occur:
c3(X) = 2 > 0 by (X2).

A Matrices, the fan, and cell structures.

A.1. The matrices and the lattice data

Bases (γ, u, w, δ) of V and (γ̂, û, ŵ, δ̂) of Λ = V∗ as in §2; columns are images, A(T) = (T−1)t.

T1 =


1 0 −6 2
0 −1 1 1
0 −1 0 1
0 0 0 1

 , T2 =


1 6 0 −3
0 0 −1 1
0 1 0 0
0 0 0 1

 , (A.1)

T0 = (T1T2)
−1 =


1 0 0 1
0 1 −1 0
0 0 1 0
0 0 0 1

 , N = T0 − I =


0 0 0 1
0 0 −1 0
0 0 0 0
0 0 0 0

 , (A.2)

A1 =


1 0 0 0
6 0 1 0
−6 −1 −1 0
−2 1 0 1

 , A2 =


1 0 0 0
0 0 −1 0
−6 1 0 0
3 0 1 1

 , (A.3)

M0 = I − Nt =


1 0 0 0
0 1 0 0
0 1 1 0
−1 0 0 1

 , B0 =

(
0 1
−1 0

)
, (A.4)

ε = γ̂ + 2û− 4ŵ, ε′ = γ̂ + 3û− 3ŵ, v1 = ε, v2 = −ε′, (A.5)
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with Aj = A(Tj), M0 = A(T0), and B0 written in the bases ( ¯̂γ, ¯̂u) of Λ, (ŵ, δ̂) of Λtor, i.e. B0 ¯̂γ = −δ̂,
B0 ¯̂u = ŵ, the map induced by M0 − I = −Nt. We also use

η1 := 2u + w + 3δ, η2 := u + w + 2δ, q := u ∧ w + 6 γ ∧ δ. (A.6)

Lemma A.1. 1. det Tj = 1, T3
1 = I, T4

2 = I ̸= T2
2 , T0 = I + N with N2 = 0, rk N = 2, Nγ = Nu = 0,

Nw = −u, Nδ = γ, and A1A2M0 = I.

2. ker(M0 − I) = im(M0 − I) = Λtor = ⟨ŵ, δ̂⟩, M0 − I has Smith form diag(1, 1, 0, 0), and B0 : Λ→ Λtor
is unimodular.

3. Aj − I has Smith form diag(1, 1, 0, 0); hence ΛAj = ker(Aj − I) is saturated of rank 2 and ΛAj :=
Λ/(Aj − I)Λ ∼= Z2 is free. Explicitly ΛA1 = ⟨ε, δ̂⟩, ΛA2 = ⟨ε′, δ̂⟩, Λ⟨A1,A2⟩ = Zδ̂, and

(A1 − I)Λ = ⟨−û− ŵ + δ̂, û− 2ŵ⟩, (A2 − I)Λ = ⟨−û + ŵ, −û− ŵ + δ̂⟩.

4. With Σj := I + Aj + · · ·+ A
mj−1
j , an operator on Λ, one has

Σ1γ̂ = 3ε, Σ1û = 2δ̂, Σ1ŵ = δ̂, Σ1δ̂ = 3δ̂;

Σ2γ̂ = 4ε′, Σ2û = Σ2ŵ = 2δ̂, Σ2δ̂ = 4δ̂,

so Σ1Λ = ⟨3ε, δ̂⟩ and Σ2Λ = ⟨4ε′, 2δ̂⟩, whence ΛA1 /Σ1Λ ∼= Z/3 and ΛA2 /Σ2Λ ∼= Z/4⊕Z/2. On V
the corresponding operator is the transpose ΣV

j := I + Tj + · · ·+ T
mj−1
j , and

ΣV
1 γ = 3γ, ΣV

1 u = 6γ, ΣV
1 w = −12γ, ΣV

1 δ = η1;

ΣV
2 γ = 4γ, ΣV

2 u = 12γ, ΣV
2 w = −12γ, ΣV

2 δ = 2η2,
so ΣV

1 V = ⟨3γ, η1⟩ and ΣV
2 V = ⟨4γ, 2η2⟩.

5. [ T1− I | T2− I ] has Smith form diag(1, 1, 1, 0); hence VG := V/⟨(T1− I)V, (T2− I)V⟩ ∼= Z, generated
by δ̄, and the smallest ⟨A1, A2⟩-stable sublattice of Λ containing Λtor is ker γ = ⟨û, ŵ, δ̂⟩.

6. VT1 = ⟨γ, η1⟩, VT2 = ⟨γ, η2⟩, VT0 = ker N = im N = ⟨γ, u⟩, VG = Zγ; moreover
(Λ2V)T0 = ⟨γu, γδ, uw, γw− uδ⟩, (Λ2V)Tj = ⟨γ ∧ ηj, q⟩,

(Λ2V)G = Zq, and the coinvariants are free of rank one: (Λ2V)G = Z[γδ] with [uw] = 6[γδ],
[q] = 12[γδ], and (Λ3V)G = Z[uwδ].

7. On ΛqΛ (q = 0, . . . , 4) the kernels of Λq M0 − I have ranks (1, 2, 4, 2, 1), the images are saturated, and
the cokernels are free of the same ranks.

Proof. Direct computation with (A.1)–(A.4); we record the non-mechanical points. (2): M0− I = −Nt sends
γ̂ 7→ −δ̂, û 7→ ŵ and kills ŵ, δ̂. (3): the columns of A1 − I are (0, 6,−6,−2)t, (0,−1,−1, 1)t, (0, 1,−2, 0)t, 0,
the first being −2 times the second plus 4 times the third, while two 2× 2 minors of the remaining pair are
3 and −1; for A2 − I they are (0, 0,−6, 3)t, (0,−1, 1, 0)t, (0,−1,−1, 1)t, 0, the first = −3 times the second
plus 3 times the third, with minors 2 and −1. The first row of Aj is (1, 0, 0, 0), so the first row of Aj − I
vanishes. Invariance of ε, ε′, δ̂ and saturation in rank 2 give ΛAj . (4): Σj kills im(Aj − I) and ΣV

j kills
im(Tj − I), and the listed values are the four columns of Σj, resp. ΣV

j , in the two bases; here δ̂ ∈ Σ1Λ comes
from Σ1ŵ = δ̂ and 2δ̂ ∈ Σ2Λ from Σ2û = Σ2ŵ = 2δ̂ (the values on δ̂ alone give only mjδ̂), and η1 = ΣV

1 δ,
2η2 = ΣV

2 δ while ΣV
j u, ΣV

j w ∈ Zγ. (5): the last row of Tj is (0, 0, 0, 1), so the δ-row of Tj − I vanishes; hence
(Tj − I)V ⊆ ⟨γ, u, w⟩, and

(T1 − I)V = ⟨2γ + u + w, 2γ− u⟩, (T2 − I)V = ⟨−3γ + u, u + w⟩
sum to the saturated lattice ⟨γ, u, w⟩, so VG

∼= Z generated by δ̄. Dualising, the annihilator ker γ =
⟨û, ŵ, δ̂⟩ of VG = Zγ is an ⟨A1, A2⟩-stable sublattice of Λ containing Λtor; duality gives stability, and the
minimality of ker γ among stable sublattices containing Λtor is Lemma 2.7(iv). (6): solve (Λ2Ti − I)x = 0
in the basis (γu, γw, γδ, uw, uδ, wδ); the images of Λ2T1 − I, Λ2T2 − I span the saturated rank-5 lattice
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⟨γu, γw, uδ, wδ, uw− 6γδ⟩. For Λ3V use the G-equivariant isomorphism Λ3V ∼= Λ⊗Λ4V ∼= Λ (contraction
against the invariant generator γ∧ u∧w∧ δ of Λ4V, invariant since det Tj = 1), under which γ̂ 7→ u∧w∧ δ;
since by (3) (A1 − I)Λ + (A2 − I)Λ = ⟨û, ŵ, δ̂⟩ = ker γ is saturated of rank 3, we get (Λ3V)G

∼= ΛG =
Λ/ ker γ ∼= Z, generated by the class dual to γ, i.e. by [uwδ]. (7): for q = 3 use Λ3Λ ∼= Λ∗ ⊗Λ4Λ together
with det M0 = 1 and Mt

0 = T−1
0 : under this isomorphism Λ3M0 corresponds to (Mt

0)
−1 = T0 acting on

Λ∗ = V, so Λ3M0 − I becomes T0 − I = N, whose kernel and image are both the saturated rank-2 lattice
⟨γ, u⟩ by (1); the case q = 1 is (2); and for q = 2 the image is spanned by two vectors whose 2× 2 minors
have gcd 1.

A.2. The fan F and the surfaces Dv

Let N′ = Z3 with height y3 and let TA2 be the triangulation of R2 with vertices Z2 and triangles {v, v +
e1, v + e2}, {v + e1, v + e2, v + e1 + e2}, with edge directions ±e1,±e2,±(e1 − e2); F consists of 0 and the
cones over the faces of TA2 × {1}.

Lemma A.2. 1. Every cone of F is unimodular and any two meet in a common face; hence Y = YF

is a smooth separated toric complex manifold with dense torus TN′ , and t = χ(0,0,1) is a global
holomorphic function with t−1(C∗) = TN′ and t−1(0) =

⋃
v∈Z2 Dv, Dv the prime divisor of the ray

through (v, 1). In the chart Uσ
∼= C3 of a triangle σ, with coordinates z1, z2, z3 dual to its vertex rays,

t = z1z2z3.

2. The star of a vertex v consists of the six triangles {v, v + a, v + b} with (a, b) a consecutive pair of the
cyclic list e1, e2, e2 − e1,−e1,−e2, e1 − e2. Under N′ → N′v := N′/Z(v, 1), (y, y3) 7→ y− y3v, these six
neighbours map to that list, so the star fan of R≥0(v, 1) is the hexagonal fan of dP6 and Dv ∼= dP6 for
every v.

3. Dv ∩ Dv′ ̸= ∅ iff {v, v′} is an edge of TA2 , and then Dv ∩ Dv′
∼= P1 is the invariant curve of the ray

v′ − v in the star fan of v, one of the six (−1)-curves of the hexagon of Dv. Triple intersections are
single reduced points, one per triangle.

4. For λ̄ ∈ Λ, φλ̄(y, y3) = (y + y3B0λ̄, y3) lies in GL(N′), preserves y3 and acts on height one by
v 7→ v + B0λ̄; as TA2 is Z2-invariant, φλ̄(F) = F and Φλ̄(Dv) = Dv+B0λ̄, and since B0 ∈ GL2(Z) the
action of Λ on {Dv} is simply transitive.

5. The group actually acting on Yε is {Ψλ̄}, with Ψλ̄ = τλ̄ ◦ Φλ̄, where the translation part τλ̄ is
translation, at a point p, by the t-dependent torus element (cλ̄(t(p)), 1) ∈ TN′ ; in particular τλ̄

preserves every TN′-orbit of Y (in particular every Dv, every Dv ∩ Dv′ and every triple point); hence
the orbit structure of {Ψλ̄} on the components and strata of t−1(0) coincides with that of {Φλ̄}
described in (4), and the conclusions of (4) may be applied verbatim to the threefold quotient
N0 = Yε/{Ψλ̄} and to its central fibre W = t−1(0)/{Ψλ̄} (see Proposition 4.6). Consequently W is
irreducible, ν : dP6 ∼= D0 ↪→ t−1(0)→W is the normalisation, the three pairs of opposite sides of the
hexagon (the pairs {0, a}, {0,−a}, a = e1, e2, e1 − e2) are glued, giving D = C̄1 ∪ C̄2 ∪ C̄3 with C̄i

∼= P1,
and the six torus-fixed points of D0 fall into two translation classes, the triple points P, Q. Hence
e(W) = 2.

6. For 0 < ρ ≤ η0, the tube {|t| < ρ} deformation retracts onto t−1(0) =
⋃

v Dv; in particular the
inclusion t−1(0) ↪→ {|t| < ρ} is a homotopy equivalence, so π1({|t| < ρ}) ∼= π1(t−1(0)) and
H∗({|t| < ρ}; Z) ∼= H∗(t−1(0); Z).

Proof. (1) For a triangle v, v′, v′′ of TA2 one has det(v′ − v, v′′ − v) = ±1, hence
det
(
(v, 1), (v′, 1), (v′′, 1)

)
= ±1;

the face condition is exactly that TA2 is a triangulation. Smoothness, separatedness and the orbit–cone
correspondence are conewise conditions, hence remain valid for infinite fans [Ful93, Oda88, KKMS, AMRT,
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Mum72]. The character m = (0, 0, 1) ∈ M′ = (N′)∗ satisfies ⟨m, (v, 1)⟩ = 1 for every primitive ray generator
(v, 1) of F; in particular ⟨m, ·⟩ ≥ 0 on each cone, so t = χm is a global holomorphic function, vanishing to
order one along each Dv. In the chart Uσ of a triangle the three primitive generators form a basis of N′

and m takes the value 1 on each of them, so t = z1z2z3 there. (2) Inspection plus the standard fan of dP6
[Ful93, Oda88]. (3), (4) Orbit–cone correspondence and direct computation. (5) Since τλ̄ is translation by
the torus element (cλ̄(t(p)), 1) ∈ TN′ , it preserves each torus orbit, so the Ψ-orbits of strata are the Φ-orbits
of (4); two star-edges {0, a}, {0, a′} are Z2-equivalent iff a′ = −a, and the six star-triangles form two orbits;
e(W) is computed orbitwise on W = (C∗)2 ⊔ (three C∗) ⊔ {P, Q}.

(6) Proposition 7.2 provides a deformation retraction of the closed tube {|t| ≤ η} onto t−1(0) for every
radius η ≤ η0; we therefore first retract the open tube onto a closed one.

Step 1 (open tube → closed tube). Let n0 = (0, 0, 1) ∈ N′ and let λn0 : C∗ → TN′ be the corresponding
one-parameter subgroup. It acts algebraically on the whole of Y (the torus acts on any toric variety) and
preserves every TN′-orbit closure, in particular the invariant divisor t−1(0) =

⋃
v Dv. On the dense torus,

t(λn0(s) · y) = χm(λn0(s)) t(y) = s⟨m,n0⟩t(y) = s t(y) with m = (0, 0, 1) as in (1), hence by continuity
t(λn0(s) · y) = s t(y) (y ∈ Y, s ∈ C∗).

Put s(y) := min{1, ρ/(2|t(y)|)} ∈ (0, 1] for |t(y)| < ρ (with s ≡ 1 on {|t| ≤ ρ/2}); s is continuous, and
Hτ(y) := λn0

(
s(y)τ

)
· y, τ ∈ [0, 1],

is continuous in (y, τ) and satisfies |t(Hτ(y))| = s(y)τ|t(y)| ≤ |t(y)| < ρ, so Hτ({|t| < ρ}) ⊆ {|t| < ρ};
moreover H0 = id, |t(H1(y))| = min{|t(y)|, ρ/2}, and Hτ fixes {|t| ≤ ρ/2} (hence t−1(0)) pointwise. Thus
H is a strong deformation retraction of {|t| < ρ} onto the closed tube {|t| ≤ ρ/2}.

Step 2 (closed tube→ divisor). Since ρ/2 ≤ η0, Proposition 7.2, applied to the reduced normal-crossing
divisor t−1(0) and to the radius ρ/2, gives a deformation retraction of {|t| ≤ ρ/2} onto t−1(0); this is the
retraction constructed in §7.2 (polar decomposition, honeycomb subdivision, and the lifted deformation
retraction). Composing the two retractions proves (6); the statements on π1 and H∗ follow. (Alternatively,
for those two statements one may avoid Step 1 altogether: {|t| < ρ} = ⋃

n{|t| ≤ ρn} for any ρn ↑ ρ with
ρn ≤ η0, each inclusion t−1(0) ↪→ {|t| ≤ ρn} is a homotopy equivalence by Proposition 7.2, and loops and
singular cycles have compact image, so the colimit gives the isomorphisms for π1 and H∗.) Finally, the
nerve of the covering {Dv} is TA2 , but its members meet in P1’s rather than in contractible sets, so the
nerve theorem is not available for this covering.

A.3. Cell structures and homology used in §7

Lemma A.3 (Homology of W). H∗(W; Z) = (Z, Z2, Z4, Z2, Z) for ∗ = 0, . . . , 4, torsion free; e(W) = 2.
Moreover H2(W; Z) is generated by C̄1, C̄2, C̄3 and by the class TB of §7; for the identification of this last
generator see Proposition 7.11.

Proof. W is the pushout of D ← D̃ → W̃ = dP6 along closed cofibrations, whence the Mayer–Vietoris
sequence [Hat02]

· · · → Hk(W)→ Hk(W̃)⊕ Hk(D)→ Hk(D̃)→ Hk+1(W)→ · · · ,
with H∗(D) = (Z, Z2, Z3, 0, 0), H∗(D̃) = (Z, Z, Z6, 0, 0), H∗(dP6) = (Z, 0, Z4, 0, Z). The hexagon cycle
dies in H1(D) (it traverses each edge of the underlying theta-graph twice with opposite signs), so H1(D)→
H1(D̃) vanishes and H1(W) ∼= Z2. In degree 2 order the hexagon as C1 = E1, C2 = H − E1 − E2, C3 = E2,
C4 = H − E2 − E3, C5 = E3, C6 = H − E3 − E1, opposite pairs {Ci, Ci+3}; the map to Z6 is(

D, ∑i λiC̄∨i
)
7−→

(
(D · Ck)k −∑i λi(δi,k + δi+3,k)k

)
.

Its first summand is injective (Ck span H2(dP6), the form being unimodular) and the two images overlap
exactly in the D = aH−∑ biEi with b1 + b2 + b3 = a, a rank-3 condition; so the map has rank 4 + 3− 3 = 4
and its kernel is free of rank 3. Since H1(W̃) = H1(dP6) = 0 and, as just noted, H1(D)→ H1(D̃) vanishes,
the connecting map ∂ : H1(D̃) = Z → H2(W) is injective; its image is the extra Z summand, so that
H2(W) ∼= Z⊕Z3, the Z3 being the above kernel. The cokernel in degree 2 is Z6/⟨ei + ei+3, (0, 1, 0, 1, 0, 1)⟩ ∼=
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Z2, whence H3(W) ∼= Z2, H4(W) = Z. Universal coefficients gives the table, and e(W) = 2 as in
Lemma A.2(5).

Lemma A.4 (Homology of Sj and the specialisation maps). For j = 1, 2 put A(j)
0 := C2/L(zj) and

Sj = A(j)
0 /⟨x 7→ Ajx + vj/mj⟩. Then H∗(Sj; Z) = (Z, Z2, Z2, Z2, Z), torsion free, e(Sj) = 0; and for the

degree-mj unramified cover πj : A(j)
0 → Sj the maps π∗j : Hq(Sj; Z) → (ΛqV)Tj are injective of index

(1, 3, 1, 1, 3) for j = 1 and (1, 4, 2, 2, 4) for j = 2 (q = 0, . . . , 4), with
π∗1 H1(S1) = ⟨3γ, η1⟩, π∗2 H1(S2) = ⟨4γ, η2⟩,

π∗1 H2(S1) = (Λ2V)T1 , and π∗2 H2(S2) = {a γ ∧ η2 + b q : a ≡ b (2)}, of index 2 with cokernel generated by
[q].

Proof. Write Γj := π1(Sj) = ⟨Λ, g̃ | g̃λg̃−1 = Ajλ, g̃mj = tvj⟩, the last relation because Σj(vj/mj) = vj for
vj ∈ ΛAj . Abelianising, H1(Sj) = (ΛAj ⊕Zg̃)/Z([vj],−mj) with ΛAj

∼= Z2 free by Lemma A.1(3). The
vector ([vj],−mj) is primitive: clear for p ∤ mj, while for p | mj one has [vj] ̸= 0 in ΛAj /p since (Aj − I)Λ ⊂
ker γ and γ(v1) = 1, γ(v2) = −1. So b1 = 2; as Sj is closed oriented with e(Sj) = e(A(j)

0 )/mj = 0, b2 = 2,
and Poincaré duality with universal coefficients gives the table; in particular Hq(Sj; Z) is torsion free for all
q.

Injectivity of π∗j . For the mj-fold covering πj one has πj∗π
∗
j = mj · id on Hq(Sj; Z); since Hq(Sj; Z) is

torsion free, multiplication by mj is injective, hence so is π∗j . (The edge homomorphism of the spectral

sequence below is in general only surjective onto E0,q
∞ , so it yields no injectivity statement.)

The image. A(j)
0 is aspherical and Gj := Γj/Λ ∼= Z/mj acts freely, so Sj = K(Γj, 1) and the Lyndon–

Hochschild–Serre spectral sequence of 1→ Λ → Γj → Gj → 1 reads Ep,q
2 = Hp(Gj; ΛqV) ⇒ Hp+q(Sj; Z),

the composite of π∗j with the inclusion of E0,q
∞ being the edge map; thus

π∗j Hq(Sj; Z) = E0,q
∞ ⊆ E0,q

2 = (ΛqV)Tj .

By g̃mj = tvj the extension class in H2(Gj; Λ) = ΛAj /ΣjΛ is [vj]. For q = 1 the five-term exact sequence gives
E0,1

∞ = ker
(
d2 : VTj → H2(Gj; Z) = Z/mj

)
with d2ξ = ξ(vj) (evaluation of the extension class). For q = 2

only d2 can leave E0,2, since d3 : E0,2
3 → E3,0

3 = H3(Gj; Z) = 0; so E0,2
∞ = ker

(
d2 : (Λ2V)Tj → H2(Gj; V)

)
.

We use d2 only on decomposable invariant classes, where it is given by the multiplicative structure and the
derivation property: for ξ, ξ ′ ∈ VTj = E0,1

2 ,
d2(ξ ∧ ξ ′) = (d2ξ) [ξ ′]− (d2ξ ′) [ξ] = ξ(vj)[ξ

′]− ξ ′(vj)[ξ] = [ιvj(ξ ∧ ξ ′)] ∈ H2(Gj; V) = VTj /ΣV
j V,

i.e. by contraction with vj; for the general description of d0,q
2 for extensions with free abelian kernel see

Charlap–Vasquez [CV66, CV69] and Huebschmann [Hue81].
q = 1: H2(Gj; Z) = Z/mj and d2(ξ) = ξ(vj), so π∗j H1(Sj) = {ξ ∈ VTj : ξ(vj/mj) ∈ Z}. Since

γ(v1) = 1, γ(v2) = −1 and η1(v1) = η2(v2) = 0, this is ⟨3γ, η1⟩, resp. ⟨4γ, η2⟩, of index 3, resp. 4.
q = 2: we use the cup-product form. With the orientation class γ ∧ u ∧ w ∧ δ of A(j)

0 and (A.6) one
computes in Λ4V

(γ ∧ ηj)
2 = 0, (γ ∧ η1) ∧ q = 3, (γ ∧ η2) ∧ q = 2, q∧ q = 12.

By the projection formula, ⟨π∗j α ∪ π∗j β, [A(j)
0 ]⟩ = mj⟨α ∪ β, [Sj]⟩, so the Gram matrix of the lattice Lj :=

π∗j H2(Sj; Z), in a basis coming from a basis of the unimodular lattice H2(Sj; Z), equals mj times a
unimodular matrix; hence det Lj = ±m2

j . On the other hand det(Λ2V)T1 = det
(

0 3
3 12

)
= −9 and

det(Λ2V)T2 = det
(

0 2
2 12

)
= −4, so if k j := [(Λ2V)Tj : Lj] then 9k2

1 = 9 and 4k2
2 = 16, i.e.

k1 = 1, k2 = 2,
in agreement with Proposition 7.14, which gives these indices. For j = 1 this already yields π∗1 H2(S1) =
(Λ2V)T1 .
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For j = 2 we must single out one of the three subgroups of index 2 in ⟨γ∧ η2, q⟩. First, by the derivation
computation above and γ(v2) = −1, η2(v2) = 0,

d2(γ ∧ η2) = −[η2] ∈ VT2 /ΣV
2 V = ⟨γ, η2⟩/⟨4γ, 2η2⟩ ∼= Z/4⊕Z/2

(Lemma A.1(4)), and [η2] ̸= 0 there; hence γ ∧ η2 /∈ L2, which excludes the subgroup ⟨γ ∧ η2, 2q⟩. The two
remaining candidates are L2 = ⟨2γ ∧ η2, a γ ∧ η2 + q⟩ with a ∈ {0, 1}. Writing e, f for the corresponding
basis of H2(S2; Z), the above products give

⟨e, e⟩ = 1
4 (2γ ∧ η2)

2 = 0, ⟨e, f ⟩ = 1
4 · 2 · 2 = ±1, ⟨ f , f ⟩ = 1

4

(
4a + 12

)
= a + 3.

Now S2 is a compact complex surface and π2 is étale, so π∗2 KS2 = K
A(2)

0
= O and K⊗m2

S2
is trivial; thus c1(S2)

is torsion in H2(S2; Z), which is torsion free, so c1(S2) = 0 and w2(S2) = c1(S2) mod 2 = 0. Hence S2 is
spin and its intersection form is even, forcing a + 3 to be even, i.e. a = 1:

π∗2 H2(S2) = ⟨2γ ∧ η2, γ ∧ η2 + q⟩ = {a γ ∧ η2 + b q : a ≡ b (2)},
of index 2, the cokernel being generated by the class of q. (Consistently, for j = 1 the form 1

3

(
0 3
3 12

)
=
(

0 1
1 4

)
on H2(S1; Z) is unimodular and even.)

Degree 3 follows from the perfect pairing H1 × H3 → Z and ⟨π∗j a, π∗j b⟩ = mj⟨a, b⟩, the resulting index
being read off from the determinants −3 and −2 of the pairing between VTj and (Λ3V)Tj recorded in
Proposition 7.14; degree 4 follows from πj∗[A

(j)
0 ] = mj[Sj].

Lemma A.5 (The mapping torus at p0). Let F = (Λ⊗R)/Λ, let Φ0 be induced by M0, and letM be its
mapping torus, i.e. f−1(∂) for a small circle ∂ around p0. Then H∗(M; Z) = (Z, Z3, Z6, Z6, Z3, Z), all free.

Proof. The Wang sequence ofM→ S1 [Hat02] gives
0→ coker(Λk M0 − I)→ Hk(M; Z)→ ker(Λk−1M0 − I)→ 0,

and by Lemma A.1(7) kernels and cokernels are free of ranks (1, 2, 4, 2, 1), so the sequences split and the
ranks add to (1, 3, 6, 6, 3, 1).

Remark A.6. Input to §7. Fix a radius ρ with 0 < ρ ≤ η0 (recall that Lemma 7.5 provides η0 < min(ϵ, 1)).
The closed tube N′0 := f−1

0 {|tc| ≤ ρ/2}, of radius ρ/2 ≤ η0, retracts onto W by the retraction of §7.2
(Proposition 7.2), which is constructed Γ-equivariantly upstairs on Y≤η and descended to the quotient; and
∂N′0 ∼=M. We do not assert a deformation retraction of the open tube N0 onto W. For the open tube N0 the
argument used is of a different nature: the Step-1 flow of Lemma A.2(6) is available upstairs only, on Y,
since it does not commute with the Ψλ̄ and hence does not descend to the quotient. Downstairs we use
instead the π1 comparison: by Corollary 4.8 together with the simple connectivity of t−1(0),

π1(N0) = Λ = π1(W), H1(N0; Z) ∼= H1(W; Z).
Further: N′j = f−1

j {|tj| ≤ r′} retracts onto Sj, with ∂N′j the mapping torus of x 7→ Ajx + vj/mj on F, whose
mj-fold fibrewise cover is F× S1; and f−1(B◦) retracts onto the F-bundle over a wedge of two circles given
by A1, A2.

B A second proof of the invariants statement of Proposition 7.12.

Throughout this appendix we keep the notation of the local model at p0: the proper holomorphic map
f0 : N0 → ∆ε from the complex 3-manifold N0, its central fibre W = f−1

0 (0) (a reduced divisor), the double
locus D = C̄1 ∪ C̄2 ∪ C̄3 ⊂ W with its two triple points P, Q, the smooth fibres F = Ft = f−1

0 (t) for 0 < |t|
small, the lattice Λ = H1(F; Z) and V = H1(F; Z), the monodromy M0 on Λ (resp. T0 on V), and the
compact two-torus Tf = Λtor ⊗ S1 ⊂ Tc acting on Yε through the torus TN′ ; this action preserves t and
commutes with every Ψλ̄ = (cλ̄(t), 1) ·Φλ̄ (Lemma 4.3), because TN′ is commutative and φλ̄ restricts to
the identity on Tf (Lemma 4.3(i): φλ̄ is induced by the lattice map (y, y3) 7→ (y + y3B0λ̄, y3), which is the
identity on the sublattice y3 = 0 of cocharacters of Tf ); hence Tf acts on N0 = Yε/Γ over ∆ε, preserving f0.
We write W◦ := W ∖D and D◦ := D∖ {P, Q}, and ν : F→W for the normalisation of W, where F is the
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toric del Pezzo surface of degree 6 carrying the anticanonical hexagon C1, . . . , C6 of (−1)-curves (in cyclic
order), ν identifying Ck with Ck+3 to give C̄k, k = 1, 2, 3 (Theorem 4.5, Proposition 4.6).

The purpose of this appendix is to re-prove, by sheaf theory on W alone — without the retraction of N′0
onto W, without the collapse map and without the cell decomposition of §7.2 — the part of Proposition 7.12
which asserts that spq is injective with image the monodromy invariants.

B.1 Statement and strategy

Theorem B.1. Let D ⊂ ∆ε be a small disc about 0 and j : D∗ ↪→ D the inclusion of the punctured disc. For
0 ≤ q ≤ 4 the constructible sheaf Rq f0∗ZN0 satisfies

Rq f0∗Z
∼=−−→ j∗ j∗Rq f0∗Z on a neighbourhood of 0 ∈ ∆ε;

equivalently, the specialisation map
spq : Hq(W; Z) = (Rq f0∗Z)0 −→ (j∗ j∗Rq f0∗Z)0 = Hq(F; Z)T0 ⊂ Hq(F; Z)

is an isomorphism onto the subgroup of monodromy invariants.

Remark B.2. The identifications in the statement are the standard ones: (Rq f0∗Z)0 = Hq(W; Z) by proper
base change; (j∗L)0 = lim−→r

H0(D∗r , L) is the group of invariants of the local system L = j∗Rq f0∗Z with fibre
Hq(F; Z) = ∧qV and monodromy ∧qT0; and spq is

lim−→
r

[
Hq( f−1

0 (Dr)
)
−→ Hq( f−1

0 (D∗r )
)
−→ H0(D∗r , L)

]
.

In this formulation no homotopy equivalence W ≃ N′0 is used. With it (Proposition 7.2), spq is also the
restriction map Hq(N′0)→ Hq(F), and Theorem B.1 is the invariants statement of Proposition 7.12.

Strategy. (i) Nearby cycles: the complex ψ := ψ f0ZN0 ∈ Db
c (W) computes H•(F; Z), sp is the edge map

of the hypercohomology spectral sequence

Ea,b
2 = Ha(W;Hbψ) =⇒ Ha+b(F; Z),

and the cohomology sheaves Hbψ are read off the three toric local models t = z0, t = z0z1, t = z0z1z2 of
Theorem 4.5 (§B.2–§B.3). (ii) The E2 page is computed in closed form (§B.4): rows (1, 2, 4, 2, 1), (2, 1, 3), (2),
all free. (iii) Rank bookkeeping against H•(F) = ∧•Z4 forces all differentials touching row 0 in degrees
̸= 3 to vanish (§B.5). (iv) Degree 3 is settled by a compact-support (Gysin) argument along a single Tf -orbit
in the smooth locus of W (§B.6). (v) Saturation and the identification with the invariants (§B.7).

The only inputs are: the standard facts on ψ f for a proper holomorphic f [SGA7, Exp. XIII], [Dim04,
§4.2], [KS90, §8.6]; the local models of Theorem 4.5; the Mayer–Vietoris resolution of ZW attached to
ν (recomputed in §B.4); exterior algebra of a rank-4 lattice; and the ranks (1, 2, 4, 2, 1) of (∧qV)T0 =
ker(∧qT0 − I), which are those of ker(Λq M0 − I) by transposition (Lemma A.1(7); pure linear algebra from
T0 = I + N).

B.2 Nearby cycles for f0

Let D̃∗ → D∗ be the universal cover, k : N0 ×D D̃∗ → N0 the induced map, iW : W ↪→ N0, and ψ :=
i∗W Rk∗k∗ZN0 . We use the following standard facts [SGA7, Exp. XIII], [Dim04, §4.2], [KS90, §8.6].

(N1) ψ ∈ Db
c (W) and Hq(W; ψ) ∼= Hq(Ft; Z) for t ∈ D∗r with r small, compatibly with the monodromy ( f0

is proper).

(N2) The unit ZN0 → Rk∗k∗Z restricts to a map sp : ZW → ψ, and the induced map Hq(W; Z) →
Hq(W; ψ) = Hq(Ft) is the specialisation map of Theorem B.1.

(N3) For x ∈W one has (Hbψ)x = Hb(MFx; Z), where MFx := Bx ∩ f−1
0 (t) is the Milnor fibre (Bx a small

ball at x, 0 < |t| much smaller than its radius); and for x′ ∈ W ∩ Bx close to x the restriction map
(Hbψ)x → (Hbψ)x′ of the constructible sheaf Hbψ is induced by the inclusion MFx′ = Bx′ ∩ f−1

0 (t) ⊂
Bx ∩ f−1

0 (t) = MFx (for Bx′ ⊂ Bx).
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Local models. By Theorem 4.5 (and Proposition 4.6), every x ∈W has a neighbourhood in N0 biholomor-
phic over D to a neighbourhood of 0 in C3 in which

f0 = z0 (x ∈W◦), f0 = z0z1 (x ∈ D◦), f0 = z0z1z2 (x ∈ {P, Q}),
the coordinates being characters of the toric chart, so that the compact torus Tc acts diagonally by phases
and Tf ⊂ Tc is the subtorus preserving t.

Milnor fibres. For f = z0 · · · zk on Ck+1 ×C2−k the Milnor fibre is {z0 · · · zk = t, |zi| < ρ} × (polydisc);
writing zi = rie

√
−1θi , the radial part {∑i log ri = log |t|, log ri < log ρ} is an open simplex, hence

contractible, and the phase part is {θ ∈ (S1)k+1 : ∑i θi = arg t} ∼= (S1)k. Hence MFx ≃ pt, S1, T2 for
x ∈ W◦, D◦, {P, Q} respectively, and in the last two cases MFx retracts onto an orbit of Tf : indeed Tf is
the kernel of the character of Tc through which Tc acts on t, and it acts simply transitively on each phase
torus {∑i θi = arg t}; for k = 1 the relevant orbit is that of the circle subgroup of Tf attached to the double
curve through x. Therefore

H0ψ = ZW , H1ψ =: V supported on D, rkVx =

{
1, x ∈ D◦,
2, x ∈ {P, Q},

H2ψ = ZP ⊕ZQ, H≥3ψ = 0.
(That H0ψ = ZW is the statement that the Milnor fibres are connected and that ZW → H0ψ is stalkwise
the isomorphism Z→ H0(MFx).)

B.3 The sheaf V = H1ψ

On D◦. At a point of C̄◦k the local model is t = z+z− · (unit) with the two local branches W± = {z± = 0} of
W; these are distinguished globally along C̄k by the normalisation: W+ is the branch which is the image
under ν of a neighbourhood of Ck ⊂ F, and W− that of Ck+3. Orient the vanishing circle S = {z+z− = t′}
by d arg z+ > 0 (so arg z− decreases along S). Since the rule is global along C̄k and the Milnor fibration of
z+z− = t′ along the curve is locally trivial, V|C̄◦k is the trivial rank-one local system Z · [S]∨. (Swapping
W+ ↔W− reverses the orientation of S.)

At P. The model is t = z0z1z2, with branches Wi = {zi = 0}, i = 0, 1, 2, and double curves Lij = Wi ∩Wj
(the zl-axis, {i, j, l} = {0, 1, 2}). Here MFP ≃ T2 with

H1(MFP) = {a ∈ Z3 : a0 + a1 + a2 = 0}, a ↔ the loop θ 7→ (θi + aiθ)i=0,1,2,
and VP = H1(MFP) = Hom(H1(MFP), Z) ∼= Z2. For x′ ∈ L◦ij near P, the inclusion MFx′ ⊂ MFP is, up
to homotopy, the circle along which θi increases, θj decreases and θl is constant (since zl ≈ zl(x′) ̸= 0);
oriented by "arg zi increasing" its class is ei − ej ∈ H1(MFP), where e0, e1, e2 is the standard basis of Z3. By
(N3) the restriction VP → Vx′

∼= Z is therefore φ 7→ φ(±(ei − ej)), the sign being + exactly when the global
orientation rule on that curve is "arg zi increasing".

At P the three global curves are C̄1 = b0 ∩ b1, C̄2 = b0 ∩ b2, C̄3 = b1 ∩ b2, where b0, b1, b2 are the
three branches of W at P, with C1, C2 ⊂ b0, C3, C4 ⊂ b1, C5, C6 ⊂ b2 (combinatorics of ν on the hexagon).
With the global rule above (W+ the Ck-branch, orientation d arg z+ > 0, z+ the equation of W+) and
bi = Wi = {zi = 0}, the ordered pairs (W+, W−) at P are

C̄1 : (b0, b1), C̄2 : (b0, b2), C̄3 : (b1, b2),
so that the three restriction maps are

φ 7−→ (n1, n2, n3) =
(

φ(e0 − e1), φ(e0 − e2), φ(e1 − e2)
)
, whence n1 − n2 + n3 = 0.

Conversely every (n1, n2, n3) ∈ Z3 with n1 − n2 + n3 = 0 arises from a unique φ, since e0 − e1, e1 − e2 is a
basis of H1(MFP).

At Q the branches are c0 ⊃ C2, C3, c1 ⊃ C4, C5, c2 ⊃ C6, C1, and the ordered pairs are C̄1 : (c2, c1),
C̄2 : (c0, c1), C̄3 : (c0, c2), giving

(n1, n2, n3) =
(

φ(e2 − e1), φ(e0 − e1), φ(e0 − e2)
)

and again n1 − n2 + n3 = 0: the same linear form as at P (this is the sign check; with the opposite uniform
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rule all three nk change sign at both points, and the relation is unchanged).
Conclusion. V is a subsheaf of

⊕3
k=1 ιk∗ZC̄k

via restriction to the branches of D (injective at P and Q by
the basis statement, an isomorphism on D◦), with cokernel supported at {P, Q}:

0 −→ V −→
3⊕

k=1

ιk∗ZC̄k

δ1−−→ ZP ⊕ZQ −→ 0, δ1(n) =
(
(n1 − n2 + n3)(P), (n1 − n2 + n3)(Q)

)
. (B.1)

(Exactness at P: sections of
⊕

k ιk∗Z on a small neighbourhood of P are triples of integers, those coming
from VP are exactly ker δ1, and δ1 is onto; similarly at Q.) This is the same map δ1 as in the Mayer–Vietoris
resolution of ZW used below.

B.4 The E2 page

We compute Ea,b
2 = Ha(W;Hbψ)⇒ Ha+b(F; Z), with dr : Ea,b

r → Ea+r,b−r+1
r .

Row b = 0: Ea,0
2 = Ha(W; Z). We use the Mayer–Vietoris resolution attached to ν,

0→ ZW → ν∗ZF →
3⊕

k=1

ιk∗ZC̄k

δ1−−→ ZP ⊕ZQ → 0, (B.2)

whose exactness is checked by the same local computations as for (B.1) (the first map after ZW being the
difference of the restrictions to Ck and to Ck+3). With H•(F) = (Z, 0, Z4, 0, Z) and H•(P1) = (Z, 0, Z), the
E1 page of the hypercohomology spectral sequence of (B.2) has

row 0 : Z
0−→ Z3 (1,1)t(1,−1,1)−−−−−−−−→ Z2 (cohomology Z, Z2, Z in degrees 0, 1, 2),

row 2 : H2(F) = Z4 d−→
⊕

k

H2(C̄k) = Z3 → 0, d(L) = (L · Ck − L · Ck+3)k=1,2,3,

row 4 : Z.
In PicF = ⟨H, E1, E2, E3⟩ the hexagon is E1, H− E1 − E2, E2, H− E2 − E3, E3, H− E1 − E3 in cyclic order,
with opposite pairs (E1, H− E2 − E3), (H− E1 − E2, E3), (E2, H− E1 − E3); hence for L = aH−∑i biEi one
finds d(L) = (s,−s, s) with s = b1 + b2 + b3 − a. So rk d = 1, im d = Z (1,−1, 1) is saturated, ker d ∼= Z3

and coker d ∼= Z2 is free. All E1-rows of odd index vanish, so this spectral sequence degenerates at E2 and
H•(W; Z) =

(
Z, Z2, Z⊕ ker d ∼= Z4, coker d ∼= Z2, Z

)
, all free

(extensions of free groups by free groups). This recovers the ranks (1, 2, 4, 2, 1) of H•(W; Z) of Proposi-
tion 7.11, though not its description of generators.

Row b = 1: Ea,1
2 = Ha(W;V) = Ha(D;V). From (B.1) and H•(C̄k) = (Z, 0, Z) we get

0→ H0(V)→ Z3 δ1−−→ Z2 → H1(V)→ 0, H2(V) ∼=
⊕

k

H2(C̄k) = Z3, H≥3(V) = 0.

As δ1(n) = (s, s) with s = n1 − n2 + n3, the image is the saturated subgroup Z (1, 1), whence
H•(W;V) =

(
Z2, Z, Z3, 0

)
, all free.

Row b = 2: E0,2
2 = H0(W; ZP ⊕ZQ) = Z2 and Ea,2

2 = 0 for a > 0.
So the E2 page (ranks; all groups free) is

b = 2 2 0 0 0 0
b = 1 2 1 3 0 0
b = 0 1 2 4 2 1

a = 0 a = 1 a = 2 a = 3 a = 4

total 18, ∑
q

rk Hq(F) = ∑
q

(
4
q

)
= 16.

B.5 Differentials: everything touching row 0 vanishes, except possibly in total degree 3

All Ea,b
2 are free (§B.4). We first track ranks; saturation of the images is dealt with in §B.7.

Since H•(F; Z) = ∧•Z4 is free of ranks (1, 4, 6, 4, 1), the ranks of the E∞ terms in total degree q sum to
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(4
q). By position, the only possibly non-zero differentials are

α := rk
(
d2 : E0,1

2 → E2,0
2

)
, β := rk

(
d2 : E1,1

2 → E3,0
2

)
, γ := rk

(
d2 : E2,1

2 → E4,0
2

)
,

δ := rk
(
d2 : E0,2

2 → E2,1
2

)
, ϵ := rk

(
d3 : E0,2

3 → E3,0
3

)
;

all other dr have source or target 0 (e.g. E1,2
2 = 0, and Ea,b

2 = 0 for b ≥ 3 or for a ≥ 3, b ≥ 1). Total-degree
bookkeeping gives:

• degree 1: 4 = rk E1,0
∞ + rk E0,1

∞ = 2 + (2− α), whence α = 0;

• degree 4: 1 = rk E4,0
∞ = 1− γ, whence γ = 0;

• degree 2: 6 = (4− α) + (1− β) + (2− δ− ϵ) = 7− β− δ− ϵ, whence β + δ + ϵ = 1;

• degree 3: 4 = (2− β− ϵ) + (3− γ− δ), whence β + γ + δ + ϵ = 1 (consistent).

Hence Eq,0
∞ = Eq,0

2 = Hq(W; Z) for q = 0, 1, 2, 4; that is, spq is injective for q ̸= 3 (the edge map Eq,0
2 ↠

Eq,0
∞ ↪→ Hq(F) is spq by (N2)), and exactly one of β, δ, ϵ equals 1.

B.6 Degree 3: sp3 has rank 2

Lemma B.3 (specialisation with supports). Let K ⊂W◦ be compact. There are an open neighbourhood K′

of K in W◦, a radius r > 0, and an open embedding Θ : K′ × Dr ↪→ N0 over Dr with Θ(·, 0) = idK′ ; if K
is Tf -invariant, K′ and Θ can be taken Tf -equivariant. For t ∈ D∗r put Kt := Θ(K × {t}) ⊂ Ft. Then the
composition

Hq(W, W ∖K) −→ Hq(W)
spq

−−→ Hq(Ft)

equals
Hq(W, W ∖K) ∼= Hq(Ft, Ft ∖Kt) −→ Hq(Ft),

the isomorphism being Θ-transport.

Proof. Since f0 is a submersion at every point of the compact set K ⊂W◦ (on W◦ the local model is f0 = z0),
there is a relatively compact open neighbourhood K′′ of K in N0 on which f0 is a submersion; replacing K′′

by Tf · K′′ — still open, relatively compact, and contained in the locus where f0 is a submersion, which is
Tf -invariant because Tf preserves f0 — we may assume K′′ is Tf -invariant; choose a Riemannian metric
on K′′, averaged over the compact group Tf (which preserves f0), and let ξh

1 , ξh
2 be the horizontal lifts

(orthogonal to ker d f0) of ∂Re t, ∂Im t. For t ∈ C put
ξt := Re(t) ξh

1 + Im(t) ξh
2 ,

a single vector field depending linearly on the parameter t, with d f0(ξt) ≡ t. For r > 0 small the time-one
flow Φξt

1 is defined on a neighbourhood K′ ⊂ W◦ of K for all |t| < r, and we set Θ(w, t) := Φξt
1 (w).

Then f0(Θ(w, t)) = t (as f0(w) = 0 and d
ds f0 = t along the flow), Θ(·, 0) = id, Θ is smooth in (w, t),

its differential at K′ × {0} is bijective (the identity on TwW◦, and the ξ-directions onto T0D), and Θ is
injective (Θ(w, t) = Θ(w′, t′) forces t = t′ by applying f0, and then w = w′ by injectivity of a time-one
flow); shrinking K′ and r, the map Θ : K′ × Dr ↪→ N0 is therefore an open embedding over Dr. If K is
Tf -invariant, take K′ to be Tf -invariant; since the metric, hence ξt, is Tf -invariant, Θ is Tf -equivariant.

Let now Ar := f−1
0 (Dr) and Z := Θ(K×Dr), which is closed in Ar. The statement at the level of classes

follows from the commutative diagram of restriction maps of pairs
Hq(Ar, Ar ∖ Z)→ Hq(Ar)→ Hq(Ft),

Hq(Ar, Ar ∖ Z)→ Hq(W, W ∖K),
Hq(Ar, Ar ∖ Z)→ Hq(Ft, Ft ∖Kt),

in which the last two maps are isomorphisms: by excision both are computed by
Hq(Θ(K′ × Dr), Θ((K′ ∖K)× Dr)

) ∼= Hq(K′ × Dr, (K′ ∖K)× Dr
)
,
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which restricts isomorphically to the slices t′ = 0 and t′ = t by homotopy invariance. Finally, spq is
lim−→r

[
Hq(Ar)→ Hq(Ft)

]
precomposed with the inverse of the isomorphism lim−→r

Hq(Ar)
∼=−→ Hq(W) (proper

base change), and the classes we feed in come from Hq(Ar, Ar ∖ Z) for every small r, compatibly.

Application. Let K := Tf · w0 ⊂ W◦ be a Tf -orbit, w0 a point of the open orbit W◦ ∼= (C∗)2 of the
toric surface W; there Tf acts freely, so K ∼= T2, with trivial (Tf -equivariantly trivial) normal bundle in
the 4-manifold W◦. Then Kt = Tf ·Θ(w0, t) is a Tf -orbit in Ft, i.e. a translate of the linear 2-subtorus of
Ft = (Λ⊗R)/Λ spanned by Λtor (on Ft = Yt/Γ the compact torus Tf ⊂ (C∗)2 = Yt acts by multiplication,
i.e. by translations along Λtor ⊗R in the flat coordinates of Proposition 4.7, whose marking identifies
H1((C

∗)2) with Λtor; the action is free and its orbits are the translates of (Λtor ⊗ R)/Λtor), of class
ŵ ∧ δ̂ ∈ H2(F).

By the Thom isomorphism for the trivial normal bundle,
H3(W, W ∖K) ∼= H1(K)⊗ H2(D2, D2 ∖ 0) ∼= Z2,

and likewise in Ft, and H3(Ft, Ft ∖Kt) → H3(Ft) is the Gysin map ι! : H1(Kt) → H3(Ft) of the subtorus.
For a linear subtorus Tf ⊂ F = Tf × TB (any complementary linear subtorus TB; topologically Ft → Ft/Tf is
a trivial principal Tf -bundle, Λtor being saturated in Λ, so that Λ = Λtor⊕Λ′ for some Λ′ and Ft ∼= Tf × TB
with TB := (Λ′ ⊗R)/Λ′) one has

ι!(a) = a× [TB]
∨,

which is injective, H1(Tf ) ↪→ H1(Tf )⊗H2(TB) ⊂ H3(F), with saturated image (a Künneth direct summand).
By Lemma B.3, sp3 ◦

(
H3(W, W ∖K) → H3(W)

)
= ι! ◦ (Θ-transport) has rank 2. Hence rk sp3 ≥ 2 =

rk H3(W), so sp3 is injective (H3(W) being free); equivalently rk E3,0
∞ = 2, i.e. β = ϵ = 0, and therefore δ = 1

by §B.5. Moreover im sp3 ⊇ im ι!, both of rank 2 and the latter saturated; so im sp3 = im ι! is saturated.

B.7 Saturation and invariants

• q = 0: trivial. q = 4: E4,0
∞ = H4(F) (the other pieces E3,1

∞ , E2,2
∞ vanish), so sp4 is an isomorphism.

• q = 1: H1(F)/ im sp1 = E0,1
∞ = H0(W;V) ∼= Z2 is free (α = 0), so im sp1 is saturated of rank 2.

• q = 2: H2(F)/F2 has graded pieces E1,1
∞ = H1(W;V) ∼= Z (as β = 0) and E0,2

∞ = ker
(
d2|E0,2

2

)
⊂ Z2,

both free; hence im sp2 = F2H2(F) is saturated of rank 4.

• q = 3: §B.6.

In each degree im spq ⊆ Hq(F)T0 (classes extending over f−1
0 (Dr) are monodromy invariant), im spq is

saturated of rank bq(W), and the ranks b•(W) = (1, 2, 4, 2, 1) agree with

rk Hq(F)T0 = rk(∧qV)T0 = (1, 2, 4, 2, 1)
(Lemma A.1(7)). A saturated subgroup of the (saturated) invariant subgroup, of the same rank, is the
whole of it. This proves Theorem B.1.

B.8 Scope

Remark B.4. Theorem B.1 supplies the injectivity of spq and the identification of its image with the T0-
invariants, which is what §§7.4–7.7 use of Proposition 7.12; the identification of spq with c∗ for the collapse
map c, the generators of H2(W), and the normalisations sp2(T∨B) = γ ∧ u, sp2(C̄∨k ) of Proposition 7.12
are not re-proved here and continue to rest on §7.2 and Proposition 7.12. The ancillary facts used above
— the toric local models of Theorem 4.5, the hexagon combinatorics of Proposition 4.6, the flat model of
Ft = Yt/Γ with its Tf -action (Proposition 4.7), and Lemma A.1 — do not involve §7.2; the ranks (1, 2, 4, 2, 1)
of H•(W; Z) are computed in §B.4 from the resolution (B.2) and agree with, but are not taken from,
Proposition 7.11.
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[BaSt] C. Bănică, O. Stănăşilă, Algebraic Methods in the Global Theory of Complex Spaces, Wiley, London,
1976.

[BdF] G. Bagnera, M. de Franchis, Le superficie algebriche le quali ammettono una rappresentazione parametrica
mediante funzioni iperellittiche di due argomenti, Mem. Accad. Italia XV (1907/08); see also [BHPV,
V.5].

[Bea83] A. F. Beardon, The Geometry of Discrete Groups, Graduate Texts in Mathematics 91, Springer, New
York, 1983.

[Bre72] G. E. Bredon, Introduction to Compact Transformation Groups, Pure Appl. Math. 46, Academic Press,
New York, 1972.

[Bre97] G. E. Bredon, Sheaf Theory, 2nd ed., Graduate Texts in Mathematics 170, Springer, New York, 1997.

[Bro62] M. Brown, Locally flat imbeddings of topological manifolds, Ann. of Math. (2) 75 (1962), 331–341.

[CDP20] F. Campana, J.-P. Demailly, T. Peternell, Corrigendum: The algebraic dimension of compact complex
threefolds with vanishing second Betti number, Compositio Math. 156 (2020), 679–696.

[CDP98] F. Campana, J.-P. Demailly, T. Peternell, The algebraic dimension of compact complex threefolds with
vanishing second Betti number, Compositio Math. 112 (1998), 77–91.

[CE53] E. Calabi, B. Eckmann, A class of compact, complex manifolds which are not algebraic, Ann. of Math.
(2) 58 (1953), 494–500.

[CV66] L. S. Charlap, A. T. Vasquez, The cohomology of group extensions, Trans. Amer. Math. Soc. 124 (1966),
24–40.

[CV69] L. S. Charlap, A. T. Vasquez, Characteristic classes for modules over groups I, Trans. Amer. Math. Soc.
137 (1969), 533–549.

[Cle77] C. H. Clemens, Degeneration of Kähler manifolds, Duke Math. J. 44 (1977), 215–290.

[Dim04] A. Dimca, Sheaves in Topology, Universitext, Springer, Berlin, 2004.

[Dol81] I. Dolgachev, Algebraic surfaces with q = pg = 0, in: Algebraic Surfaces (C.I.M.E., Cortona 1977),
Liguori, Napoli, 1981, 97–215.

106



[Ete15] G. Etesi, Complex structure on the six dimensional sphere from a spontaneous symmetry breaking, J. Math.
Phys. 56 (2015), 043508; Erratum, ibid. 56 (2015), 099901.

[Ful93] W. Fulton, Introduction to Toric Varieties, Ann. of Math. Stud. 131, Princeton Univ. Press, 1993.

[GrRe] H. Grauert, R. Remmert, Coherent Analytic Sheaves, Grundlehren math. Wiss. 265, Springer, Berlin,
1984.

[HKP] A. Huckleberry, S. Kebekus, T. Peternell, Group actions on S6 and complex structures on P3, Duke
Math. J. 102 (2000), 101–124.

[Hat02] A. Hatcher, Algebraic Topology, Cambridge Univ. Press, 2002.

[Hir] F. Hirzebruch, Topological Methods in Algebraic Geometry, 3rd ed., Grundlehren math. Wiss. 131,
Springer, Berlin, 1966.

[Hopf48] H. Hopf, Zur Topologie der komplexen Mannigfaltigkeiten, in: Studies and Essays Presented to R.
Courant, Interscience, New York, 1948, 167–185.

[Hue81] J. Huebschmann, Automorphisms of group extensions and differentials in the Lyndon–Hochschild–Serre
spectral sequence, J. Algebra 72 (1981), 296–334.

[KKMS] G. Kempf, F. Knudsen, D. Mumford, B. Saint-Donat, Toroidal Embeddings I, Lecture Notes in Math.
339, Springer, Berlin, 1973.

[KM63] M. Kervaire, J. Milnor, Groups of homotopy spheres I, Ann. of Math. (2) 77 (1963), 504–537.

[KS90] M. Kashiwara, P. Schapira, Sheaves on Manifolds, Grundlehren math. Wiss. 292, Springer, Berlin,
1990.

[Kod64] K. Kodaira, On the structure of compact complex analytic surfaces I, Amer. J. Math. 86 (1964), 751–798;
II, ibid. 88 (1966), 682–721; III, ibid. 90 (1968), 55–83.

[LB99] H. Lange, C. Birkenhake, Complex Tori, Progress in Mathematics 177, Birkhäuser, Boston, 1999.

[LRS] C. Lehn, S. Rollenske, C. Schinko, The complex geometry of a hypothetical complex structure on S6,
Differential Geom. Appl. 57 (2018), 121–137.

[LeB87] C. LeBrun, Orthogonal complex structures on S6, Proc. Amer. Math. Soc. 101 (1987), 136–138.

[Mil65] J. Milnor, Lectures on the h-Cobordism Theorem (notes by L. Siebenmann and J. Sondow), Princeton
Univ. Press, 1965.

[Mum72] D. Mumford, An analytic construction of degenerating abelian varieties over complete rings, Compositio
Math. 24 (1972), 239–272.

[Oda88] T. Oda, Convex Bodies and Algebraic Geometry, Ergeb. Math. Grenzgeb. (3) 15, Springer, Berlin, 1988.

[Orl72] P. Orlik, Seifert Manifolds, Lecture Notes in Mathematics 291, Springer, Berlin, 1972.

[Per77] U. Persson, On degenerations of algebraic surfaces, Mem. Amer. Math. Soc. 11 (1977), no. 189.

[RRV] J.-P. Ramis, G. Ruget, J.-L. Verdier, Dualité relative en géométrie analytique complexe, Invent. Math. 13
(1971), 261–283.

[RR] J.-P. Ramis, G. Ruget, Complexe dualisant et théorèmes de dualité en géométrie analytique complexe,
Publ. Math. IHÉS 38 (1970), 77–91.

107



[SGA7] P. Deligne, Le formalisme des cycles évanescents, Exp. XIII in: P. Deligne, N. Katz (eds.), Groupes de
monodromie en géométrie algébrique (SGA 7 II), Lecture Notes in Math. 340, Springer, Berlin, 1973,
82–115.

[Se73] J.-P. Serre, A Course in Arithmetic, Graduate Texts in Mathematics 7, Springer, New York, 1973.

[Ser] F. Serrano, Divisors of bielliptic surfaces and embeddings in P4, Math. Z. 203 (1990), 527–533.

[Sma61] S. Smale, Generalized Poincaré’s conjecture in dimensions greater than four, Ann. of Math. (2) 74 (1961),
391–406.

[Thu97] W. P. Thurston, Three-Dimensional Geometry and Topology, Vol. 1 (S. Levy, ed.), Princeton Math.
Series 35, Princeton Univ. Press, 1997.

[Ue75] K. Ueno, Classification Theory of Algebraic Varieties and Compact Complex Spaces, Lecture Notes in
Math. 439, Springer, Berlin, 1975.

108


	Introduction.
	Lattice and monodromy data.
	The period family over the thrice-punctured sphere.
	The filling at p0: a toric quotient.
	The fillings at p1, p2: logarithmic transforms.
	The compact complex manifold X.
	Topology of X: fundamental group and integral homology.
	Recognition: X is diffeomorphic to S6.
	Complex-analytic invariants of X.
	Relation to the work of Campana, Demailly and Peternell.
	Matrices, the fan, and cell structures.
	A second proof of the invariants statement of Proposition 7.12.

